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Abstract: A neutrosophic (indeterminate fuzzy) multivalued set (NMS) can be effectively described 
by neutrosophic number sequences with identical or different neutrosophic numbers zi = su + vil C 
[0, 1] (@=1, 2, ..., q) for 4, v € Rand Ie [I I]. Therefore, NMS is a stronger and more valuable tool 
for describing indeterminate fuzzy multivalued information. In this article, we propose the 
weighted hyperbolic sine similarity measure of NMSs to deal with the multi-criteria group decision- 
making (MCGDM) issue of teaching quality assessment with different indeterminate ranges of 
decision makers. To do so, first according to the hyperbolic sine function, we propose a hyperbolic 
sine similarity measure of NMSs and a weighted hyperbolic sine similarity measure of NMSs and 
investigate their desirable properties. Second, we develop a MCGDM approach with some 
indeterminate ranges in terms of the proposed weighted hyperbolic sine similarity measure of 
NMSs. Lastly, an illustrative example on the teaching quality assessment of teachers is presented to 
illustrate the applicability of the developed approach, then the developed approach is compared 
with the existing related approach to reveal the effectiveness of the developed approach for the 
teaching quality assessment of teachers in the environment of NMSs. 


Keywords: neutrosophic (indeterminate fuzzy) multivalued set; neutrosophic number; hyperbolic 
sine similarity measure; group decision making; teaching quality assessment 


1. Introduction 


Fuzzy set (FS) [1] is represented by the degree of membership, which occurs only once for each 
element. Since FS can describe problems related to imprecise and ambiguous judgments, it has been 
used in various applications [2-7]. To express that an element occurs more than once with identical 
or different membership values, a fuzzy multiset (FM) [8-10] was proposed as the generalization of 
FS. Then, FMs were used for some applications, such as decision making and data analysis, clustering 
analysis, and medical diagnosis [11-16]. 

To describe the vagueness and indeterminacy of human judgments in real life environment, the 
neutrosophic number z = w+ vl for 4, v € Rand I ¢ [I I'] introduced by Smarandache [17-19] can 
flexibly indicate indeterminate information according to an indeterminate range of I. Therefore, it is 
also regarded as a variable neutrosophic number, depending on indeterminate ranges of I. In a multi- 
criteria group decision-making (MCGDM) problem, to express multiple evaluation values of a 
criterion to an alternative given by multiple decision makers, Du and Ye [20] proposed a neutrosophic 


Mailing Zhao and Jun Ye, MCGDM Approach Using the Weighted Hyperbolic Sine Similarity Measure of Neutrosophic 
(Indeterminate Fuzzy) Multivalued Sets for the Teaching Quality Assessment of Teachers 


Neutrosophic Sets and Systems, Vol. 48, 2020 2 


(indeterminate fuzzy) multivalued set (NMS), which is described by neutrosophic number sequences 
(NNS) with different and/or identical neutrosophic numbers (zi = [i+ vil", 4+ vil*] c [0, 1] (= 1, 2, ..., 
q) for uv € Rand I ¢€ [I, I')), as a particularly challenging generalization of FM, and then they 
developed the parameterized correlation coefficients (PCCs) of NMSs to perform MCGDM problems 
with some indeterminate ranges of decision makers. In indeterminate MCGDM problems, NMS 
implies its highlighting advantage in expressing indeterminate fuzzy multivalued problems with 
indeterminate ranges of I € [I-, I*]. However, it is worth noting that the similarity measure is a key 
mathematical tool in decision-making problems, but unfortunately there is no similarity measure 
between NMSs in the current research. Therefore, this paper proposes a hyperbolic sine similarity 
measure (HSSM) between two NMSs and a weighted HSSM between two NMSs in view of the 
hyperbolic sine function, and then develops a MCGDM approach using the weighted HSSM to solve 
the assessment problem of teachers' teaching quality with some indeterminate ranges of decision 
makers in the setting of NMSs. 

The rest of this article consists of the following sections. Section 2 reviews some notions of NMSs. 
In Section 3, the HSSM and weighted HSSM of NMSs are proposed according to the hyperbolic sine 
function. Section 4 develops a MCGDM approach using the weighted HSSM of NMSs along with 
specific indeterminate ranges of decision makers in the environment of NMSs. In Section 5, the 
developed MCGDM approach is applied in an illustrative example on the teaching quality 
assessment of teachers with some indeterminate ranges of decision makers. In Section 6, a 
comparative analysis with the related method is given to reveal the efficiency of the developed 
MCGDM approach in the environment of NMSs. Conclusions and future research are addressed in 
Section 7. 


2. Some Notions of NMSs 
Definition 1 [20]. Let Z = {z1, z2, ..., zm} be a fixed set. A neutrosophic (indeterminate fuzzy) 
multivalued set (NMS) E on Zis denoted by £ = {(z,2€e(Z51)) |z,€Z,le ry} , where ec(zx, I) is the 
increasing neutrosophic number sequence (Zs D=("@, 1), €? (Zp5L)ye5€* (Zp 1) with identical 
and/or different neutrosophic numbers e’,(z,,/) =u, tv, Ces (z, Dau +ve'T C[0,1] (= 1,2, ..., 
pk; k=1, 2, ...,m) of an element zx to the set E for I € [I-, I*], zai, vei € Rand zk € Z. 

For convenient expression, each element e«(zk, I) (k =1, 2, ..., m) in Z is simply represented as the 
NNS en (N)=(Cl(D,e2(D,ve(D) for I ¢ [h, Mh. I A()=l tv ah tv 1C[0,1] or 
e(D=u.+vit [0,1] @=1, 2, ..., py k=1, 2, ..., m) in eex(I), the NNS esx) can contain an interval- 


valued fuzzy sequence or a single-valued fuzzy sequence depending on a range/value of I. It is 
obvious that NMS contains the fuzzy multivalued set and interval-valued fuzzy multivalued set. 
Definition 2 [20]. Let two  NNSs __ be e, (1) =(e,,(1),e, (2). e”* 1) and 


e,,(1)= (e} (1), 65; (1). FE (1)) with neutrosophic numbers é (/)=y/,+v,J C[0,1] and 
é, (1) =e, +v5,J <[0,1] for I € [I, F] and UV Wy € R(i=1,2,..., pe k=1, 2, ...,m). Then, 
their relations are indicated below: 

(Ie) DexD e (D=u,4+V,126,(D= bh, +l; 

(2) erx() = e2x(1) = e1x(I) > exx(1) and exx(1) > eu(D); 


1 1 2 2 : 
& DUen (1 =(e, DUC, Den DUG D),--.er D Ue D) 
1 1 7- 1 fs. 1 7+ 1 1 7+ 
(3) [oie Ml Y Mag t+ Vals bie t Vl V bog t+ VL], 
a3 2 27- 2 Dos 2 2 7+ 2 2 7+ 
=) eb Nie PVG oi tl NB Peal pas 
7 i .J- + : + 
La eV We ae a eV we ee: | 
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es, De, (1) = (ee D Nex Den D Me (Dent 2 Neg D) 
(4) [He tel Ase tral etl Ai Ava! I; 
=|[et el Adee eval atti Ape Val les 


P Pe JW Pky yyPeT- )P Prt Pr 4 y)Pe T+ 
[Mie + Viel Abe + VL Mi HVT A LE + VL | 


6 «= (0 + VET YL Cah + ET YL Ga ED ) 
1k - 


fig [Le Gai r Viel”), le He + vid) [1— (Li F Welds ie (Li, + vit I 
(Complement of e1(J)). 

Suppose that there are two NMSs F1 = {e1:(J), e12(1), ..., eim(D)} and E2 = {e21(1), e22(I), ..., e2m(I)}, where 
e, (1) =(4.Dien Desay (J)) and € (LD) = (ey Ds ey (Danse (1) (k = 1, 2, ..., m) are two collections 
of NNSs with neutrosophic numbers e},(/)=44,+v,,J <[0,1] and eé,(1)=4,+v5,1 [0,1] for I< 
[I *] and Mes ViexlbiY: € R(@i=1,2,..., psy k =1, 2, ..., m). Then, the importance of the NNS ej(1) 
(j= 1, 2; k=1, 2, ..., m) in E1 and E> is specified by its weight g@ € [0, 1] with De y, =1. Thus, Du 
and Ye [20] proposed the weighted PCCs of NMSs EF: and E2 with an indeterminate parameter p ¢€ [0, 
1] below: 
: ie tM + Ov PD) tl + ev -IY) 
Di) Hen Hee + evi I leg, +20" + pz, 0 + 


k=l 


wet Lait + VT + pvt It IYI Lahe + vB + pvt (I -1°YI 


p €%es 
Spee (la tee yp a ee eee 
Vesta tv +p, -lYP+ bx |e Hue, +00 + vz," -1 P+ 
Ml slat ever eoma re) VP [tat sear +e ona DP 
, Le tML t+ ev LVL td + ev, 0 -D)] 
Doe 4s He tM + ov TMLee, +30" + pv," - I) + 
R°,(E,,E,) = - tlm tVikl + pvik DV lagk + vel” + pvt  - LD] 
lA ted + eu PP [lay tut tev, (2-2 OP 
max Y% Hi ty + pv, -P fp + > D% +45, +¥,,0° + pv, -D)f + 
ia wet Lt ty” + pvit(* -1-)P ss wet [lt + PT + pv I 1) P 
(2) 


3. Hyperbolic Sine Similarity Measures of NMSs 


According to the hyperbolic sine function, this section proposes the HSSM and weighted HSSM 
between two NMSs. 
Definition 3. Set two NMSs as EF: = {en(J), e12(I), ..., e1m(D)} and E2 = {e21(I), e22(I), ..., e2m(I)}, where 
e,,(1) =(4,(D.e(D,--eR ()) and e,,(1)=(e,(D,ex(Z),--.es(D)) (k= 1, 2, -.-, m) are two collections 
of NNSs with neutrosophic numbers e,(/)= 4, +v,,J <[0,1] and &,()=44,+v5,J <[0,1] forle 
Uo Pjand wv. ib.5V5, € R@=1,2, ..., py k=1, 2, ..., m). Thus, HSSM between two NMSs E1 and 


E2 is expressed below: 
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a al, tv dt )—-(eb, +Vi,t) 
SH(E, £,)=1— Sinn] +2) gH masee 
my 2p, ‘a +|(Hi, $y arty 


Proposition 1. The HSSM Sh(E1, E2) reveals the following properties: 
(C1) Sh(E1, E2) = Sh(E2, E1); 
(C2) 0s Sh(E1, E2) <1; 
(C3) Sh(E1, E2) = 1 if only if Ei= E>; 
(C4) If E1 c Ex c Es for any NMSs E1, E2, Es, then Sh(E1, E2) = Sh(E1, Es) and Sh(E2, Es) = Sh(E1, Es). 


Proof: 
(C1) It is straightforward. 


(C2) Since the values of |(gi, + vigI“)—(iy, + ¥i0)] and [(4d, + V4") (Uy +VAL")| = 2, 


w+, pe k=1, 2, ..., m) are between 0 and 1, the value of the hyperbolic sine function in Eq. (3) falls in 
the interval [0, 1], and then the value of Eq. (3) also falls in the interval [0, 1]. Therefore, there is 0 < 
Sh(E1, E2) <1. 

(C3) If E1 = E2, this reveals e1s(I) = ex(I), and then there is e,(1)= 44, t+viJ = & D=, + Vi, 
(Gi = 1, 2, ..., py k =1, 2, ..., m) for I e€ [I I]. Thus, there are 4 +vi J )-(b, +v,,J°)|=0 and 


=0. Hence, Sh(E1, E2) = 1 exists. 


(Ae + vi") — (4h, + Vl”) 
If Sh(E1, E2) = 1, this reveals sinh(x) = 0 in Eq. (3), then there are 4 +viJ-) -(b, +v,,J°) =0 


and ie + MeL — Gee tL”) =0 (i=1,2,..., py k=1, 2,..., m). Thus, there is e, (J) =u, +vi,1 


= é (1) = 44, +V5,1 . Therefore, there exists e1(I) = e2(1). It is obvious that E1 = E2 exists. 


(C4) Since E1 ¢ E2 < Es, there are e1k(I) < e2(I) < es(I), then there is also ef, (()=ui,+viJ Cc 
é, 1) =16,4+V,,1 < e&,()=u),+vi,J . Therefore, there are 4s +viI-)-(b, +v,0°)| < 
ae tM I-CD) ee thE GKED Std -G tu - 
ie tM tM] Se tM I-A] and ly tu) -C4 +42) < 


Xe +vJ°)-(4, +v5,1°)|. Since the hyperbolic sine function sinh(x) for x > 0 is an increasing 
function, there are Sh(E1, Ez) = Sh(E1, E3) and Sh(E2, E3) = Sh(E1, E3) corresponding to Eq. (3). 
When the weight of ew(I) (= 1,2; k=1, 2, ..., m) is specified by g& with gm € [0, 1] and baie 9, =1 


, we give the weighted HSSM of NMSs: 


In(1+ V2) Ws (Cn + V1) (thy + V2) 


Shy (E,,E,) =1- >" 9, sinh A i yt i i yt 
k=l 2D, i=l +|(ui, +vi,t )- (44, +V,,1 ) 


It is obvious that the weighted HSSM Shw(E1, E2) also reveals the following properties: 

(C1) Shw(E1, E2) = Shw(E2, E1); 

(C2) 0 < Shw(E1, E2) <1; 

(C3) Shw(E1, E2) = 1 if only if Ei= Eo; 

(C4) If E1 c Ex < Es for NMSs EF1, E2, Es, then Shw(E1, E2) = Shw(E1, Es) and Shw(E2, Es) = Shw(E1, Es). 
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4. MCGDM Approach Using the Weighted HSSM of NMSs 


The section develops a MCGDM approach using the weighted HSSM of NMSs with some 
indeterminate ranges of decision makers in the environment of NMSs. 

When performing a MCGDM issue, a set of alternatives F = {Fi, F2, ..., Fa} is preliminarily 
provided and assessed by a set of criteria Z = {z1, z2, ..., Zm}. The weight vector of Z is given by y= (1, 
Q, ..., gm). Thus, we can carry out the MCGDM issue in terms of the following steps. 

Step 1: Every alternative Fj (j =1, 2, ..., q) is assessed over the criteria zx(k = 1, 2, ..., m) by a group 
of p decision makers/experts, and then their evaluation values are represented by the NNSs 
e, (1) =(e, Dre Dae) fore (Dae 7 S10 Cad 2 ie Pe 2 a oe, 
m)and Je{{J,,J7),U5,4],...[,,/2 ]}. Thus, all the NNSs Ej= {e(I), e(D), «.., eim(D} G = 1, 2, ..-. 9) 
is constructed as the NMS decision matrix E = (ex(I))qxm. 

Step 2: The ideal solution is given by the ideal NMS: 


E =9) (1,1),011),..[1,1] |.) (LU, 0L1),....01 1] |,....| (LULL U,...[L 1] 


m 


Thus, the weighted HSSM of the NMSs §£; and E* for Fj (j = 1, 2, ..., g) is given by the following 
equation: 


* - < in(l +2 fa i i = i i + 
Sh, (E,,E )=1-)'9, sinh POD 2h ted \— (he + Mel )) : (5) 
zl 


k=l 


Step 3: In terms of the weighted HSSM values, the alternatives are sorted in descending order, 
and the best one is chosen. 
Step 4: End. 


5. Illustrative Example on the Teaching Quality Evaluation of Teachers 


In the process of university education, the teaching quality of teachers is a key issue, because it 
will affect students' career choices, employment, and professional status. Establishing a teaching 
quality evaluation system in colleges and universities is an effective operating mechanism and 
management strategy to improve teaching quality. Since the teaching quality evaluation of teachers 
is a MCGDM issue with some indeterminacy, this section applies the developed MCGDM approach 
to an illustrative example on the teaching quality assessment of teachers to reveal the applicability 
and efficiency of the developed MCGDM approach in the environment of NMSs. 

A university hopes to select one teacher with the best teaching quality from the School of 
Mechanical and Electrical Engineering. The school preliminarily provides four potential teachers, 
which are indicated by a set of alternatives F = {F1, F2, Fs, Fa}. To assess their teaching quality, they 
must satisfy the requirements of four criteria: teaching ability (z1), teaching method (z2), teaching 
attitude (z3), and student satisfaction (z4). Then, the weight vector of the four criteria is specified as 
= (0.3, 0.25, 0.2, 0.25). The decision steps are described below. 

First, the evaluation values of each alternative with respect to the four criteria are given by three 
experts/decision makers and expressed as the NNSs e,(1)=(e',(),e,(D),e,(1)) for 


e, (1) = ni, +V4,0 [0,1] (i= 1, 2, 3; j, k= 1, 2,3, 4) and I € {[0, 0.1], [0, 0.3], (0, 0.6]}. Then, the NMS 


decision matrix E = (ejx(I))4x4 is tabulated in Table 1. 
Next, using Eq. (5) for I € {[0, 0.1], [0, 0.3], [0, 0.6]}, the weighted HSSM values of the NMSs £; 
and E* for Fj (j = 1, 2, 3, 4) and the decision results are given in Table 2. 
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In view of the decision results in Table 2, all sorting orders are the same and reveal their 
robustness corresponding to some indeterminate ranges of I. Then, the best teacher is Fs. 


Table 1. The decision matrix of NMSs 


ZA Z2 Z3 za 
2 (0.5+0.11, 0.7+0.21, (0.6+0.3I, 0.7+0.2I, (0.7+0.21, 0.8+0.2I, (0.6+0.11, 0.7+0.2I, 
0.8+0.11) 0.8+0.11) 0.9+0.11) 0.7+0.11) 
oa (0.7+0.31, 0.8+0.11, (0.7+0.2I1, 0.7+0.11, (0.6+0.11, 0.7+0.11, (0.7+0.21, 0.8+0.2I, 
0.8+0.11) 0.8+0.21) 0.8+0.21) 0.8+0.21) 
“ (0.6+0.41, 0.7+0.2I, (0.5+0.21, 0.6+0.11, (0.7+0.1I, 0.8+0.21, (0.7+0.11, 0.8+0.21, 
0.8+0.11) 0.6+0.11) 0.8+0.11) 0.8+0.11) 
- (0.7+0.31, 0.8+0.11, (0.7+0.2I1, 0.8+0.11, (0.8+0.31, 0.8+0.21, (0.7+0.21, 0.8+0.31, 
0.8+0.21) 0.8+0.11) 0.8+0.11) 0.8+0.21) 
Table 2. The decision results for I € {[0, 0.1], [0, 0.3], [0, 0.6]} 
I Shw(E1, E*), Shw(E2, E*), Shw(Es, E*), Shw(Es, E*) Sorting order _‘The best teacher 
I= [0, 0.1] 0.7409, 0.7809, 0.7362, 0.8075 Fa> F2>F1> Fs F4 
I= [0, 0.3] 0.7551, 0.7960, 0.7511, 0.8247 Fa> F2>F1> Fs Fa 
I= [0, 0.6] 0.7764, 0.8187, 0.7733, 0.8503 Fa> F2>F1> Fs Fa 


6. Comparison with the Related MCGDM Approach 


This section compares the developed MCGDM approach with the related MCGDM approach 
[20] to reveal the efficiency of the developed MCGDM approach by the illustrative example on the 
teaching quality evaluation of teachers in the setting of NMSs. 

Using Eqs. (1) and (2), the values of the weighted PCCs R?, (E,,E’) and R*, (E,,E) for I= 


[0, 1] and p= 0.1, 0.3, 0.6 and their decision results are shown in Tables 3 and 4. 
Table 3. The decision results corresponding to Rf\(E,,E ") for I=[0, 1] and p= 0.1, 0.3, 0.6 


RCE, E)s RACE, E), RCE Es, R(E,E’) Sorting order The best teacher 


Pp Ww! wl Ww 

p=0.1 0.9898, 0.9967, 0.9908, 0.9986 Fa> F2>F3> Fi Fa 
p=0.3 0.9907, 0.9967, 0.9920, 0.9987 Fa>F2>F3> Fi F4 
p=0.6 0.9914, 0.9962, 0.9926, 0.9984 Fa> F2>F3> Fi F4 


Table 4. The decision results corresponding to Rf,(E,,E *) for = [0,1] and p=0.1, 0.3, 0.6 


REE), Ri(E,,E), Ri,(E;.E), Rf(Ey,E) Sorting order The best teacher 


Pp w2 

p=0.1 0.7173, 0.7618, 0.7130, 0.7925 Fa> F2>Fi> Fs F4 
p=0.3 0.7487, 0.7955, 0.7457, 0.8308 Fa> F2>Fi> Fs F4 
p=0.6 0.7957, 0.8460, 0.7947, 0.8883 Fa> F2>Fi> Fs F4 
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In view of the sorting results in Tables 2-4, the sorting orders in Tables 2 and 4 are the same, but 
slightly different from the sorting orders in Table 3. However, the best teacher is always Fs among all 
decision results. It is obvious that the developed MCGDM approach is effective in the MCGDM 
example with some indeterminate ranges of decision makers. 


7. Conclusions 


According to the hyperbolic sine function, this article proposed the HSSM and weighted HSSM 
between NMSs. Then, a MCGDM approach with some indeterminate ranges was developed in terms 
of the weighted HSSM of NMSs. Next, the developed MCGDM approach was applied to an 
illustrative example on the teaching quality evaluation of teachers in the setting of NMSs. Through 
the comparison of the developed MCGDM approach with the related MCGDM approach, the results 
revealed the efficiency of the developed MCGDM approach for the teaching quality evaluation of 
teachers in the setting of NMSs. However, the proposed HSSMs and MCGDM approach will also be 
used for pattern recognition, clustering analysis, and medical diagnosis in the environment of NMSs, 
which are considered as the future research targets. 
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Abstract: Neutrosophy is introduced by F. Smarandache in 1980 which studies the origin, nature, and scope of 
neutralities, as well as their interactions with different ideational spectra. Neutrosophy considers a proposition, theory, 
event, concept, or entity, ”A” in relation to its opposite, ’Anti-A” and that which is not A, *’Non-A”, and that which 
is neither *A” nor ’Anti-A”, denoted by ”Neut-A”. Neutrosophy is the basis of neutrosophic logic, neutrosophic 
probability, neutrosophic set, and neutrosophic statistics. In this article, we apply the notion of neutrosophic set 
theory to (positive implicative) ideals in BC K-algebras by using the concept of falling shadows. The notions of a 
positive implicative (€, €)-neutrosophic ideal and a positive implicative falling neutrosophic ideal are introduced, 
and several properties are investigated. Characterizations of a positive implicative (€, €)-neutrosophic ideal are 
considered, and relations between a positive implicative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic ideal 
are discussed. Conditions for an (€, €)-neutrosophic ideal to be a positive implicative (€, €)-neutrosophic ideal are 
provided, and relations between a positive implicative (€, €)-neutrosophic ideal, a falling neutrosophic ideal and a 
positive implicative falling neutrosophic ideal are studied. Conditions for a falling neutrosophic ideal to be positive 
implicative are provided. 


Keywords: neutrosophic random set, neutrosophic falling shadow, (positive implicative) (€, €)-neutrosophic ideal, 
(positive implicative) falling neutrosophic ideal. 


1 Introduction 


In the study of a unified treatment of uncertainty modelled by means of combining probability and fuzzy set 
theory, Goodman [5] pointed out the equivalence of a fuzzy set and a class of random sets. Wang and Sanchez 
[26] introduced the theory of falling shadows which directly relates probability concepts to the membership 
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function of fuzzy sets. Falling shadow representation theory shows us a method of selection relaid on the joint 
degree distributions. It is a reasonable and convenient approach for the theoretical development and the practi- 
cal applications of fuzzy sets and fuzzy logics. The mathematical structure of the theory of falling shadows is 
formulated in [27]. Tan et al. [24, 25] established a theoretical approach for defining a fuzzy inference relation 
and fuzzy set operations based on the theory of falling shadows. Neutrosophic set (NS) developed by Smaran- 
dache [20, 21, 22] is a more general platform which extends the concepts of the classic set and fuzzy set, 
intuitionistic fuzzy set and interval valued intuitionistic fuzzy set. Neutrosophic set theory is applied to various 
part which is refered to the site http://fs.gallup.unm.edu/neutrosophy.htm. Jun, Bordbar, Borumand Saeid and 
Oztiirk studied neutrosophic subalgebras/ideals in BC'K / BC'I-algebras based on neutrosophic points (see [3], 
[4], [9], LLL], [15], [17], [19] and [23]). It is a reasonable and convenient approach for the theoretical devel- 
opment and the practical applications of neutrosophic sets and neutrosophic logics. Jun et al. [12] introduced 
the notion of neutrosophic random set and neutrosophic falling shadow. Using these notions, they introduced 
the concept of falling neutrosophic subalgebra and falling neutrosophic ideal in BC kK /BCI-algebras, and 
investigated related properties. They discussed relations between falling neutrosophic subalgebra and falling 
neutrosophic ideal, and established a characterization of falling neutrosophic ideal [13]. Jun et al. [14] intro- 
duced the concepts of a commutative (€, €)-neutrosophic ideal and a commutative falling neutrosophic ideal, 
and investigate several properties. They obtained characterizations of a commutative (€, €)-neutrosophic 
ideal, and discussed relations between a commutative (€, €)-neutrosophic ideal and an (€, €)-neutrosophic 
ideal. They provided conditions for an (€, €)-neutrosophic ideal to be a commutative (€, €)-neutrosophic 
ideal, and considered relations between a commutative (€, €)-neutrosophic ideal, a falling neutrosophic ideal 
and a commutative falling neutrosophic ideal. They also gave conditions for a falling neutrosophic ideal to be 
commutative [18]. 

In this paper, we introduce the concepts of a positive implicative (€, €)-neutrosophic ideal and a positive 
implicative falling neutrosophic ideal, and investigate several properties. We obtain characterizations of a 
positive implicative (€, €)-neutrosophic ideal, and discuss relations between a positive implicative (€, €)- 
neutrosophic ideal and an (€, €)-neutrosophic ideal. We provide conditions for an (€, €)-neutrosophic ideal 
to be a positive implicative (€, €)-neutrosophic ideal, and consider relations between a positive implicative 
(€, €)-neutrosophic ideal, a falling neutrosophic ideal and a positive implicative falling neutrosophic ideal. 
We give conditions for a falling neutrosophic ideal to be positive implicative. 


2 Preliminaries 


A BCK/BCI-algebra is an important class of logical algebras introduced by K. Iséki (see [6] and [7]) and 
was extensively investigated by several researchers. 

By a BC I-algebra, we mean a set X with a special element 0 and a binary operation * that satisfies the 
following conditions: 


Q) (Va,y,z € X) (((w *y) * (ew *z)) * (z xy) = 0), 
(I) (Va, y € X) ((a * (a *y)) *y =0), 
(Il) (Vr € X) (x «x =0), 

AV) (Vz,y € X) (v*y=0, yxx=0 > c=y). 


If a BC'I-algebra X satisfies the following identity: 
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(V) (Vx € X) (Ox x =0), 


then X is called a BC K-algebra. Any BC K/BCI-algebra X satisfies the following conditions: 


(Vz € X)(4@x0=2), (2.1) 
(VW2,y,2 EX) (ey > cee y*2,2%y Sere), (2.2) 
(VE tee XC) (eee ae = (ee 2) ey) (2.3) 
(Va,y,2 6X) ((e#z)*(y*z) <a ey) (2.4) 


where x < y if and only if « x y = 0. A BC’K-algebra X is said to be positive implicative if the following 
assertion is valid. 


(Vo,y,2 © X) (exe) eyez) = Wey) Zz). (2.5) 


A nonempty subset S of a BCK/BCI-algebra X is called a subalgebra of X ifuxy € S forallz,yeE S.A 
subset J of a BCK /BCI-algebra X is called an ideal of X if it satisfies: 


eu. (2.6) 
(VaEeX)(VyEel)(axyel > rel). (2.7) 


A subset I of a BC'K-algebra_X is called a positive implicative ideal (see [16]) of X if it satisfies (2.6) and 
(Va,y,zEX)(((axy)*zel,yxzel > rxzel). (2.8) 


Observe that every positive implicative ideal is an ideal, but the converse is not true (see [16]). 
We refer the reader to the books [8, 16] for further information regarding BC kK /BCI-algebras. 
For any family {a; | i € A} of real numbers, we define 


VV {ai |2 © A} := sup{a; |i € A} 
and 
/\{ai | 4 € A} := inf{a; | i € A}. 


If A = {1, 2}, we will also use a, V az and a; \ ay instead of \/{a; | i € A} and A{a; | i € A}, respectively. 
Let X be a non-empty set. A neutrosophic set (NS) in X (see [21]) is a structure of the form: 


An := {(t; Ap(2), Ar(), Ap(2)) | 2 € X} 
where Ay : X —> [0,1] is a truth membership function, Ay : X — [0,1] is an indeterminate membership 
function, and Ay; : X —> [0,1] is a false membership function. For the sake of simplicity, we shall use the 
symbol A. = (Ar, Ar, Ar) for the neutrosophic set 

Ay := {(2; Ap(x), Ay(x), Ar(x)) | o © X}. 


Given a neutrosophic set A. = (Ar, A;, Ar) ina set X,a,( € (0,1] and y € [0,1), we consider the 
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following sets: 


Te(An; a) = {x € X | Ar(x) 2 a}, 


Te(Ax; B) = {x € X | Ar(x) = BH, 
Fe(Av; 7) = {z € X | Ar(z) < 7}. 


We say Te (Ax; a), [e(Ax; 8) and Fe(A.; y) are neutrosophic €-subsets. 


A neutrosophic set AL = (Ar, A;, Ar) in a BCK/BCI-algebra X is called an (€, €)-neutrosophic 
subalgebra of X (see [9]) if the following assertions are valid. 


TET (Ae), y € Te(Anrj Qy) > oey € Te(Ar; ae A dy), 
(Vz,yEX)| ce le(A.; Be), y € Le(An; By) > ey € [e(Ar; Bz A By), (2.9) 
gE Fe(Anj 2), y © Fe(Aniyy) > oy © Fe(Anj Ye V Vy) 


for all az, Qy, Pz, By € (0,1) and yx, Yy € [0, 1). 


A neutrosophic set AW = (Ar, Ay, Ar) ina BCK/BCI-algebra X is called an (€, €)-neutrosophic ideal 
of X (see [19]) if the following assertions are valid. 


xe Te(An; ae) => 0 € Te(An; az) 
(Vee X)| xe Ie(An; Br) > 0€ Te(An; Bx) (2.10) 
LE Fe(Ans Ye) > 0¢ Fe(An; Ye) 


and 


gey € Te(Arjaz), y € Te(An; ay) > & € Te(An; a2 A ay) 
(Va,yEX) | xxy € Ie(Anr; Be), y © Te(An; By) > 2 € Te(An; Be A By) (2.11) 
ney © FelAni ye), ye Fel(Anyyy) => 2 © Fel(Aniya VW) 


for all a,, ay, Bz, By € (0, 1] and yz, Yy € [0, 1). 


In what follows, let X and P(X ) denote a BC'K / BC I-algebra and the power set of X, respectively, unless 
otherwise specified. 


For each x € X and D € P(X), let 
£:= {Ce P(X) |xeCch, (2.12) 
and 
D:= {#| 2 € D}. (2.13) 


An ordered pair (P(X), B) is said to be a hyper-measurable structure on X if B is a o-field in P(X) and 
Gee ct 


Given a probability space (0,.A, P) and a hyper-measurable structure (P(X), 6) on X, a neutrosophic 
random set on X (see [12]) is defined to be a triple € := (E7, €7, §r) in which &7, €; and €- are mappings from 
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Q to P(X) which are A-B measurables, that is, 


Ep (C) = {wr €Q| Ep(wr) EC} EA 
(VC EB)| &'(C)={u, E€O|Ew)EeCheA |. (2.14) 
Ep (C) = {wr €0.| Er(wr) CCH EA 


Given a neutrosophic random set € := (& 7, €;,€) on X, consider functions: 


Hr :X 3 (0, 1], Lp hy P(wr | Ure Er(wr)), 
Ay: X73 [0, 1], Lp P(wr | rE Er(wz)), 
Ap: X —> [0, 1], Lp 1— Plwp | Up € €p(wp)). 


Then H := (Hr, Hy, H fr) is aneutrosophic set on X, and we call it a neutrosophic falling shadow (see [\2]) 
of the neutrosophic random set € := (&7, €7,€r), and € := (&r, €7, €) is called a neutrosophic cloud (see [12]) 
of H — (Hr, Fy, Hr). 

For example, consider a probability space (0,.A,P) = ((0,1],A,m) where A is a Borel field on (0, 1] 
and m is the usual Lebesgue measure. Let H := (Hr, H B H r) be a neutrosophic set in X. Then a triple 
€ := (€7, €7, €r) in which 


7: [0,1] + P(X),a4 Te(H; a), 
Er: [0,1] + P(X), 84 Ie(H; 8), 
ép : [0,1] 3 P(X),7 4 Fe(H;7) 


is a neutrosophic random set and € := (&7, €;, &) is a neutrosophic cloud of H:= (Hr, H,,H r). We will call 
€ := (&r7, €7, €r) defined above as the neutrosophic cut-cloud (see [| 2]) of H:= (Hr, Hy, Hr). 

Let (Q, A, P) bea probability space and let € := (& 7, €r, €) be a neutrosophic random set on X. If &r(wr), 
€7(w7) and €-(wy) are subalgebras (resp., ideals) of X for all wr, w7, wr € Q, then the neutrosophic falling 
shadow H := (Hr, Hy, Hp) of € := (&p,&1,€r) is called a falling neutrosophic subalgebra (resp., falling 
neutrosophic ideal) of X (see [12]). 


3 Positive implicative (€, €)-neutrosophic ideals 


Definition 3.1. A neutrosophic set AL = (Ar, A;, Ar) ina BC'K-algebra X is called a positive implicative 
(€, €)-neutrosophic ideal of X if it satisfies the condition (2.10) and 


(nx y)*z€ Te(Arjae), yz € Te(Arjay) > v¥z€ Te(Arj ag A ay) 
(cy) *z€ Ie(Av; Bz), y* 2 € Le(An; By) => 2% 2 € Te(AL; Bs A By) (3.1) 
(wey) *z © Fe(Avj ye), yr 2 © Fe(Anj wy) > 2*2z © Fe(ALj Ye V Wy) 


for all x,y, z € X, Oz, Ay, Be, By € (0, 1] and yz, ¥y € [0, 1). 


Example 3.2. Consider a set X = {0, 1, 2,3, 4} with the binary operation « which is given in Table | 
Then (X; *,0) is a BC’ K-algebra (see [16]). Let AL = (Ar, A;, Ar) be a neutrosophic set in X defined by 
Table 2 
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oe 99 


Table 1: Cayley table for the binary operation “x 


me wNMmMrR oO] * 
rwWNY re C]O 
rewonwo or 
~woo od o]rv 
yoo oO O]w 
OWNOC Of 


Table 2: Tabular representation of AL = (Av, A;, Ar) 


0 0.8 0.6 0.1 
1 OF 0.6 0.4 
2 0.6 0.5 0.4 
3 0.4 0.2 0.6 
4 O.2 0.3 0.9 


Routine calculations show that A. = (Av, A;, Ap) is a positive implicative (€, €)-neutrosophic ideal of X. 


Theorem 3.3. Every positive implicative (€, €)-neutrosophic ideal of a BC K-algebra X is an (€, €)- 
neutrosophic ideal of X. 


Proof. It is clear by taking z = 0 in (3.1) and using (2.1). 


Theorem 3.4. For a neutrosophic set A, = (Ar, Ay, Ar) ina BCK-algebra X, the following are equivalent. 


(1) The non-empty €-subsets T-(Ax; a), Te(Ax~; 3) and F-(Ax;7) are positive implicative ideals of X for 
all a, 8 € (0, 1] and y € [0,1). 


(2) Aw = (Ar, Ar, Ar) satisfies the following assertions. 
(Va € X) ( Ar(0) > Ar(x), Ar(0) > Ar(x), Ar(0) < Ar(z) ) (3.2) 


and 


Ar(a * z) > Ap((a xy) * z) A Ar(y * Zz) 
(Va,y,2€X)| Ar(axz) > Ar((x xy) * z) A Ary * Zz) (3.3) 
Ap(* 2) < Ap((a*y) *2) V Ar(y*2) 


Proof. Assume that the non-empty €-subsets T-(A.;a@), [e(Ax; ) and Fe(Ax; 7) are positive implicative 
ideals of X for all a, € (0,1] and y € [0,1). If Ar(0) < Ar(a) for some a € X, thena € T-(A.; Ar(a)) 
and 0 ¢ T-(A.; Ar(a)). This is a contradiction, and so A7(0) > Ar(x) for all x € X. Similarly, A;(0) > 
A;(x) for all « € X. Suppose that Ar(0) > Ap(a) for some a € X. Thena € Fe(Ax;Apr(a)) and 
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0 ¢ F-(A.; Ap(a)). This is a contradiction, and thus Ap(0) < Ap(x) for all x € X. Therefore (3.2) is valid. 
Assume that there exist a, b,c € X such that 


Ar(ax*c) < Ar((a*b) *c) A Ar(b* c). 


Taking a := Ar((a * b) * c) A Ar(b * c) implies that (a * b) xc € Te(Ax; a) and b * c € Te(Ax;q@) but 
ax*c¢T<(A.;a), which is a contradiction. Hence 


Ar(x2 * z) > Ar((a xy) * z) A Arly * 2) 
for all x,y, z € X. By the similar way, we can verify that 
Ar(x * z) > Ar((x * y) * z) A Ar(y * z) 
for all x, y, z € X. Now suppose there are x, y, z € X such that 
Ap(a2*z) > Ap((x xy) * z) V Ap(y * z) = 7. 
Then (a * y) * z € Fe(Ax;y) andy *« z € Fe(Ax; 7) but x * z € Fe(AX;y), a contradiction. Thus 
Ap(a*z) < Ap((x*y) * z) V Ap(y * 2) 


forall x,y,z € X. 

Conversely, let AJ = (Ar, Ar, Ar) be a neutrosophic set in X satisfying two conditions (3.2) and (3.3). 
Assume that T-(A.;a), [e(Ax; 8) and F-(A.; 7) are nonempty for a, € (0,1] andy € [0,1). Let x € 
Te(A.; a), a € Ig(Ay; 8) and u € Fe(A.; 7) for a, 6 € (0,1] and y € [0,1). Then A7(0) > Ar(x) > a, 
A;(0) > Ay(a) > GB, and Ap(0) < Ap(u) < 7 by (3.2). It follows that 0 € T-(Ax;a@), 0 € Ie(AX; 8) and 
0 € Fe(A.; 7). Let a, b,c € X be such that (a *b) *c € Te(Ax; a) and b«c € Te(Ax; a) for a € (0, 1]. Then 


Ar(ax*c) > Ar((a*b) *c) A Ar(b*c) >a 


by (3.3), and soa*c € Te(An; a). If (a x y) * z € Te(An; B) and y * z € Ie(AX; 8) for all x,y, z € X and 
6B € (0,1), then A;((a * y) * z) > G and A;(y * z) > 3. Hence the condition (3.3) implies that 


Arla 2) > Ail(w*y) #2) A Arly #2) > B, 
that is, x * z € I-(A.;). Finally, suppose that (x * y) * z € Fe(Ax;y) and y * z € Fe(A.;7) for all 
x,y,z € X andy € (0,1). Then Ap((x * y) * z) < y and Ap(y * z) < 7, which imply from the condition 
(3.3) that 

Ap(a* z) < Ap((x xy) *z)V Ap(y * 2) <7. 


Hence x * z € F-(Ax;7). Therefore the non-empty €-subsets T-(A.;a@), I<(Ax; 3) and F-(A.; 7) are 
positive implicative ideals of X for all a, 6 € (0,1] and y € [0, 1). 


Theorem 3.5. Let AJ = (Ar, A;, Ar) be a neutrosophic set ina BC K-algebra X. Then Aw = (Ar, A, Ar) 
is a positive implicative (€, €)-neutrosophic ideal of X if and only if the non-empty neutrosophic €-subsets 
Te(Ax; a), [e(Ax; 8) and Fe(A.; y) are positive implicative ideals of X for all a, 8 € (0,1| and y € (0,1). 
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Proof. Let AL = (Ar, Ar, Ar) be a positive implicative (€, €)-neutrosophic ideal of X and assume that 
Te(Ax; a), [e(Ax; 6) and Fe(A.;7) are nonempty for a, 3 € (0, 1] and y € [0, 1). Then there exist x, y, z € 
X such that x € Te(Ar; a), y € Ie(An; 8) and z € Fe(Ax;7). It follows from (2.10) that 0 € Te (Ax; a), 
0 € Ie(A,; 6) and 0 € Fe(An;y). Let 2, y,z,a,6,c,u,v,w € X be such that (x * y) * z € Te(Ax;a), 
y*xz € Te(A.; a), (axb) *c € Ie(An; 8), b*c € Ie (An; B), (uevu)*w € Fe(AL; y) andu*xw € Fe(Av; 7). 
Then x*z € Te(Av;aAa) = Te(A.;a),a*c € [e(Ax;8 AB) = 1-(Ax; 6), anduxw € Fe(Au; yVy) = 
F-(A.;y) by (.1). Hence the non-empty neutrosophic €-subsets T-(A.; a), [-(A.; 6) and F-(Ax;7) are 
positive implicative ideals of X for all a, 3 € (0, 1] and y € [0, 1). 

Conversely, let AJ = (Ar, A;, Ar) be a neutrosophic set in X for which T-(A.;a@), [e(Ax; 3) and 
F-(Ax; 7) are nonempty and are positive implicative ideals of X for alla, 8 € (0, 1] andy € [0, 1). Obviously, 
(2.10) is valid. Let x,y,z € X anda,;, a, € (0, 1] be such that (x*xy)*z € Te(Ax; a,) and yxz € Te(Ax; ay). 
Then (x * y) * z € Te(Ax; a) and y * z € Te(A.;a) where a = a; A ay. Since Te(A.; a) is a positive 
implicative ideal of X, it follows that x * z € Te(Av;a) = Te(Axr;a, A a,). Similarly, if (~ * y) * z € 
I-(Ax; 8,) and y * z € I¢(A,; B,) for all x,y, z € X and f,, 8, € (0, 1], then x * z € Ig (An; 8, A By). Now, 
suppose that (w@ * y) * z © Fe(An; yr) andy * z © Fe(Ax; yy) for all x,y,z € X and yz, 7, € [0,1). Then 
(c*y)*z © Fe(A.;y) and yxz € Fe(A.; 7) where y = Y2V yy. Hence x*z € Fe(An;y) = Fe(Anj Ye V Vy) 
since F-(A.; 7) is a positive implicative ideal of X. Therefore AJ = (Ar, Ar, Ar) is a positive implicative 
(€, €)-neutrosophic ideal of X. 


Corollary 3.6. Let AJ = (Ar, Ar, Ar) be aneutrosophic set ina BC’ K-algebra X. Then Aw = (Ar, Ar, Ar) 
is a positive implicative (€, €)-neutrosophic ideal of X if and only if it satisfies two conditions (3.2) and (3.3). 


Lemma 3.7 ([18]). Every (€, €)-neutrosophic ideal AL = (Ar, Ay, Ar) ofa BCK/BCI-algebra X satisfies 
the following assertion. 


Ar(«) = Ar(y) 
(Va,yEX)(c<y > 4 Ar(x) = Arly) (3.4) 
Ar(x) < Ar(y) 


Lemma 3.8 ([18]). Given a neutrosophic set AL = (Ar, Ay, Ar) ina BCK/BCI-algebra X, the following 
assertions are equivalent. 


(1) Av = (Ar, Ar, Ar) is an (€, €)-neutrosophic ideal of X. 


(2) AV = (Ar, Ay, Ar) satisfies the following assertions. 


(Va € X) ( Ar(0) > Ar(x), Ar(0) > Ar(x), Ap(0) < Ap(z) ) (3.5) 
and 
Ar(x) > Ar(z*y) A Ary) 
(Va,yEX) | Arle) > Ar(z*y) A Ar(y) (3.6) 
Ap(x) < Ap(x *y) V Ar(y) 


Proposition 3.9. Every positive implicative (€, €)-neutrosophic ideal A. = (Ar, Aj, Ar) ofa BC K-algebra 
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X satisfies the following assertions. 
Ar(u*y) 2 Ar((x *y) *y) 
(Vt,yEX)| Arax*y) 2 Ar((e*y)*y) |, (3.7) 
Ap(x*y) < Ap((x *y) *y) 
Ar((a * z) * (y* z)) > Ar((x * y) * Zz) 
(Vz,yEX) | Ay((a*z)*(y*z)) 2 A((exy)*z) |, (3.8) 
Ar((a * z) * (y* z)) < Ap((x * y) * z) 
and 
Ar(a*y) 2 Ar(((x * y) *y) * 2) A Ar(z) 
(Vaz,yEX) | Ar(axy) > Ar(((a * y) *y) * Zz) A Ar(z) (3.9) 


Ar(x *y) S Ap(((@ *y) *y) * 2) V Ar(z) 


Proof. Let A. = (Ar, Ay, Ar) be a positive implicative (€, €)-neutrosophic ideal of a BC’ K-algebra X. 
Then AJ = (Ar, A;, Ar) be an (€, €)-neutrosophic ideal of a BC K-algebra X (see Theorem 3.3). Since 


x* x = (0 forall x € X, putting z = y in (3.3) and using (3.2) induce (3.7). Since 


for all x, y, z © X, we have 


and 


by (2.3), (3.7) and Lemma 3.7. Thus (3.8) is valid. Note that 


(vey) * z= ((x*z) ey) * (yey) 
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for all x,y € X. It follows from Lemma 3.8, (3.8) and (2.3) that 


Ar(a xy) > Ar((a * y) * z) A Ar(z) 
*z)*y) * (y *y)) A Ar(z) 


(a * z) *y) * (y*y)) A Ar(z) 
(xx z)*y)*y) A Az(z) 
(vey 


and 


for all x,y, z © X. Therefore (3.9) is valid. 


The converse of Theorem 3.3 is not true as seen in the following example. 


Example 3.10. Consider a set X = {0, 1, 2,3, 4} with the binary operation * which is given in Table 3 


oe. 99 


Table 3: Cayley table for the binary operation “x 


~ewhdyr CO] * 
rwonrNer O]eo 
OOD aD] 
rwoor o/h 
ronwnodaqow 
OoOworad 


Then (X; *,0) is a BC’ K-algebra (see [16]). Let AL = (Ar, A;, Ar) be a neutrosophic set in X defined by 
Table 4 


Routine calculations show that AW = (Ar, Ary, Ar) is an (€, €)-neutrosophic ideal of X. Neutrosophic €- 
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Table 4: Tabular representation of AL = (Avr, A;, Ar) 


xX Ar(z) A(x) Ar(x) 
0 0.7 0.9 0.3 
1 0.4 0.7 0.5 
2 0.5 0.6 0.4 
3 0.4 0.7 0.5 
4 0.1 0.4 0.6 
subsets are given as follows. 
(9 if a € (0.7, I], 
{0} if a € (0.5, 0.7], 
T.(A.;a) = {0,2} if a € (0.4, 0.5), 
{0,1,2,3} ifa € (0.1,0.4], 
| xX if a € (0,0.1], 
(9 if B € (0.9, 1], 
{0} if 8 € (0.7, 0.9], 
I-(Ax; 8) = {0,1,3} if 8 € (0.6,0.7], 
{0,1,2,3} if 8 € (0.4,0.6], 
| X if B € (0,0.4], 
and 
( X if y € (0.6, 1), 
{0,1,2,3} ify € [0.5,0.6), 
Fe(Av:7) =4 {0,2} if y € [0.4,0.5), 
{0} if y € (0.3, 0.4), 
\ 0 if y € (0, 0.3). 


If a € (0.4,0.5] and y € [0.4,0.5), then T-(A.; a) and Fe(A.;y) are not positive implicative ideals of X. 
Thus A. = (Ar, Az, Ar) is not a positive implicative (€, €)-neutrosophic ideal of X by Theorems 3.4 and 


oe 


We provide conditions for an (€, €)-neutrosophic ideal to be a positive implicative (€, €)-neutrosophic 


ideal. 


Theorem 3.11. Given a neutrosophic set AX = (Ar, Ar, Ar) ina BC K-algebra X, the following assertions 


are equivalent. 


(1) Ay = (Ar, Ay, Ap) is a positive implicative (€, €)-neutrosophic ideal of X. 


(2) Av = (Ar, Az, Ar) is an (€, €)-neutrosophic ideal of X that satisfies the condition (3.7). 
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(3) Av = (Ar, Ay, Ar) is an (€, €)-neutrosophic ideal of X that satisfies the condition (3.8). 


(4) AY = (Ar, Ay, Ar) satisfies two conditions (3.2) and (3.9). 


Proof. Assume that AL = (Ar, A;, Ar) is a positive implicative (€, €)-neutrosophic ideal of X. Then 
Aw = (Ar, Ar, Ap) is an (€, €)-neutrosophic ideal of X by Theorem 3.3. If we take z = y in (3.3) and use 
(3.2), then we get the condition (3.7). Suppose that AL = (Ar, Ay, A) is an (€, €)-neutrosophic ideal of X 
satisfying the condition (3.7). Note that 


for all x,y, z € X. It follows from (2.3), (3.7) and Lemma 3.7 that 


and 


Hence (3.8) is valid. Assume that AL = (Av, A;, Ar) is an (€, €)-neutrosophic ideal of X satisfying the 
condition (3.8). It is clear that AL = (Ar, Ar, Ar) satisfies the condition (3.2). Using (3.6), (II), (2.3) and 
(3.8), we have 


(( 

= Te(((x * z) xy) * (y*y)) A Te(z) 
> Te(((x * z) *y) *y) A Te(z) 

= Te(((u * y) *y) * 2) ATe(2), 

Te(x*y) > Te((u *y) *z) A Te(z) 

= Ie(((z* z) *y) * (y*y)) A Te(z) 
> Te(((x * z) *y) *y) A Ie(z) 

= Ie(((2*y) *y) *z) A Te(2), 
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and 


for all x, y, z € X. Thus (3.9) is valid. Finally suppose that AL = (Ar, Ay, Ap) satisfies two conditions (3.2) 
and (3.9). Using (2.1) and (3.9), we get 


Ar(x) = Ar(a * 0) 
> Ar(((x * 0) * 0) *y) A Ar(y) 
= Ar(x*y) A Ar(y), 


= Ay(x*y) A Ar(y), 


and 


< Ap(((x * 0) *0) *y) V Ap(y) 
= Ap(x xy) V Ar(y) 


for all x,y € X. Hence A. = (Ar, A;, Ap) is an (€, €)-neutrosophic ideal of X. Since 
for all x,y, z € X, it follows from (3.9) and (3.4) that 
A(x * z) > Ar(((a * z) * z) * (y* z)) A Ar(y * Zz) 
> Ar((x *y) * z) A Arly * 2), 
Ar(a * z) > Az(((x * z) * z) * (y * z)) A Ar(y * z) 
> Ar((a@* y) * z) A Ar(y * 2), 
and 


Ap(a * z) < Ap(((a * z) * z) * (y * z)) V Ap(y * 2) 
< Ap((x *y) * z) V Ar(y * z) 


for all x,y,z € X. Therefore AL = (Ar, Ar, Ar) is a positive implicative (€, €)-neutrosophic ideal of 
XxX. 
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4 Positive implicative falling neutrosophic ideals 


Definition 4.1. Let (Q,.A, P) be a probability space and let € := (&7, €;,&) be a neutrosophic random set on 
a BC'K-algebra X. If Er(wr), Er(wr) and Er(wr) are positive implicative ideals of X for all wr, wy, wr € Q, 
then the neutrosophic shadow H := (Hr, Hy, H;) of the neutrosophic random set € := (7,7, €r) on X, that 
is, 


Hyr(tr) = Plwr | tr € Er(wr)), 


Ay (x1) = Plwr | tr € €r(w7)); (a) 
Ap(tp) =1— Pw | tr € Er(wp)) 


is called a positive implicative falling neutrosophic ideal of X. 


Example 4.2. Consider a set X = {0, 1, 2,3, 4} with the binary operation « which is given in Table 5 


oe 99 


Table 5: Cayley table for the binary operation “x 


me wNMmMrR oO] * 
rwWNY re O]O 
Erewonm od Ol]r 
~~ wo Od O/]bv 
Lr ONMrR Ow 
oOowWwWwoo;°oF 


Then (X;*,0) is a BC’K-algebra (see [16]). Consider (Q,.A, P) = ({0,1],A,m) and let € := (&7, €1, €r) be 
a neutrosophic random set on X which is given as follows: 


( {0,3}  ift € (0,0.25), 
{0,1} ift € [0.25,0.55), 
Ep : [0,1] 2 P(X), 2 {0,1,2} if t € [0.55,0.85), 
{0,1,3} if t € 0.85, 0.95), 

| Xx if t € (0.95, 1], 


2} if t € [0,0.45), 
3} if t € [0.45, 0.75), 
4} ift € (0.75, 1), 


and 


( {0} if t € (0.9, 1], 
{0,3} if t € (0.7, 0.9], 
Ep: (0,1) 3 P(X), 20 {0,1,2} ift € (0.5,0.7], 
{0,1,2,3} ift € (0.3,0.5), 

( {0,1,2,4} ift € [0,0.3). 
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Then €r(t), €r(t) and €p(t) are positive implicative ideals of X for all t € [0,1]. Hence the neutrosophic 


falling shadow H := 
X, and it is given as follows: 
(1 
0.75 


0.35 
0.4 
|. 0.05 


(Hr, H1, Hr) of € := (Er, €1, €r) is a positive implicative falling neutrosophic ideal of 


if x = 0, 
ifx =1, 
if x = 2, 
if x = 3, 
ifx = 4, 


1 
0.3 
0.25 


if x € {0, 
if x =3, 
ifs =4, 


1,2), 


HAy(2) 


and 


( 0 

i 
0.4 

{ 0.3 


ie =, 
if x € {1,2}, 
if = 3, 
ifz =4. 


Given a probability space (Q, A, P), let H := (Hr, Hy, Hp) be a neutrosophic falling shadow of a neutro- 
sophic random set € := (€7, €7,€r). For x € X, let 


O(a; Er) = {wr € | x € Er(wr)}, 
O(a; Er) = {wy € OD | x € Ex(wy)f, 
O(a; Er) := {wr € | 2 € Er(wr)}. 


Then (2; Er), O(a; Er), O(a; Er) € A (see [12]). 
Proposition 4.3. Let H := = (Hr, Hy, H pr) bea neutrosophic falling shadow of the neutrosophic random set 
€ := (E7,&1,€r) ona BC K-algebra X. IfH := (Hr, Hy, Hr) is a positive implicative falling neutrosophic 


ideal of X, then 


OQ((a * y) * 2; Er) N Ay * 2; Er) C O(a * 2; Er) 

(Va,y,2EX) | O(a *y) * 25 Er) NOY * 2; Er) S O(a * 2; Er) : (4.2) 
OQ((a * y) * 2; Er) NO(y * 2; Er) C O(a * 2; Ep) 
O(z * 2;€r) © O((z * y) * 2; Er) 

(Va,y,2 EX) | O(a * 2;€7) C O((a * y) * z; E7) (4.3) 
Q(x * 2; €r) C O(a * y) * 2; EF) 


Proof. Let wr € Q( 
2; Ep) NOY * 2; Er 
(cxy)*z € Er 
(cxy)*zE& 


xx y) * 25 Er) NOY * 2; Er), wr € O((e * y) * 2; Er) NQ(y * 2; EF) and wp € O((x * y) * 
for all x,y,z € X. Then 

wr) and y * z € Er(wr), 

w1) and y * z € £1(w1), 


— 
SS Oe 
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(x xy) *z € Er(wp) and y * z € Ep(wp). 
Since &p(wr), €7(wr) and €(w yr) are positive implicative ideals of X, it follows from (2.8) that x * z € 
Ep(wr) N Er(w7) N Er(we) and so that wr € O(ax * 2; Ep), wy € O(a * 2; €7) and wr € O(a * z; Er). Hence 
(4.2) is valid. Now let x, y, z € X be such that wr € O(a * 2; Er), wr € O(a * 2; Er), and wr € Olax * 2; Ep). 
Then x * z € E7(wr) NE7(wr) NEx(we). Note that 


< (pay) eem (242) ey 
=O0«y=0, 


which yields 
(x * y) * z) * (a * z) =0 € Ep(wr) NE(wr) N Ev(we). 


Since €7(wr), €;(w 7) and €-(w) are positive implicative ideals and hence ideals of X, it follows that (x * y) * 
z © €p(wr)NEr(wr)NEr(wr). Hence wr € O((a*y)*z3 Er), wr € O((axy) *2; Ex), andwp € O((axy)*z; Ep). 
Therefore (4.3) is valid. 


Given a probability space (Q, A, P), let 
F(X) :={f | f:Q— X isa mapping}. (4.4) 
Define a binary operation ® on F(X) as follows: 
(Vw € 92) ((F © g)(w) = fw) * g(w)) (4.5) 
for all f,g € F(X). Then (F(X); ®, 6) isa BCK/BCI-algebra (see [10]) where 6 is given as follows: 


0:04 X, wh 0. 


For any subset A of X and gr, gr, gr © F(X), consider the followings: 


AL = {wr €9.| gr (wr) € A}, 
Ag = {wy EQ | gr(wr) E A}, 
Af = {wr EQ) | Gr(Wr) € A} 


and 


Er: 24 P(F(X)), wrh for € F(X) | gr(wr) € A}, 
&6:Q 4 P(F(X)), wr fr € F(X) | gr(wr) € A}, 
Er: 03 P(F(X)), wr fr € F(X) | gr(wr) € A}. 


Then A¥,, Af, AZ € A (see [12]). 
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Theorem 4.4. /f K is a positive implicative ideal of a BC K-algebra X, then 


rwr) = {gr € F(X) | gr(wr) € K}, 
Er(w1) = tar € F(X) | gr(wr) € Kf, 
&r(wr) = {gr © F(X) | grr) € KY 


are positive implicative ideals of F(X ). 


Proof. Assume that KC is a positive implicative ideal of a BC’'K-algebra X. Since O(wr) = 0 € K, 0(wr) = 
0€ K and O(wr) = 0€ K for all wr, wy, wr € 2, we have 


0 € &r(wr) N E(w) N Er (wr). 
Let fr, gr, hr € F(X) be such that (fr ® gr) ® hr € Er(wr) and gr ® hr € Er(wr). Then 
(fr(wr) * gr(wr)) * hrwr) = ((fr ® gr) ® hr)(wr) € K 
and gr(wr) * hr(wr) € K. Since K is a positive implicative ideal of X, it follows from (2.8) that 
(fr ® hr)(wr) = fr(wr) * hr(wr) € K, 


that is, fr ® hr € p(w). Hence €7(wr) is a positive implicative ideal of F(X). Similarly, we can verify that 
€;(wy) is a positive implicative ideal of F(X). Now, let fr, gr, hr € F(X) be such that (fr ® gr) ® hr € 
Ep(wp) and gr ® hp € Ep(wp). Then 


(fr(wr) * gr(wr)) *he(wr) = (fr @ gr) ®hr)(wr) EK 
and gp(wr) *hr(wr) € K. Then 


(fr ® hr)(wr) = fr(wr) *hr(wr) € K, 


and so fr@®hp € €-(wr). Hence €/(w,) is a positive implicative ideal of F(X). This completes the proof. 


Theorem 4.5. [f we consider a probability space (Q,A,P) = (|0,1],A,m), then every positive implicative 
(€, €)-neutrosophic ideal of a BC’ K -algebra is a positive implicative falling neutrosophic ideal. 


Proof. Let H := (Hr, Hy, Hp) be a positive implicative (€, €)-neutrosophic ideal of a BC'K-algebra X. 
Then T-(H; a), [e(H; 3) and F-(H; 7) are positive implicative ideals of X for all a, 6 € (0,1] and y € [0, 1) 
by Theorem 3.5. Hence a triple € := (&7, €7, &) in which 
Er : [0,1] > P(X), a+ Te(H; a), 
EI : [0, 1] = Pix); B > iE. B), 
F: [0, 1] = Pid); yr Ploy) 


is a neutrosophic cut-cloud of H := (Hy, H;, Hp), and so H := (Hr, Hy, Hp) isa positive implicative falling 
neutrosophic ideal of X. 


The converse of Theorem 4.5 is not true as seen in the following example. 
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oe 99 


Table 6: Cayley table for the binary operation “x 


me wWNMrH CO] * 
rwWNY re C]O 
~erwew Oo Clr 
err OF CO] by 
yoo od O]w 
COwWNnNro ef 


Example 4.6. Consider a set X = {0, 1, 2,3, 4} with the binary operation « which is given in Table 6 


Then (X;*,0) is a BC’K-algebra (see [16]). Consider (Q,.A, P) = ({0,1],A,m) and let € := (Er, €7, €r) be 
a neutrosophic random set on X which is given as follows: 


{ {0,1} if t € (0, 0.2), 


{0,2} if t € [0.2,0.55), 
br: [O14 P(X), 2 {0, 2,4} if t € [0.55, 0.75), 


{ {0,1,2,3} ift € (0.75, 1], 


{0,2} if t € (0, 0.26), 
€r:[0,1] > P(X), 2 2 {0,4} if t € (0.26, 0.68), 
{0,1,2,3} if t € (0.68, 1] 
and 
( {0} if t € (0.77, 1], 
{0,1} if t € (0.66, 0.77], 
Ep: [0,1] 3 P(X), 20 {0,2} if t € (0.48, 0.66], 
{0,2,4} if t € (0.23, 0.48], 


( {0,1,2,3} if t € [0, 0.23]. 


Then €7(t), €7(t) and p(t) are positive implicative ideals of X for all t € [0,1]. Hence the neutrosophic 
falling shadow H := (Hr, Hy, Hp) of € := (Er, &7, €r) is a positive implicative falling neutrosophic ideal of 
X, and it is given as follows: 


{1 if x = 0, 


; 0.45 ife=1, 
i= 08 ifx=2, 
0.25 ifx=3, 


(0.2 ife=4, 
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{1 ifes=0, 


~,. J 0.32 ifx€ {1,3}, 
ee 0.58 ifa=2, 
| 0.42 ife=4, 
and 

(0 ifx=0, 
; 0.66 ifx=1, 
Hin= 0.34 ife=2, 
0.77 ifs =3, 
(0.75 ifa=4. 


But H := (Hr, H,, Hp) is not a positive implicative (€, €)-neutrosophic ideal of X since 
Hy(3 * 4) = Hy(3) = 0.25 < 0.8 = Hp((3 * 2) * 4) A Hy(2 * 4) 
and/or 
Hy(3 * 4) = Hy(3) = 0.77 > 0.66 = Hy((3 * 1) * 4) V Hy(1 * 4). 


We provide relations between a falling neutrosophic ideal and a positive implicative falling neutrosophic 
ideal . 


Theorem 4.7. Let (Q,.A, P) be a probability space and let H := (Hr, Hy, Hr) be a neutrosophic falling 
shadow of a neutrosophic random set € := (&7,&1,€r) ona BC K-algebra X. If H := (Hr, H1, Hr) is a 
positive implicative falling neutrosophic ideal of X, then it is a falling neutrosophic ideal of X. 


Proof. Let H := (Hr, H,,H r) be a positive implicative falling neutrosophic ideal of a BC K-algebra X. 
Then r(wr), €r(wr) and €(w,) are positive implicative ideals of X, and so €r(wr), €:(wz) and €r(w pr) are 
ideals of X for all wp, wy, we € Q. Therefore H := (Hr, H;, H,-) is a falling neutrosophic ideal of X. 


The following example shows that the converse of Theorem 4.7 is not true in general. 


Example 4.8. Consider a set X = {0,1, 2,3, 4} with the binary operation * which is given in Table 7 


oe 99 


Table 7: Cayley table for the binary operation “x 


me wNmr CO] * 
PWN re CoO 
Erwnreo clr 
~ Dw O OG O/]bw 
Looe Ow 
COwWwNnNr oO; e 


H. Bordbar, X.L. Xin, R.A. Borzooei, Y.B. Jun, Positive implicative ideals of BC'K -algebras based on 
neutrosophic sets and falling shadows. 


Neutrosophic Sets and Systems, Vol. 48, 2022 28 


Then (X;*,0) is a BC'K-algebra (see [16]). Consider (Q,.A, P) = ({0,1],A,m) and let € := (&7, €7, €r) be 
a neutrosophic random set on X which is given as follows: 


{0,4} if t € [0,0.37), 
Er : [0,1] 2 P(X), cH ¢ {0,1,2,3} ift € [0.37,0.67), 
{0,1,4} if t € (0.67, 1], 


if t € (0, 0.45), 
{0,1,2,3} ift € (0.45, 1, 


and 


oO} if t € (0.74, 1], 


({ ( 
. {0,1} if t € (0.66, 0.74], 
ero Sy a {0,4} if t € (0.48, 0.66], 
\ { 


0,1,2,3} ift € (0, 0.48). 


Then €r(t), €:(t) and €(t) are ideals of X for all t € [0,1]. Hence the neutrosophic falling shadow H := 
(Hy, H;, Hp) of € := (7, €7, €r) isa falling neutrosophic ideal of X. But it is not a positive implicative falling 
neutrosophic ideal of X because if a € |0.67, 1], 8 € [0,0.45) and y € (0.66, 0.74], then &;(a) = {0, 1, 4}, 
€7(3) = {0,4} and €-(y) = {0,1} are not positive implicative ideals of X respectively. 

Since every ideal is positive implicative in a positive implicative BC’ K-algebra, we have the following 
theorem. 


Theorem 4.9. Let (Q,.A,P) be a probability space and let H := (Hp, Hy, Hp) be a neutrosophic falling 
shadow of a neutrosophic random set € := (Ep, €1,€e) on a positive implicative BC K-algebra. If H := 
(Hy, H,, Hp) is a falling neutrosophic ideal of X, then it is a positive implicative falling neutrosophic ideal 
of X. 


Corollary 4.10. Let (Q,.A,P) be a probability space. For any BC'K-algebra X which satisfies one of the 
following assertions 


v*(a*y))*(y*x) =x (xx (y*(y*2)))), 
¥y = (xy) * (a * (x *y))), 
* (cy) = (wx (wx y)) * (z*y)), 
Va,y € X)((x * (a *y)) * (y* a) = (y* (y*x)) * (z¥y)), 
let H := (Hr, Hr, Hp) be a neutrosophic falling shadow of a neutrosophic random set € := (Er, &1,€r) on X. 


If H := (Hr, Hy, Hp) is a falling neutrosophic ideal of X, then it is a positive implicative falling neutrosophic 
ideal of X. 
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Abstract: The theory of Neutrosophy fuzzy set is the extension of the fuzzy set that deals with 
imprecise and indeterminate data Neutrosophy is a new branch of Philosophy. We already 
conceptualized the Neutrosophic fuzzy bi-ideals of Near —subtraction Semigroups(NFBJ).In this 
article, We extend our study to strong bi-ideals. We examine some of its fundamentals and algebraic 
structures. Our aim of this manuscript are given as follows: 

(i)To explore the new ideas in Neutrosophic fuzzy Near-subtraction semigroups of said 
bi-ideals and strong bi-ideals. 

(ii)To examine the some basic properties and fundamentals. 

(iii)Also expand the direct product and regularity of Neutrosophic fuzzy strong 
bi-ideals(NFSBI) of a Near- Subtraction Semigroups. 


Keywords: Neutrosophic Fuzzy sub algebra, Neutrosophic fuzzy X-sub algebra, Neutrosophic 
fuzzy bi-ideal, Neutrosophic fuzzy strong bi-ideal. 


1.Introduction 


The fuzzy set was first introduced by L.A. Zadeh [18] .It was conceptualized the grade of truth 
values belonging to a unit interval.The fuzzy sub nearrings and fuzzy ideals of near-rings was 
introduced by Abou zaid[1]. V.Chinnadurai and S.Kadalarasi[4] examined the direct product of 
fuzzy subnearring, fuzzy ideal and fuzzy R-subgroups. Atanassov[3] expanded the intuitionstic 
fuzzy set to deal with complicated version.It explained the truth and false membership functions.It 
may applicable in various fields such as medicine, decision making techniques. 

Later, Florentin Smarandache[13]introduced the concept of Neutrosophy. Neutrosophy is an 
extension of fuzzy logic in which indeterminancy also included. In Neutrosophic logic, we may 
have truth membership functions, false membership function and indeterminate functions. This 
idea of neutrosophic set have a remarkable achievement in various fields like medical diagnosis, 
image processing, decision making problem,robotics and so on. I.Arockiarani[8] consider the 


neutrosophic set with value from the subset of [0,1] and extended the research in fuzzy 
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neutrosophic set. We gained inspiration from the advantages of Neutrosophy fuzzy 
set.J.Sivaranjini, V. Mahalakshmi[10]examined the concept of fuzzy bi-ideals in Near-Subtraction 


Semigroups.The results obtained are entirely more beneficial to the researchers. 
2. Preliminaries 


The aim of this section is to recall some basic definitions. 
2.1 Definition[7] 

A non-empty set X together with the binary operation '-' and'e' is said to be a right(left) 
near-subtraction semigroup if it satisfies the following. 

(i)( X ,-)is a subtraction algebra (ii)(X ,*)is a semigroup (iii)(p-q)r=pr-qr for all p,q,r in X. It is clear 
that Op=0 for all p in X. Similarly, we can define for left near-subtraction semigroup. 
2.2 Definition[12] 

A Neutrosophic Fuzzy Set S on the universe of discourse X Characterised by a truth 
membership function Ts(p), a indeterminacy function Is(p) and a non- membership function Fs(p) is 
defined as S={<p, Ts(p), Is(p), Fs(p)>/peX} where Ts, Is, Fs:X—[0,1] and 0s Ts(p)+ Is(p)+ Fs(p)s3. 

2.3 Definition[12] 

If V is said to be Neutrosophic fuzzy sub algebra of a near Subtraction Semigroup X , then it 

satisfies the following conditions: 

(i) Tv(p-q) 2min{Tv(p), Tv(q)} (ii)Iv(p-q) smax{Iv(p), Iv(q)} 
(iii)Fv(p-q) Smax{ Fv(p), Fv(q)} for all p,q, in V. 

2.4 Definition[14] 

A near- subtraction Semigroup X is said to be left permutable if pqr=qpr for all p,q,r in X. 
2.5 Definition[12] 

Let S and V be any two Neutrosophic Fuzzy Sets of X and pe X. Then 


(1)SUV={<p, Tsuv (p), Isur (p), uv (p)>/pex} 
(i) Tuy (p)=max{Ts(p), Tv(p)} (ii) Esuw(p)=min{ Is(p), Iv(p)} (iii)FSuv (p)=min{ Fs(p), Fv(p)} 
(2)S NV={<p, Tsnw (p),Isnv (Pp), Baw (p)>/peX}where, 
(i) Taw (p)=min{ Ts(p), Tv(p)} —(ii)isnw (p)=max{ Is(p), Iv(p)} (iii)Fsav (p)=max{ Fs(p), Fv(p)} 
2.6Definition[10] 
An fuzzy sub algebra is deal to be fuzzy bi-ideal of X if 1 (par) > min {u (p) , B(x)} where 


pqr inxX. 


2.7 Definition[10] 
A Neutrosophic Fuzzy Sub algebra S in a near Subtraction Semigroup X is said to be 
Neutrosophic Fuzzy Bi-ideal of X if it satisfies the following conditions: 
(i)  Ts(pqr)2min{Ts(p), Ts(r)} 
(ii) — Is(pqr)smax{Is(p), Is(r)} 
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(iii) Fs(pqr)smax{ Fs(p), Fs(r)} for all p,q,r eX 
2.7 Definition[10] 
A Neutrosophic fuzzy set S of X is said to be Neutrosophic fuzzy right(left)X-sub algebra of X if 


(i)Ts(p-q) 2 min{Ts(p), Ts(q)} ;Ts(pq) 2Ts(p)[ Ts(pq) 2Ts(q)] 
(ii)Is(p-q) smax{Is(p), Is(q)} ; Is(pq) <Is(p) [Is(pq) <Is(q)] 
(iii)Fs(p-q) < max{Fs(p), F s(q)};Fs(pq) <Fs(p), [Fs(pq) $Fs(q)] for all p,q, in X. 
2.8 Definition[14] 
Let S and V be any two Neutrosophic Fuzzy subsets of Near Subtraction Semigroups X and Y 
respectively. Then the direct product is defined by 
Sx V={<(p,q), Tsxv(p,q), Is«v(p,q), Fs«v(p,q)>/p eX, q €Y}where, 
Tsxv(p,q)=min{Ts(p),Tv(q)};Is«v(p,q)=max{Is(p),Iv(q)};Fs«v(p,q)=max{Fs(p),Fv(q)} 


3. Neutrosophic Fuzzy Strong Bi-ideals of Near-Subtraction Semigroups 
The aim of this section is to explore the idea of this concept. 
3.1.Definition 

A Neutrosophic Fuzzy Bi-Ideal S of X is said to be Neutrosophic Fuzzy Strong Bi- Ideal 
(NFSBI) of X if it satisfies the following conditions: 
(i)Ts(pqr)zmin{Ts(q), Ts(r)} (ii)Is(pqr)smax{Is(q), Is(r)} (iii)Fs(pqr)smaxt{ Fs(q), Fs(1)} for all p,q,r eX. 
3.2 Example 


Assume that X={0,p,q,r} in which ‘-’ and ‘e’ defined by 


: 0 P q r 

= 0 P q R 
0 0 0 0 0 

0 | 0 0 0 0 
P 0 Q 0 q 

P P 0 p 0 
Q 0 0 0 0 

q Q q 0 0 
R 0 Q 0 q 

r R q P 0 


Consider the Fuzzy set S:X—[0,1] be a fuzzy subset of X defined by 
Ts(0)=.7 Ts(p)=.5 Ts(q)=.3 Ts(r)=.2 ;[s(0)=.3 Is(p)=.4 Is(q)=.6  Is(r)=.8;Fs(0)=.2 = Fs(p)=.3 
Fs(q)=.7 Fs(r)=.9. 


3.3Theorem 
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Consider S=( Ts, Is, Fs) to be a NFSBI of X iff XTTST(XU=I, XFF=F) 


Proof: Assume that S is a NFSBI of X. Let p,q,l,m,aeX. 


Consider a=pq and p=Im. We already prove that T is a NFBI X[10]. Therefore 


XTT(a)=SUPg=pq{min{(XT)(p), T(q)}} 


=SUPg=pq {(Min{ SUP p=, {min{X(1),T(m)},T(q)}=SUPg=pq {Min{SUP y= jy, {T(m)},T(q)} 
Since T is a NFBIof X. 

=SUP =p min{T(m),T(q)}<SUP y= jymg {T (lmq)}=T (lmq)=T(a) 
We have, XTTST. Conversely, Assume that XTTST 


If a cannot expressed as a=pq then, XTT(a)=0sT(a) .In both cases XTT<T. Choose p,q,r,a,b,c €X such 
that a=pqr. Then 


T(pqr)=T(a)2XTT (a) 
= SUP g=pemin{(XT)(b),T(c)}2min{X(p),T(q),T(r)]=min{T(q),T)} 

XI (a)=!fg=pq{max{(XI)(p), I(q)} 

=i f= pq{max{iMfp=tm {max{X(1),1(m)},1(q)} 

=infz=pq{max{iMf =p {I(m)},1(q)} 
Since I is a NFSBI of X. 

=infz=pqmax{I(m),1(q)}2iF p=1mg {I(1mq)}=1(1mq)=I(a) 

We have, IXI=I. If a cannot expressed as a=pq then XII(a)=0=I(a).In both cases, XII=I 


Conversely, Assume that XII=I.Choose p,q,t,a,b,c €X such that a=pqr. Then 


I(pqr)=I(a)sXII(a) 
= in. gw=bemax{(XI)(b),I(c)} smax{X(p),I(q),I(r)}=max{I(q),1(r)} 
FXF(a)=!f,g=,_{max{(XF)(p), F(q)}} 


=inf. = pq{max{iMfp=tm, {max{X(1),F(m)},F(q)} 
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=INfg=pq{max{iM"f p= {F(m)},F(q)} 
Since F is a Neutrosophic Fuzzy strong bi-ideal of X. 
=infz=—p_max{F(m),F(q)}>ify=1mg {F(Imq)}=F(Imq)=F(a) 
Hence FXF=F If a cannot expressed as a=pq then XFF(a)=02F(a).In both cases, XFF=F 


Conversely, Assume FXF=F.Choose p,q,t,a,b,c eX such that a=pqr.Then 


F(pqr)=F(a)SXFF(a) 


= inf (.=»-max{(XF)(b),F(c)}<max{X(p),F(q),F(r)}=max{F(q),F(r)} 
3.4 Theorem 
The Direct Product of any two NFSBI of a Near-Subtraction Semigroups is again a NFSBI of 
XxY, 
Proof: 
Consider S and V be any two NFSBI of X and Y respectively.We already prove that SxV is a NFBI of 
XxY[10]. 
Now p=(pup2) q=(quq2)_ r=(r112)eX*Y respectively. 
(i) — Tsv((p1,p2),(qu,q2),(t142))= Tsv(piqiri, paqer2) 
=min{Ts(piqir1), Tv(p2qzr2)} 
>min{min{Ts(q:), Ts(r1)},min{Tv(q2), Tv(r2)}} 
=min{ Ts-v(q1,q2), Ts-v(r1,12)} 
(ii) Isev((p1,p2),(qu,qz),(t112))= Is-v(piqur1, pager?) 
=max{Is(piqir!), Iv(p2qzr2)} 
s<max{max({Is(q1), Is(r1)},min{Iv(q2), Iv(r2)}} 
=max{ Is-v(qi,q2), Is-v(11,12)} 
(iti) Fs»v((p1,p2),(qu,q2),(r112))= Fsv(piquri, paqzr2) 
=max{Fs(piqit1), Fv(p2qr2)} 
smax{max{Fs(q1), Fs(r1)},min{Fv(qz), Fv(r2)}} 
=max{ Fs.v(qu,qp), Fs-v(11,12)} 


Hence, SxV is a NFSBI of XxY. 
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3.5Theorem 


If SxV=(Tsxv, Isxv, Fsxv) be a NFSBI of XxY .Then Sx V=(Tsxv,Isxv, F sv) is a NFSBI of XxY. 
Proof: 
Consider SxV=(T sxv, I sv, F sxv) be a NFSBI of XxY. 
Now p=(pip2)— g=(quqz) r=(rit2)eXxY 
By [Theorem 3.4] Ts«v, Isxv and F sxv are NFSBI of X xY. 
Now it is enough to prove Ts v°(p1,p2)(_qu.qz2)( r112)Smax{Ts « v(qu.qz), Ts« v(r112)} 
Now, TSs «v(p1,p2)( qi,q2)(rir2)  =1- Ts «v(p1p2)( quqe)( 1112) 
<1-min{ Ts «v(q1,q2), Ts xv( rir2)} 
=max{1- Ts v(qu,qz), 1-T s«v(r1,r2)} 
=max{ TCs xv( qu.qz2), T©s xv( rir2)} 
Thus, Sx V=(Tsxv,Isxv, FCsxv) is a NFSBI of X xY. 
3.6Corollary 
If SxV=(Tsxv, Isxv, Fsxv) be a NFSBI of XxY.Then SxV=(FCs.v,Is.v, TC sxv) is NFSBI of XxY. 
3.7Corollary 
Consider Sx V=(Tsv, I sxv, Fsxv) be a NFSBI of XxY.Then Sx V=(Fsxv GIs-v, Isxv) is a NFSBI of XxY. 
3.8 Theorem 
Let X be a Strong regular Near —Subtraction Semigroup. Let S =( Ts, Is, Fs) be a NFSBI of X,then 
XTT=T, XI=I and XFF=F 
Proof: 
Consider S =( Ts, Is, Fs) be a NFSBI of X. Choose peX. Since X is a strong regular near subtraction 
semigroup there exists a eX such that p=ap?. 


Now, XTT(p)=XTT(ap’). 
()XTT(p)=SUPy=app {min{(XT)(ap), T(p)}}2min{XT(ap),T(p)} 
=min{SUP g_= Im {min{X(1),T(m)},T(p)}} 
2min{min{X(a),T(p)},T(p)}=min{T(p),T(p)}=T(p) 


Also we know that XTTST.From that, XTT=T 
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(ii) XII(p)=i@f=app {max{(XI)(ap), I(p)}} 
<max{XI(ap),I(p)} 
=max{Ef ay=1m {min{X(1),1(m)},1(p)}} 
<max{max{X(a),1(p)},I(p)}=max{I(p),l(p)}=I(p) 
Also we know that XII=I.From that, XII=I 
(iii) XFF(p)="8fp=app {max{(XF)(ap), F(p)}} 
<max{XF(ap),F(p)} 
=max{§fay=1m {min{X(1),F(m)},F(p)}} 
<max{max{X(a),F(p)},F(p)}=max{F(p),F(p)}=F(p) 
Also we know that XFF2F.From that, XFF=F 


3.9 Theorem 

Every left permutable fuzzy right X-sub algebra of X is a NFSBI of X. 

Proof: 

Consider S=( Ts, Is, Fs) be a Neutrosophic fuzzy right X-sub algebra of X.First we prove S is a NFBI 


of X.Choose a,p,q,l,meX.Also a=pq,p=Im 
TXT(a) =SUPg=p_{min{(TX)(p), T(q)}}-SUPa=pq{min{SUPp=y_{min{T(1),X(m)},T(q)} 
=SUPg=pq {Min{SUPy=Im{T(1)},T(q)}-SUPg=pqmin{T(1),T(q)} 
Since T is a Neutrosophic fuzzy right X-sub algebra T(pq)=T((Im)q)>T(1) 
<SUPz=pq_min{T(pq),X(q)}sinceX(q)=1=T(pq)=T(a) 
Therefore, TXTST 
IXI(a)=!fg=pq{max{(IX)(p), I(q)} 
=I fg=pq{max{EMf y=pm, {max{I(1),X(m)},1(q)} 
=inf—pq{max{iMf,—tm {1(1)}1(q)}=Efe=pgmax{l(),1(q)} 


Since I is a Neutrosophic fuzzy right X-sub algebra I(pq)=I((Im)q)sI(1) 
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21M} g=»_max{I(pq),X(q)}sinceX(q)=0=[(pq)=[(a) 
Therefore, IXI=I 
FXF(a) =! fig=pqg{max{(FX)(p), F(q)}} 
~inf, = pqlmax(iMf p=1m (max{F(1),X(m)},F(q)} 
=infy—yq{max{itfy—1m {F(1)},F(q)} =irtfg=pgmax{F (1), F(q)} 
Since I is a Neutrosophic fuzzy right X-sub algebra F(pq)=F((Im)q)<F(1) 
2INf a= »gmax{F(pq),X(q)}sinceX(q)=0=F(pq) =F(a) 
Therefore, FXF>F 
XTT(a) =SUPy=pq{min{(XT)(p), T(q)}}-SUPa=pq {min{SUP p=, {min{X(1),T(m)},T(q)} 


-SUP, =pag {min{SUp,= tm{T(m)},T(q)} 


Since T is a left permutable Neutrosophic Fuzzy right X-Sub algebra 
X.T(pq)=T((lm)q)=T(mlg)2T(m)<SUP p= mg {min{T(pq),X(q)}.Since X(q)=1=T(pq)=T(a) 
XI (a)=!fg=pq{max{(XI)(p), I(q)} 

=i f= 5q{max{iMfp=pm, {max{X(1),1(m)},1(q)} 

=infz=pq{max{iMf =p {I(m)},1(q)} 
Since I is a left permutable Neutrosophic Fuzzy right X-sub algebra of X. 
I(pq)=I((lm)q)=I(mlq)<I(m) 

2INfg=»qmax({I(pq),X(q)}. Since X(q)=0=I(pq)=I(a) 
Wehave, XII=I 
XFF(a) =!?fp=y,{max{(XF)(p), F(q)}} 

=inf,= p,q {max{iMf p= {max{X(1),F(m)},F(q)} 


=i a=pq{imax{in, p=Im {F(m)},F(q)} 


Sivaranjini J,Mahalakshmi V ,Neutrosophic Fuzzy Strong bi-idealsof Near-Subtraction Semigroups 


38 


of 


Neutrosophic Sets and Systems, Vol. 48, 2022 39 


Since F is a _ left permutable Neutrosophic Fuzzy right X-sub algebra of X. 
F(pq)=1((1m)q)=F (mlq)sF(m) 


>iMf=»_gmax{F(pq),X(q)}. Since X(q)=0=F (pq)=F(a) 


We have, FXX=I 


3.10Theorem 
Every left permutable fuzzy left X-sub algebra of X is a NFSBI of X. 
Proof: Consider S=( Ts, Is, Fs) be a Neutrosophic fuzzy left X-sub algebra of X.First we prove S is a 


NFBI of X.Choose _a,p,q,l,meX. Also a=pq,p=lm 
TXT(a) =SUPz=p,_{min{(T)(p), XT(q)}} 
=SUP =p, {min{T(p), {SUP y=, min{X(1)},T(m)}} 


=SUPg=pq{min{T(p), SUP g=nmT(m)}|=SUPg=p_min{T(p),T(m)} 


Since T is a Neutrosophic fuzzy left X-sub algebra T(pq)=T((pl)m)2T(m) 
<SUPg=pqmin{X(p),T(pq)}sinceX(q)=1=T(pq)=T(a) 
Therefore, TXTST 
Xia) = f=pg{max{I(p), X1(q)}}=#fa=pqlmax {I(p), Ef z=tmmax{X(1),1(m)} 
-inf=pq{max{I(p), {i f,=1m1(m)} 


-inf,,—»,max{I(p),1(m)} 


Since I is a Neutrosophic fuzzy left X-sub algebra I(pq)=I((pl)m)sI(m) 
2INfg—yq_max{X(p),I(pq)}sinceX(q)=0=I(pq)=1(a) 
Therefore, IXI=1 
FXF(a) =!?fz=,,_{max{F(p), XF(q)}} 
=iNfz=pq{max {F(p), MF g=tmmax{X(1),F(m)} 


=n, a=pqimax{F(p), {in p=im F(m)|=ifg=p_gmax{F(p),F(m)} 
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Since I is a Neutrosophic fuzzy left X-sub algebra F(pq)=F((pl)m)sF(m) 

>in fz—»gmax{X(p),F(pq)}sinceX (q)=0=F (pq)=F (a) 
Therefore, FXF=F 


XTT(a) =SUPg=yqg{min{(X)(p), TT(q)}}-SUPg=p_{min{X(p), SUP g=y_,min{T(1),T(m)}} 
Since T is a left permutable Neutrosophic Fuzzy left X-Sub algebra of 
X.T(pq)=T(plm)=T((Ip)m)2T(m) 


<SUPz=yg (min{X(1),T(pq)}.Since X(1)=1=T(pq) =T(a) 


XII(a)="fg=p_{max{(X)(p), I(q)}}="fg=p_{max{X(p), Mf g=ynmax{I(1),1(m)}} 
Since I is a left permutable Neutrosophic Fuzzy left X-Sub algebra of 
X.1(pq)=I(plm)=I((Ip)m)sI(m) 


>in a=pqimax{X(I),I(pq)}-Since X(1)=0 =I(pq)=I(a) 


XFF(a) =in a=pq{max{(X)(p), FF(q)}}=UUa=pq{max{X(p), in. g=immax{F(1),F(m)}} 


Since F is a left permutable Neutrosophic Fuzzy left X-Sub algebra of 
X.F(pq)-F(plm)=F ((Ip)m)<F(m) 


>in, a=pqimax{X(),F(pq)}.Since X(1)=0=F(pq)=F(a) 


We have, FXX=EF 


3.11Theorem 
Every Neutrosophic fuzzy two-sided (left and right) X- sub algebra of X is a NFSBI of X. 


Proof: Straight forward 


Conclusion 

The theory of Neutrosophy fuzzy set is basically the extension of the Intuitionistic fuzzy set. In 
the present manuscript, we have defined the Union, direct product, Intersection, Homomorphism of 
Neutrosophic fuzzy Strong Biideal in Near subtraction Semi group In future, we will investigate the 


Neutrosophy fuzzy Ideals and their fundamentals. 
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Abstract: The main objective of this study is to introduce a new class of closed sets namely Neutrosophic Nano RW-closed sets and 
Neutrosophic Nano RW-continuous functions in Neutrosophic Nano topological spaces. Some of its properties and 


interrelationship with some existing Neutrosophic nano closed sets have been discussed. 


Keywords: NNRW-closed set, NNRW-open set, NNRWTi12 space, NNRW-connected space, NNRW-continuous, NNRW-irresolute, 
NnRW-open and Nn- closed maps. 


1. Introduction 


The theory of neutrosophic sets with three components namely, membership T (Truth), Indeterminacy I, 
and non-membership F (Falsehood), one of the interesting generalizations of theory of fuzzy sets and 
Intuitionistic fuzzy sets introduced by F.Smarandache [8]. In 2012, A.A. Salama and S.A. Alblowi [13] 
introduced and studied the theory of neutrosophic topological spaces. Since then several mathematicians 
contributed many papers to this area. Various results in ordinary topological spaces have been put in the 
neutrosophic setting, and also various departures have been observed. Neutrosophic set is a powerful tool 
to deal with indeterminate and inconsistent data. The concept of nano topology explored by M. Lellis 
Thivagar et. al[11] can be described as a collection of nano approximations for which equivalence classes 
are building blocks. In 2018, M. Lellis Thivagar et. al. [12] introduced a new concept called as 


Neutrosophic Nano topology and discussed neutrosophic nano interior and neutrosophic nano closure. 


In 2007, S.S. Benchalli and R.S. Wali [4] introduced RW-closed sets in topological spaces. The authors D. 
Savithiri and C. Janaki [15] introduced the concept of Neutrosophic RW-closed sets in Neutrosophic 
topological spaces. In this article we introduce Neutrosophic Nano RW-closed sets and discuss some of its 


properties. 
2 PRELIMINARIES 
The following recalls requisite ideas and preliminaries necessary in the sequel of our work. 
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Definition 2.1:[9] Let X be a non-empty fixed set a Neutrosophic set (NS for short) A is an object having 
the form A = < x, waA(x),oa(x),ya(x)> , XEX where pa(x), oa(x), ya(x) which represents the degree of 
membership function, the degree of indeterminacy and the degree of non-membership function 


respectively of each element xeX to the set A. 


Definition 2.2:[11] Let U be a non-empty finite set of objects called the universe and R be an equivalence 
relation on U named as the indiscernibility relation. Elements belonging to the same equivalence class are 


said to be indiscernible with one another. The pair (U,R) is said to be the approximation space. Let X c U. 


(i) The lower approximation of X with respect to R is the set of all objects, which can be classified as X 


with respect to R and it is denoted by Lx(X). That is Lr(X) = Lie) : R(x) c X}, where R(x) denotes 
xeU 


the equivalence class determined by x. 


(ii) The upper approximation of X with respect to R is the set of all objects which can be possibly classified 
as X with respect to R and it is denoted by Ur(X). That is Ur(X) = U {R(x): R(X) OX 4}. 


xeU 


(iii) The boundary region of X with respect to R is the set of all objects, which can be classified neither as X 
nor as not X with respect to R and it is denoted by Br(X). That is Br(X) = Ur(X) — Lr(X). 


Remark 2.3:[11] 

(i) Le(X) ¢ X € UR(X). 

(ii) Lr() = Ur($) = and Lx(U) = Ur(U) = U. 
(iii) Ur(X U Y) = Ur(X) U Ur(Y). 

(iv) Le(X 0 Y) = Le(X) 0 La(¥). 

(v) Ur(X 0 Y) € Ur(X) 0 UR(Y). 

(vi) Le(X U Y) > La(X) U Lr(Y). 

(vii) Le(X)  La(Y) and Ur(X) ¢ Ur(Y), whenever X c Y. 
(viii) Ur(X9 = [La(QX)]° and Le(X9) = [Ur(X)]¢ 
(ix) UrUr(X) = LeUr(X) = Ur(X). 

(x) LaLe(X) = LeUr(X) = Lr(X). 


Definition 2.4:[11] Let U be the universe, R be an equivalence relation on U and tr(X) = {U, 6, Lr(X), Ur(X), 


Br(X)} where X c U. tr(X) satisfies the following axioms: 


(i) U and @ € tr(X). 
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(ii) The union of the elements of any sub-collection of tr(X) is in tR(X). 
(iii) The intersection of the elements of any finite sub collection tr(X) is in tR(X). 


That is, ta(X) forms a topology on U called the nano topology on U with respect to X. We call (U, tr(X)) as 


the nano topological space. The elements of tr(X) are called nano-open sets. 


Definition 2.5:[12] Let U be a non-empty set and R be an equivalence relation on U. Let S be a 
neutrosophic set in U with the membership function js, the indeterminacy function os, and the 
non-membership function ys. The neutrosophic nano lower, neutrosophic nano upper approximation and 
neutrosophic nano boundary of S in the approximation (U,R) denoted by N (S), N(S)and B(S) are 


respectively defined as follows: 
(i) N(S) = {(x, Mrcay (x), OR(A) (x), Vaca) (x) )/y E [x]a,x € U}. 
(ii) N(S) = {(x, Maca (2), FRA) (X) VR O))/ Y € [x]p,.x € U}. 


(iii) B(S) = N(S) — N(S). 


where rca) = A yelx]p Ly (y), FRA) (X) = A yelx]p O4 (y), Yaa (x) = V yelxdp YAY), 


HRs (x) = V velxde M4 (VY) a4) (x) = V yelxde O4 (y), Y RCA) (x) = A yelx]p VA (y). 


Definition 2.6:[12] Let U be an universe, R be an equivalence relation on U and S be a neutrosophic set in 
U and if the collection t(S) = {Ox, 1n, N(S),N(S), B(S)} forms a topology then it is said to be a 
neutrosophic nano topology. We call (U, tn(S)) as the neutrosophic nano topological space (Briefly 


NNTS). The elements of tn(S) are called as neutrosophic nano open (In Short NnO) sets. 


Remark 2.7:[12][tn(S)]© is called as dual neutrosophic nano topology of tn(S). The elements of [tn(S)]° 


are called neutrosophic nano closed (In Short NnC) sets. 


Remark 2.8:[12] In neutrosophic nano topological space, the neutrosophic nano boundary cannot be 
empty. Since the difference between neutrosophic nano upper and neutrosophic nano lower 


approximations is defined as the maximum and minimum of the values in the neutrosophic sets. 


Proposition 2.9:[12] Let U be a non-empty finite universe and S be a neutrosophic set on U. Then the 


following statements hold: 

(i) The collection tn(S) = {On, 1}, is the indiscrete neutrosophic nano topology on U. 

(ii) If N(S) = N(S) = B(S), then the neutrosophic nano topology, tn(S) = {On, 1n, N(S), B(S)}. 
(iii) If NCS) = B(S), then tn(S) = {On, 1n, N (S), N(S)} isa neutrosophic nano topology. 

(iv) If N(S) = B(S), then tn(S) = {On, In, N(S), B(S)}. 
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(v) The collection tn(S) = {On, 1n, N(S), N(S), B(S)} is the discrete neutrosophic nano topology on U 


Definition 2.10:[12] Let (U, tx(S)) be NNTS and A =< x, pa(x),0a(x),ya(x), x € U> be a NNS in X. Then the 


neutrosophic nano closure and neutrosophic nano interior of A are defined by 

NnCl (A) = {K:KisaNnCSinX andAcK} 

NnInt (A) =U {G: Gis a NnOSin X andGcA }. 

Definition 2.11:[12] A subset A of a neutrosophic nano topological space Let (U, tn(S)) is said to be 
(i) aneutrosophic nano pre closed (Nnpre-closed) set if NNCI(NNInt(A)) c A. 

(ii) a neutrosophic nano semi-closed (Nnsemi-closed) set if NnInt(NNCI(A)) c A. 


(iii) a neutrosophic nano regular open (In short NnRO) set if A =NnInt(NNnCI(A)) and regular closed (In 
short NnRC) set if A = NnCl(NnInt(A)) . 


(iv) a neutrosophic regular semi open (In short NRSO) if there exists a NRO set U such that U CA c 
NCI(A) 


(v) aneutrosophic nano a-closed (Nna-closed) set if NnCI(NNInt(NNCI(A))) c A. 
(vi) a neutrosophic nano g-closed (Nn g-closed) set if NnCI(A) c F whenever A CF and Fis NNOin_ U. 
Definition 2.11:[6] The difference between two neutrosophic nano sets A and B is defined as 
A\B (S) = {x, min [(Ha(x), ye(x)], min [(oa(x),1- on(x)], max [ya(x), 18(x)]- 
3. NEUTROSOPHIC NANO RW-CLOSED SETS 


Definition 3.1: A subset A of a neutrosophic nano topological space (U, tn(S)) is called as neutrosophic 
nano regular weakly closed (In short NNRW-closed) set, if NnCl(A) c V whenever A c V and V is a 


neutrosophic nano regular open in U. 


Definition 3.2: The neutrosophic nano RW-closure and neutrosophic nano RW-interior of A are defined 


by 
NnRWCI (A) = {K: Kis a NNRWCS in X and A cK } 
NnRWiInt (A) = U {G: Gisa NNRWOS in X and GCA }. 


Definition 3.3: (i) neutrosophic nano RG- Closed set (shortly NNRG — closed set) of X if there exists a 
neutrosophic nano regular open set U such that NNCI(A) c U whenever A c U. 

(ii) neutrosophic nano RWG- closed set (shortly NNRWG - closed set) of X if there exists a 
neutrosophic nano regular open set U such that NNCI(NnInt(A)) c U whenever A c U. 
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(iii) neutrosophic nano W-closed set (shortly NNW - closed set) of X if there exists a neutrosophic nano 
semi-open set U such that NnCI(A) c U whenever A c U. 
(iv) neutrosophic nano g-closed set (shortly NNG - closed set) of X if there exists a neutrosophic open 
set U such that NnCI(A) c U whenever A c U. 
Proposition 3.3: (i) Every Nn-closed set is NNRW-closed. 


(ii) Every Nn- regular closed set is NNRW-closed. 

(iii) Every Nn- mclosed set is NNRW-closed. 

(iv) Every NnW-closed set is NNRW-closed. 

Proof: Follows from [4]. 

The following example makes clear that the converse of the Proposition 3.3 need not be true. 


Example 3.4: Let U= {p;,p2,p3} be the universe set and the equivalence relation U\R = {{p1, p}, {p2}}. Let 


S= {« PL) (__P_y (__®8 )} be a neutrosophic nano subset of U. Then M(S) = 


(0.1,0.2,0.3)’ ’ ‘(0.2,0.3,0.4) ’ ‘(0.1,0.6,0.4) 


{( Pubs — PiP3 ),(— 


(0.1,0.6,0.3) 


, M(s) = {P22 (| and B (S) = {(— 22), (2) . So the 
CR (0.2,0.3,0.4) 


ees (0.1,0.2,0.4) (0.1,0.6,0.3) 


neutrosophic nano topology tw = {0y,1ly,N,B} where the neutrosophic closed sets are to = 


{On, Lig NO Be: Let Q; = {(*_) (_“~) (2 __)} , then Q, is NNRW-closed but it is not an 


(0.2,0.1,0.3)' ” ‘(0.3,0.1,0.2)’ ’ *(0.1,0.2,0.3) 


Ny-closed set in U. Q; = {(—"*_), ("2 __), (2 |, Q, is NvRW-closed but it is neither Nn 


(0.2,0.3,0.5)’ ” ‘(0.3,0.6,0.5)’ ’ ‘(0.2,0.3,0.3) 


Regular-closed nor Nwyz-closed set and Q3 = {« Pi__) (__P2_ _y (__Ps )} , then Q3 is 


(0.1,0.3,0.6)’ ’ ‘(0.2,0.6,0.6)’ ’ ‘(0.1,0.2,0.6) 


NnRW-closed but not NnW-closed set. 

Proposition 3.5: (i) Every NNRW-closed set is NnRG-closed. 
(ii) Every NNRW-closed set is NNGPR-closed. 

(iii) Every NNRW-closed set is NNRWG-closed. 

Proof: Follows from [4]. 


The converse of the Proposition 3.4 need not be true. 


Example 3.6: * Let U = {p,,p2,p3,P4,Ps} be the universe set and the equivalence relation U\R 


{{pipa},{P2}{Pers}} . Let S =[( Pt) (2), (  _), (  _) (8) be 


(0.4,0.3,0.4) (0.5,0.3,0.5) (0.5,0.3,0.5) (0.6,0.3,0.1) (0.5,0.3,0.1) 


o 


P1,P3 
EOCENE ( 


) (Fabs) N(S) = 


neutrosophic nano subset of U WN(S)= {« Rose 


CEES 
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{( Pubs — PiP3 a 


P4a,Ps 
(0.4,0.3,0.4) ), (——— 


(0.1,0.3,0.6) 


5 (eae P4Ps )} and B (S) = {(— Ps — PiLP3 a 


(0.5,0.3,0.1) (0.4,0.3,0.4) 


} . The neutrosophic 


TREES TEE 


nano topology tn = {0y,1y,N,N, B}. Let Ry = {(—*1_) | a (—?s__)} ; 


(0.3,0.3,0.7)’ ’ ‘(0.2,0.3,0.6)' ’ ‘(0.2,0.3,0.5)° ’ ‘(0.1,0.2,0.7)’ ” ‘(0.1,0.3,0.8) 


Then R, is both NNGPR-closed and NnRWG - closed but it is not an NNRW-closed. 


* In example 3.4, let R, = {(—P__y , (__P2__), (__Pa__y (__Pt__) (__Ps__} , then R2 is 


(0.3,0.7,0.5) (0.3,0.4,0.6) (0.2,0.5,0.5) (0.1,0.5,0.6) (0.1,0.6,0.7) 


NnRG-closed but not an NNRW-closed. 
Proposition 3.7: The finite union of NNRW - closed subsets of U is also an NNRW - closed subset of U. 


Proof: Assume that P and Q are NNRW -closed sets in U. Let R be an NnRSO set in X such that PUQ c¢ 
R. Then P c R and Q CR. Since P and Q are NNRW - closed sets, NnCl(P) c R and NnCl (Q) c R. Then 
NnCl(PUQ) = NnCl(P) U NnCl(Q) c R. Hence P U Q is an NnRW - closed set in U. 


Remark 3.8: The intersection of two NNRW-closed sets in (U, tr(S)) need not be an NNRW-closed set in U. 


Example 3.9: Let U ={p1,p2,P3,P4,~ps}be the universe set and the equivalence relation U\R = 


{{p. Pah, (2), (Pa, ps}. Let S= {(— i _) A eeereraed Ee PEPSI CYRENET ES (?s_)} be a neutrosophic 


(0.4,0.3,0.4) (0.5,0.3,0.5) (0.5,0.3,0.5) (0.6,0.3,0.1) (0.5,0.3,0.1) 
7, = P1,P3 Pa.P5 —_ P1,P3 Pa.P5 
ney subset of UN(S) = {( Pe), CERETESE Veena )}, N(S) = (Pe), EER CREE )} 


P4,P5 
), CERET ES 


and B(S) = {(— #2), ( 


TEEN )}. The neutrosophic nano topology tw = {0y,1y,N,N, Bh. 


ETS 


Ry = {(— Py (2), (Pt _), (_Pt_y (5 _)} oa = [( 2) (  _) ( _), 


(0.6,0.3,0.3)’ ’ ‘(0.5,0.3,0.3)’ ’ ‘(0.5,0.2,0.3)' ’ ‘(0.3,0.3,0.1)’ ’ ‘(0.4,0.4,0.1) (0.2,0.3,0.5)’ ’ ‘(0.3,0.5,0.7)’ ’ *(0.2,0.3,0.5) 


(—*—_.), ("5 )} . Then R, and R, are NNRW-closed sets but R, MN Rz is not an NnRW-closed set. 
(0.1,0.5,0.6) (0.1,0.7,0.6) 


Proposition 3.10: If a subset A of U is NNRW - closed set in U, then NnCI(A)\A does not contain any 


non-empty neutrosophic nano regular semi-open set in U. 


Proof: Suppose that A is an NNRW -closed set in U. We shall prove by contradiction. Let R be an NNRSO 
set such that NNCI(A)\A >R which implies Rc U\Aie., Ac U\R. Since R is NNRSO, U\R is also NNRSO 
set in U. Since A is an NNRW - closed set, NnCI(A) c U\R. So R CU\NnClI(A) also R c NnCI(A) implies R 
= >. Hence NnCl (A)\A does not contain any non-empty NnRSO set in U. 


The converse of the Proposition 3.10 need not be true as shown in the following example. 


Example 3.11: In example 3.9, in the neutrosophic nano topological space (U, tN(S)), let A= 


{« Ps__y (__?2__) (__Pa__) (__Ps__) (__® }, then NnCl(A)\A does not contain any 


(0.3,0.2,0.5)’ ’ ‘(0.3,0.2,0.6)’ ’ ‘(0.2,0.3,0.5)’ ” ‘(0.1,0.2,0.7)’ ” ‘(0.1,0.3,0.8) 


non-empty NnRSO set, but A is not an NNRW-closed set in U. 
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Corollary 3.12: If a subset A of U is NNRW - closed set in U, then NnCI(A)\A does not contain any 


non-empty neutrosophic nano regular- open set in U. 
Proof: Follows from the Proposition 3.10 and the fact that every NNRO set is NNRSO in U. 
Proposition 3.13: If A is NNRO and NnRW-closed, then A is NNRC set and hence Nn-clopen. 


Proof: Suppose A is NNRO and NnRW - closed. As every NnRO set is NNRSO and A c A, we have 
NnCl(A) c A. Also A c NnCI(A), thus NnCI(A) = A. Hence A is a NnC set. Since A is NNRO it is NNO set. 
Now NnCl(NnInt(A) = NnCI(A) = A. Therefore A is NNRC and Neutrosophic nano clopen. 


Proposition 3.14: If A is an NRW -— closed subset of U such that A c B c NCI(A), then B is an NNRW - 


closed set in U. 


Proof: Let A be an NnRW - closed set of U such that A c Bc NnCI(A). Let R be NNRSO set of U such that 
BCR. Then A CR. Since A is NNRW -closed set, we have NnCl(A) c R and NnCI(B) c NnCl(NNCI(A)) < 
R. Therefore B is also an NNRW -— closed set in U. 


The following example shows that the converse of the Proposition 3.13 need not be true. 
Example 3.15: Let U = {n,,nz,n3} be the universe set and the equivalence relation U\R = {{ny,n3}, {nz}}. 


Let S= {(1_) (ae) (= _)} be a neutrosophic nano subset of U. Then N(S) = 


(0.1,0.2,0.3)’ ’ ‘(0.2,0.3,0.4)' ’ ‘(0.1,0.6,0.4) 


X41 X3 maz X1.X3 a X1X3 
\Grasna” en MS) = cemerare ETETIN| and B(S) = omen aa): So the 
neutrosophic nano topology tn= {0y, 1y,N,B} and the neutrosophic closed sets are tx°= {Oy, 1y, N°, B‘}. 


Let A= {( Ra) Ney os )} and B= {( ac See ee me )}. Then A and B are 


(0.1,0.3,0.6)’ ’ ‘(0.2,0.6,0.6)’ ’ ‘(0.1,0.2,0.6) (0.2,0.3,0.5)' ’ ‘(0.3,0.6,0.5) ’ ‘(0.2,0.3,0.3) 


NnRW-closed sets in (U, tn(S)), but A cB is not a subset of NNCI(A). 


Proposition 3.16: Let A be an NNRW-closed in (U, tn(S)). Then A is Nn-closed if and only if NNCI(A)\A is 
NnRSO. 


Proof: Let A be an Nn-closed in (U, tn(S)). Then NnCI(A)\ A = 6 which is NnRSO. 


Conversely, suppose NnCI(A)\A is NNRSO in U. By hypothesis, A is NNRW-closed implies NnCI(A)\A 
does not contain any non-empty NnRSO in U. Then NnCl(A)\ A = 6 which implies that A is Nn-closed in 
U. 

Proposition 3.17: If A is NNRO and NnRG closed, then A is NNRW-closed in U. 


Proof: Let A be an NNRO and NnRG-closed. Let Q be any NnRSO set in U such that A CR. since A is 
NnRO and NnRG we have NnCl(A) c A CR. Therefore A is NNRW-closed. 
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Proposition 3.18: If a subset A of a neutrosophic nano topological space U is both NnRSO and 
NnRW-closed, then it is Nn-closed. 


Proof: Suppose A be a subset of a neutrosophic nano topological space U is both NnRSO and 
NnRW-closed. Then A c A and NnCI(A) c A which implies A is Nn-closed. 


Remark 3.19: The concept of NNRW-closed set is independent with the concepts of (i) Nnsemi —closed (ii) 
NnRW-preclosed (iii) Nna-closed (iv) NNWG - closed sets which is shown by the following example. 


Example 3.20: Let U = {n,,n2,n3} be the universe set. U\R = {{ny}, {nz,n3}} be an equivalence relation. 


Let S= {( ee ey ee )} be a neutrosophic nano subset of U. Then M(S) = 


(0.1,0.2,0.3)’ ’ ‘(0.3,0.4,0.5)/ ’ ‘(0.6,0.4,0.1) 


(Garces? Geran) MOU Gaeana) Gaeam)) ABO) = NGeeaes) Gapepe) 2 


(0.1,0.2,0.3) (0.6,0.4,0.1) (0.1,0.2,0.3)' ’ ‘(0.3,0.4,0.5) (0.1,0.2,0.3)' ’ ‘(0.1,0.4,0.6) 


neutrosophic nano topology tw= {Oy 1y,N, N,B} . In the neutrosophic nano topology (U, tn(S)), 
Fe) fy eas en aly Ny TEI aly: A ef a i Ne : 
Let A = (arto) (Grae) Gran} and B (aro) Geen) Gaetan} , then A is 


Nnsemi-closed but not an NNRW-closed and B is NNRW-closed but it is not an Nnsemi-closed. 


Let C = {(4_), (__2_y, (__"2_)} and D = {( 2), (__"2__), (__"2__)} then C is both 


(0.1,0.2,0.4) (0.3,0.3,0.6) (0.1,0.3,0.5) (0.1,0.4,0.7) (0.1,0.6,0.7) (0.3,0.4,0.4) 


Nypre-closed set and NNWG-closed but not an NNRW-closed and D is NNRW-closed but it is neither 


Nvypre-closed nor an NNWG-closed sets. 


In example 3.8, in the topological space (U,tN(S)), E = 
Pp polog Pp 

ny n2 n3 n4 ns = 

(sarap) : (aeosnay i (ouonnay" - eaesaay’ if Gap) and F a 


{« ee Le )}, B is NxRW-closed set but not an Nna-closed 


(0.3,0.3,0.7)’ ’ ‘(0.2,0.3,0.6)’ ’ ‘(0.2,0.3,0.5)’ ’ ‘(0.1,0.2,0.7)" ’ ‘(0.1,0.3,0.8) 


set and F is Nnat-closed but it is not an NNRW-closed set. 


Proposition 3.21: If an Nn subset A is both Nn-open and NnG-closed in (U, tn(5)), then it is NNRW-closed 
in U. 


Proof: Let A be Nn-open and NnG-closed in U. Let A c U and U be an NnRSO in U. Now, A c A. By 
hypothesis, NnCl(A) c U. Thus A is NNRW-closed. 


Remark 3.22: If A is both NN-open and NNRW-closed in U, then A need not be NNG-closed in general 


which is shown in the following example. 


Example 3.23: In example 3.8, the Nn-open set B is NNRW-closed but it is not an NnG-closed set. 


The above discussions are implicated in the following diagram. 
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1. NnRW-closed 2. Nn-closed 3. NnR-closed 4. Nwna-closed 5. NnRG-closed 
6. NNRWG-closed 7. NnGPR-closed 8. Nnsemi-closed 9. Nnpre-closed 
10. Nna-closed 11.NNWG-closed. 


Proposition 3.24: If a subset A of a neutrosophic nano topological space U is both Nn-open and 
NnWG-closed, then it is NNRW-closed. 


Proof: Suppose a subset A of U is both NN-open and NnWG-closed. Let A c U and U is NnRSO. Then 
NnCl (NnInt(A)) = A c A, since A is NN-open. Hence NnCl(A) c U implies that A is an NNRW-closed in 
U. 


Definition 3.25: A neutrosophic nano subset A of a neutrosophic nano topological space (U,tN(S)) is 


called an NNRW-open if and only if its complement AC is NNRW-closed. 


Proposition 3.26: An Ny set A of a topological space (U,tN(S)) is NyRW-open if F c NNInt(A) whenever 
Fis N\yRSO and FCA. 


Proof: Follows from the definition 3.1. 


Proposition 3.27: Let A be an NNRW-open set of neutrosophic nano topological space (U,tn(S)) and 
NnInt(A) c B c A. Then B is NNRW-open. 


Proof: Suppose that A is an NNRW-open in U and NnInt(A) GBcAimplies A‘c Bec NnCI(A‘). Since A‘ 
is NNRW-closed, by Proposition 3.14, Beis NNRW-closed. Hence B is NNRW-open. 


Proposition 3.28: Let (U,tn(S)) be a neutrosophic nano topological space and NNRSO(X) and NnC(X) be 
the family of all NNRSO sets and NnC sets respectively. Then NNRSO(X) ¢ NnC(X) if and only if every 
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neutrosophic nano set of U is NNRW-closed. 


Proof: Necessity: Suppose that NNRSO(X) ¢ NnC(X) and let A be an Nn - set of U such that AC Re 
NnRSO(X). Then NnCl(A) ¢ NnCI(R) = R, by hypothesis. Hence NNCI(A) c R when A c R and R is NNRSO 
which implies that A is NNRW-closed. 


Sufficiency: Assume that every neutrosophic nano set of U is NNRW-closed. Let R € NNRSO(X). Then 
since R Cc Rand R is NNRW-closed, NNCI(R) c R then R € NnCI(X). Therefore NNRSO(X) c NnCl(X). 


Definition 3.29: A neutrosophic nano topological space (U,tN(S)) is called as NNRW-connected if there is 
no proper Nn-subset of U which is both NNRW-open NnRW-closed. 


Proposition 3.30: Every NNRW-connected space is Nn-connected. 


Proof: Let (U,tn(S)) be an NNRW-connected and suppose that (U,tn(S)) is not Nn-connected. Then there 
exists a proper Nn-set A (A # On, A ¥ 1n) such that A is both Nn-open and Nw-closed set. Since every 
Nn-open and Nn-closed set is NNRW-open and NnRW-closed, (U,tN(S)) is not an NNRW-connected which 


is a contradiction. This shows that U is Nn-connected. 


Proposition 3.31: A NnT space is NnRW- connected if and only if there exists no non-zero NNRW- open 
sets A and B in X such that A = BS. 


Proof: Necessity: Suppose that A and B are NNRW-open sets such that A # On # B. and A = BCS. Since B = 
AS, Ais NNRW-closed set and B # On implies BC ¥ 1, i.e., A # 1n. Hence there exists a proper Nn -set A 
which is both NnRW-open and NnRW-closed which is a contradiction to the fact that U is 
NnRW-connected. 


Sufficiency: Let (U,tn(S)) be an NnTS and A is both NNRW-open and NNRW-closed set in U such that On 4 
A # 1n. Take B= AC implies that B is NNRW-open and A # 1N >B = AC # ON which is a contradiction. Hence 
there is no proper Nn-subset of U which is both NNRW-open and NnRW-closed. Therefore NTS (U,tN(S)) 
is NNRW-connected. 


Definition 3.32: A neutrosophic nano topological space(U,tn(S)) is said to be an NNRWThi-space if 
every NnRW-closed set in U is Nn-closed in U. 


Proposition 3.33: A neutrosophic nano topological space (U,tN(S)) is NNRWT1 space, then the following 


statements are equivalent: 
(i) U is NNRW-connected (ii) U is Nn-connected. 
Proof: (i) = (ii): Follows from the Proposition 3.29. 


(ii) => (i): Assume that U is NnRWTh12-space, and Nn-connected. Suppose that U is not an 
NnRW-connected, then there exists a proper Nn-set A which is both NNRW-open and NnRW-closed. 
Since (U,tN(S)) is NNRWT1, A is both Nn-open and Nn-closed which is a contradiction to the fact that U is 
Nn-connected. This shows that U is NNRW-connected. 


S Jafari, C.Janaki, D. Savithiri, Neutrosophic Nano RW-Closed Sets in Neutrosophic Nano Topological Spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 52 


4, NNRW-CONTINUOUS FUNCTIONS 


Definition 4.1: (i) A function f: (U,tn(S)) > (V,tN(T)) is said to be a neutrosophic nano RW-continuous (In 
short NNRW-continuous) if the inverse image of Nn-closed set of V is NNRW-closed in (U,tN(S)). 


(ii) A function f: (U,tN(S)) > (V,tN(T)) is said to be a neutrosophic nano RW-irresolute (In short 
NnRW-irresolute) if the inverse image of NNRW-closed set of V is NNRW-closed in (U,tN(S)). 


Proposition 4.2: A mapping f: (U,tn(S)) > (V,tNn(T)) is NNRW-continuous if and only if the inverse image 
of every Nn-open set of V is NNRW-open in U. 


Proof: It is obvious because f(A‘) = [f1(A)]* for every Nn-set A of V. 


Proposition 4.3: If f: (U,tn(S)) > (V,tN(T)) is NNRW-continuous, then f(NNRWCI(A)) ¢ NnCl(f(A)) for 
every Nn-set A of U. 


Proof: Let A be an Nn-set of U. Then NnCl(f(A)) is an Nn-closed set of V. Since f is an NnNRW-continuous 
function, f1(NNCI(f(A)) is NnRW-closed in U. Clearly A c f(NnCI(f(A)). Therefore NNRWCI(A) ¢ 
NnRWCI1 — (f£1(NnCl f(A))) = f1(NNnCI(f(A)). Hence f(NNRWCI(A)) ¢ NnCI(f(A)) for every Nn-set A of U. 


Proposition 4.4: (i) Every Nn-continuous map is NNRW-continuous. 

(ii) Every Nn- regular continuous map is NnRW-continuous. 

(iii) Every Nn- 1-continuous set is NNRW-continuous. 

(iv) Every NnW-continuous map is NNRW-continuous. 

(v) Every NNRW-irresolute map is NNRW-continuous. 

Proof: Obvious. 

Remark 4.4: The following example makes clear that the converse of the Proposition 4.4 may not be true. 


Example 4.5: Let U = {n,,n2,n3} = V be the universe sets. U\Ri = {{n1}, {nz,n3}} and U\R2 


{n,n}, {2} be equivalence relations. Let S,= {( i) (__™2__) (__"8 } , So 


(0.3,0.4,0.3)’ ’ ‘(0.6,0.3,0.1)’ ’ ‘(0.2,0.6,0.2) 


ny nz n3 , - 
(oo) aap) (ara) be a neutrosophic nano subsets of U. Then tn(Si1) = 


{Oy, N(S,), N(S,), B(S1), 1}, tr(S2) = {Oy, N(Sz), B(S2), 1} be the neutrosophic nano topologies on U and V 
respectively. Define an identity map f: (U,tN(S1)) > (V.tN(S2)). Then f is NNRW-continuous but is neither 
Nn-continuous nor NnW-continuous. Similarly it’s not an NnR-continuous, Nnz-continuous and 
NnRW-irresolute. 


Proposition 4.6: (i) Every NNRW-continuous map is NNRG-continuous. 


(ii) Every NNRW- continuous map is NNGPR- continuous. 
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(iii) Every NNRW- continuous map is NNRWG- continuous. 


Proposition 4.7: If f: (U,tnN(S)) > (V,tn(T)) is NNRW-continuous and g: (V,tx(T)) — (W,tN(R)) is 
Nn-continuous. Then g°f: f: (U,tn(S)) > (W,tN(R)) is NNRW-continuous. 


Proof: Let A be an Nn-closed in W. Then g*(A) is Nn-closed in V, because g is Nn-continuous. Therefore 
(g°f) (A) = f(g 1(A)) is NNRW-closed in U. Hence g°f is NNRW-continuous. 


Proposition 4.8: If f: (U,tN(S)) > (V,tN(T)) is NNRW-continuous and g: (V,ty(T)) — (W,tN(R)) is 
NnG-continuous and (V,tN(T)) is NnT12 then g°f: (U,tN(S)) > (W,tN(R)) is NNRW-continuous. 


Proof: Let A be an Nn-closed set in W, then g1(A) is NNG-closed in V. Since V is NnT12 then g7(A) is 
Nn-closed in V. Hence, (g¢°f)"(A) = f1(g1(A)) is NNRW-closed in U. Hence g°f is NNRW-continuous. 


Proposition 4.9: If f: (U,tn(S)) — (V,tn(T)) is NNRG - irresolute and g: (V,tnN(V)) > (W,tN(R)) is 
NnRW-continuous, then g°f: (U,tnN(S)) > (W,tN(R)) is NNRG-continuous. 


Proof: Let A be an Nn-closed set in W, then g1(A) is NNRW-closed in V, since g is NNRW-continuous. 
Every NnRW-closed set is NNRG-closed, g1(V) is NNRG-closed set in V. Then (g°f)(A) = f(g*(A)) is 
NNRG-closed in U, by hypothesis. Hence g°f: (U,tn(S)) > (W,tN(R)) is NNRG-continuous. 


Proposition 4.10: If f: (U,tN(S)) > (V,tN(T)) is NNRW-continuous surjection and U is NNRW-connected 


then V is Nn-connected. 


Proof: Assume that V is not an Nn-connected space. Then there exists a proper Nn-subset F of V which is 
both Nn-open and Nn-closed. Therefore, by hypothesis, f1(F) is a proper Nn-set of U which is both 
NnRW-open and NnRW-closed in U implies that U is not an NNRW-connected which is a contradiction. 
This shows that V is Nn-connected. 


Definition 4.11: (i) A mapping f: (U,tN(S)) — (V,tNn(T)) is said to be NNRW-open map if the image of every 
Nn-open set of U is NNRW-open set in V. 


(ii) A mapping f: (U,tn(S)) > (V,tN(T)) is said to be NNRW-closed map if the image of every Nn-closed set 
of U is NnRW-closed set in V. 


Proposition 4.12: A mapping f: (U,tn(S)) > (V,tN(T)) is NNRW-open if and only if for every Nn-set A of U, 
f(NnInt(A)) c NnRW Int(f(A)). 


Proof: Necessity: Let f be an NNRW-open map and A is an Nn-open set in U, NnInt(A) c A which implies 
that f(NnInt(A)) c f(A). Since f is an NNRW-open mapping, f(NnInt(A)) is NNRW-open set in V such that 
f(NnInt(A)) c f(A). Therefore f(NnInt(A)) ¢ NNRWInt f(A). 


Sufficiency: Suppose that A is an Nn-open set of U. Then f(A) = f(NnInt(A) Cc NnRWInt f(A). But 
NnRWiInt (f(A)) < f(A). Consequently f(A) = NNRWInt(A) which implies that f(A) is an NnRW-open set of 
V and hence f is an NNRW-open map. 
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Proposition 4.13: A mapping f: (U,tn(S)) > (V,tn(T)) is NNRW-open if and only if for every neutrosophic 
nano set A of V and for each Nn-closed set B of U containing f1(A) there is a NNRW-closed set F of V 
such that A cF and f\(F) cB. 


Proof: Necessity: Suppose that f is NnRW-open map. Let A be a Nn-closed set of V and B be a NnC set of 
U such that f(A) c B. Then F = f1(B*)< is a NnRW- closed set of V such that f1(F) cB. 


Sufficiency: Let F be a NNO set of U. Then f1(f(F))* c Fe and Fris a NNC set in X. By hypothesis there is an 
NnRW- closed set G of V such that (f(F))* c G and f(G) c F«. Therefore F c (f(G))*. Hence G* c f(F) c 
f((£1(G))*) c Grice. f(F) = Ge which is NNRW-open in V and thus f is NNRW-open map. 


Proposition 4.14: If a mapping f: (U,tN(S)) — (V,tN(T)) is NNRW-open, then NwiInt(f(G)) ¢ 
f1(NNRWInt(G)) for every neutrosophic nano set G of Y. 


Proof: Let G be neutrosophic nano set of V. Then NnIntf1(G) is a NnO set in U. Since f is NNRW — open 
f(NnIntf(G)) ¢ NnNRWInt(f(f"(G)) C NNRWInt(G)). Thus NnInt(f(G)) c  £4(NNRWInt(G)). 


Proposition 4.15: A mapping f: (U,tn(S)) > (V,tN(T)) is NNRW-closed if and only if for every neutrosophic 
nano set A of V and for each NnO set B of U containing f1(A) there is a NNRW -open set F of V such that A 
cFand f(F)cB. 


Proof: Necessity: Suppose that f is NNRW -closed map. Let A be a NnC set of V and B be a NnO set of U 
such that f1(A) cB. Then F = V\f1(B*) is a NNRW-open set of V such that f1(F) cB. 


Sufficiency: Let F be a NnC set of X. Then f1(f(F))* c Fe and Fris a NNO set in U. By hypothesis there is an 
NnRW - open set R of V such that (f(F))* Cc R and f1(R) c Fe. Therefore F c (f(R))*. Hence R¢ € f(F) € 
f((f1(R))°) c Reie., fF) = Re which is NNRW -closed in V. Thus f is NNRW -closed map. 


Proposition 4.16: If f: (U,tn(S)) > (V,tN(T)) is NN-almost irresolute and NNRW-closed map. If A is 
NnRW-closed set of U, then f(A) is NnRW-closed in V. 


Proof: Let f(A) c R where R is an NnRSO set of V. since f is an Nn-almost irresolute, f1(R) is an NNSO set 
of U such that A c f"(R). Since A is NnW-closed set of U which implies that NNCI(A) c f(R) > f(NnCI(A)) 
CR, ie., NnCI(f(NNCI(A)) c R. Therefore NnCl(f(A)) c R whenever f(A) c R where R is an NnRSO set of 
V. Hence f(A) is an NNRW-closed set of V. 


Proposition 4.17: If f: (U,t(S)) > (V,tn(T)) is Nn-closed and g: (V,tx(T)) > (W,tN(R)) is NNRW-closed then 
g°f: (U,tN(S)) > (W,tN(R)) is NNRW-closed. 


Proof: Let F be an Nn-closed set of neutrosophic nano topological space (U, n(S)). Then f(F) is an Nn-closed 
set of (V,tn(T)). By hypothesis, ¢°f(F) = g(f(F)) is an NNRW-closed set in Nn-topological space W. Thus g°f: 
(U,tN(S)) > (W,tN(R)) is NNRW-closed. 


Conclusions: In this article, the authors have introduced and studied the concepts such as, 
Neutrosophic nano RW- closed set, NNRW-open set, NNRWTi2 space, NnRW-connected space, 


NnRW-continuous, NnRW-irresolute, NNRW-open and Nn- closed maps. In future it can be extended to 
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some new forms of continuous functions and homeomorphisms. 
Funding: This research received no external funding. 
Acknowledgements: The authors are highly grateful to the Referees for their valuable suggestions. 
Conflicts of Interest: The authors declare no conflict of interest. 
REFERENCES: 


1. K. Atanassov, Intuitionistic fuzzy sets, in V.Sgurev,ed, Vii ITKRS Session, Sofia (June 1983 central Sci. 
and Techn. Library, Bulg Academy of Sciences (1984). 


2. K. Atanassov, Intuitionistic fuzzy sets, Fuzzy sets and systems 20 (1986), 87-96. 

3. K. Atanassov, Review and new result on intuitionistic fuzzy sets, preprint IM-MEAIS 1-88, Sofia, 1988. 

4. S.S. Benchalli and R.S. Wali, On RW- closed sets in Topological Spaces, Bull. Malays. Math. Sci. Soc. (2) 
30(2) (2007), 99-110. 

5. Chang, C.L. Fuzzy topological spaces, J Math. Anal. Appl. 1968;24, pp. 182-190. 

6. M. Dhanapackiam, M. Trinita Pricillaa A new class of Neutrosophic Nano gb-closed sets in 
Neutrosophic Nano topological spaces, Journal of Information and Computer Science, Vol 10, Issue 
10(2020), 407-416. 

7. R. Dhavaseelan, S. Jafari, C. Ozel and M. A.Al-Shumrani, Generalized Neutrosophic 
Contra-Continuity, New trends in Neutrosophic Theory and Applications, Volume II, 355-370. 

8. F. Smarandache, A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic Set, 
Neutrosophic Probability. American Research Press, Rehoboth, NM, 1999. 

9. F. Smarandache, Neutrosophy and Neutrosophic Logic, First International Conference on 
Neutrosophy, Neutrosophic Logic, Set, Probability, and Statistics University of New Mexico, Gallup, NM 
87301, USA (2002). 

10. Florentin Smarandache, Neutrosophic Set - A Generalization of Intuitionistic Fuzzy sets, Journal of 
defense Sources Management 1 (2010), 107-116. 

11. M. Lellis Thivagar, Carmel Richard, On nano forms of weakly open sets, International journal of 
mathematics and statistics invention, Volume 1, Issue 1, August 2013, 31-37. 

12. M. Lellis Thivagar, Saied Jafari , V. Sudhadevi and V. Antonysamy, A novel approach to nano 
topology via neutrosophic sets, Neutrosophic sets and systems, Vol 20, 2018, 86-94. 

13. A.A. Salama and S.A. Albowi, Generalized Neutrosophic Set and Generalized Neutrosophic 
topological spaces, Journal Computer Sci. Engineering, Vol (2) No. (7) (2012) 

14. A.A Salama and S.A. Albowi, Neutrosophic set and Neutrosophic topological space, ISOR J. 
Mathematics, Vol (3), issue (4), 2012 pp- 31-35. 

15. D.Savithiri, C.Janaki, Neutrosophic RW closed sets in neutrosophic topological spaces, International 
Journal of Research and Analytical Reviews (IJRAR), June 2019, Vol. 6, Issue2, 242-249. 

16. D.Savithiri, C.Janaki, Neutrosophic RW-homeomorphism in Neutrosophic topological spaces, 
Aegaeum Journal, Vol9, Issue1,(2021), 410-418. 

17. L. A. Zadeh, Fuzzy sets, Inform. and Control 8 (1965). 


Received: Nov 1, 2021. Accepted: Feb 5, 2022 


S Jafari, C.Janaki, D. Savithiri, Neutrosophic Nano RW-Closed Sets in Neutrosophic Nano Topological Spaces 


ISS Neutrosophic Sets and Systems, Vol. 48, 2022 


University of New Mexico 


Ny daa 


A new setvicizing business model of transportation: Comparing 
the new and existing alternatives via neutrosophic Analytic 
Hierarchy Process 


Saliha Karadayi-Usta!* 


™ Fenerbahce University; salihakaradayiusta@gmail.com, saliha.usta@fbu.edu.tr 


* Correspondence: salihakaradayiusta@gmail.com 


Abstract: The new normal of the world has been shaped by the COVID-19 outbreak by avoiding 
public transportation in order to prevent the spread of the disease. Due to the high financial burden 
of purchasing a car, new business models have been developed in order to make possible of 
utilizing vehicles to meet the transportation needs in pay-per-use base concept called “servicizing” 
or “servicization” which is based on presenting a product as a service, and selling the functionality 
of that product instead of the product itself. In order to meet the increasing demand for individual 
vehicle use, the existing car rental service providers have provided a new mobile application 
controlled business model which makes the rental process easier. The aim of this study is to 
evaluate the customers’ preferences of purchasing, renting through an agency, or mobile 
application supported new pay-as-you-go business model use, in order to determine which 
criterion is prominent in the decision-making process, and to identify the weights of these criteria. 
Due to the uncertain and indeterminate attitudes of the customers in decision making, the data 
were collected as neutrosophic data sets and analyzed with a novel neutrosophic Analytic 
Hierarchy Process (nAHP) approach. The study provides implications both theoretically and 
practically in terms of revealing new servicization possibilities and analyzing real user judgments. 


Keywords: servicization; servicizing business model; car sharing program; neutrosophic sets; 
neutrosophic Analytic Hierarchy Process. 


1. Introduction 


Circular Economy which based upon the reuse, remanufacture and recycling of the products is 
a well-known and well-accepted movement of sustainable operations management research [1]. The 
servicizing business models, i.e. servicization or product-as-a-service concept, grounds on selling the 
functionality of a product / item / device instead of selling the product itself to the customers. This is 
a phenomenon converting the products into services [2], or transforming the consumers into users 
[3] by bringing the functionalization into the forefront. In this case, companies don’t transfer the 
product ownership to the customers, instead, they charge the them in pay-per-use base. 

Servicizing business models have been drawn attention with its sustainable and environmental 
side owing to the durability and reliability requirement of these repeatedly in use products, and they 
have been defined as an "opportunity to research" [1] in the literature. Besides, the companies have 
made serious investments for this business model recently [4]. However, the COVID-19 pandemic 
has caused a serious decrease in individual purchasing power, and the companies have developed a 
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new servicization versions in order to minimize the face-to-face communication and contracting 
process with an easier way of payment via mobile applications. 

This change in the way of business has motivated this research to analyze the customer 
perception and attitude towards different individual transportation options. Hence, this study aims 
to develop a decision model for evaluating the customers’ decisions on purchasing, renting through 
an agency (walk-in or using the website of provider or a website comparing all providers), or new 
mobile application controlled way of renting alternatives of driving in order to determine which 
criterion is more important in the decision-making process, and to identify the weights of these 
criteria. 

Since the decision criteria have often vague, uncertain, indeterminate or inconsistent 
information, the data were collected as neutrosophic data sets from the real customers having 
experiences in both purchasing, renting through an agency and renting through the mobile 
application alternatives were analyzed with a neutrosophic AHP approach. The fuzzy AHP 
provides a wide range of application areas and remarkable results for many sectors [5-9]. The study 
provides theoretical and practical implications by revealing new servicization alternatives and 
analyzing real customer attitudes. 

The literature points out that there is an obvious research gap in the field of study [42-46]. The 
researchers investigating and doing research on this topic especially for the sake of sustainability. 
The topic is important owing to the significance of achieving sustainable supplier selection, green 
supply chain management practices, and sustainability evaluation of transportation technologies. 

This study introduces a new way of servicizing business model as a contribution to the 
literature with real customer preferences shaping the decision making process. The analysis results 
addressed the weights of criteria and alternative ranking by real user preferences. 

The following sections include literature review, objective of the study, methodology, analysis 
and conclusion parts. 


2. Materials and Methods 


2.1. Literature Review 


Current servicization literature focuses on the intensions of the organizations towards 
servicizing [10-12], product-as-a-service [13], device-as-a-service [3, 14], the potential of Industry 4.0 
adoption in servicizing [15-16]. 

There are successful examples in servicization such as Xerox printing services, Runway car 
rental, Michelin fleet solutions, Philips’ lighting solutions, Rolls-Royce’s total care solutions [17], and 
Bundles’ household appliance services [1]. 

Servicization studies implementing AHP discuss construction servicization [18], design 
requirements for plumbing services [19], prioritization of product-service business model elements 
at aerospace industry [20], and cloud manufacturing [21]. Moreover, there are Neutrosophic AHP 
papers addressing system selection [22-23], AHP-SWOT analysis for strategic planning and 
decision-making [24], AHP and TOPSIS framework [25], AHP and DEA methodology [26], and 
performance analysis [27], comparative analysis of AHP, FAHP and Neutrosophic-AHP [41], 


However, the new mobile application driven pay-as-you-go model of servicization research is 
missing in the literature. Besides, there are limited number of AHP studies applied neutrosophic 
sets. Therefore, the priorities of the customers having experiences in both purchasing and renting 
cars will be examined in this study with neutrosophic sets in order to serve as a good example of 


neutrosophic AHP for servicizing. 


2.2. Methodology 
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The evaluation criteria that the real customers consider in transportation through driving 
alternatives have been specified via an in-depth interview with a car rental service provider X 
representative. The model is based on the literature review and information provided by the 
company X representative. The goal, criteria and alternatives are presented in Figure 1. 


. receiving the car 
renting payment) left - m ail of 
™ from the service the repeated and 


e provider, and for { ou } 


leaving it to service 
Leaving the car provider 
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Renting a car with a new mobile 


Renting a car through an agency q application supported system 


Purchasing a car 
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Figure 1. Developed AHP model. 


The cost criterion includes the sub criteria of possessing cost by purchasing or renting payment 
[28], maintenance / repair cost [29], tax / insurance cost [30]. The parking criterion consists of two sub 
criteria such as accessing the car and finding it where you left, and leaving the car wherever you 
want [31]. The transaction criterion refers to receiving the car from the service provider, and leaving 
it to again the service provider [32]. Moreover, the risk criterion forms from hygiene sub criterion 
due to the COVID-19 pandemics, and the high possibility of car breakdown due to the repeated and 
extreme use [33]. 

In order to obtain the customer judgements, a user survey has been used, and neutrosophic sets 
have been used to gather the preferences. The experts were selected from the car rental service 
provider X’s real users who had comments about the mobile application in the website of the 
company. 36 users were identified as candidate experts, and just 3 of them accepted to state their 
opinions. 


2.2.1. Preliminaries 


Neutrosophic sets (NSs) are proposed by Smarandache [34] as a general form of fuzzy sets and 
intuitionistic fuzzy set. This is a powerful technique to handle incomplete, indeterminate and 
inconsistent information that is valid in the real world applications. Besides, there are many 
neutrosophic sets: single valued, interval-valued, multi-valued, bipolar, hesitant, refined, simplified, 
rough and hyper-complex neutrosophic sets [35]. Basic definitions and operations of neutrosophic 
sets: 


Definition 1. A neutrosophic set A in E (let E be a universe) is characterized by a 
truth-membership function Ta(x), an indeterminacy-membership function Ia(x), and a 


falsity-membership function Fa(x) where x € E. 
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A can be defined as A={(x, Ta(x), I(x), Fa(x), | xE€E)} 
where Ta(x), [a(x), Fa(x) € JO-,1+[ such that 0- < Ta(x), Ia(x), Fa(x) < 3+. 
Definition 2. A single-valued neutrosophic set A is a subclass of NS and is stated as 
A={(x,  Ta(x), Ia(Qx), Fa(x) |x € E )} where Ta, Ia, Fa : X [0,1] 
such that 0 < Ta(x) + Ia(x) + Fa(x) <3. 
In particular, if E has only 1 element, A is called a simplified neutrosophic number (SNN), 
which is represented as A=( Ta, Ia, Fa ) [36]. 
Definition 3. Let A and B be two SNN, and p(A) be the complement of A, the following 
operations are valid [22, 36]. 
A@ B=(Ta + Ts - Ta * Ts, Ia* Ip, Fa* Fa) 
A@ B=(Ta * Ts, Ia + Ip-Ia* Is, Fat Fa - Fa* Fe ) 
Al B=(Ta/ Ts, Ip-Ia / 1-Ia, Fa - Fa/1-Fa) 
aA = ( 1-(1-T4)% la%, (Fa®) ), a>O 
Afa = (1-C1-Ta)¥%, lA, (FaY9) ), a>0 
p(A)= (Fa, 1 - Ia, Ta) 
Definition 4. The score function is defined as s(A) = (2 + Ta - Ia - Fa) / 3 for a SNN to 
deneutrosophicate or rank [35]. 
Definition 5. Geometric means are defined as [26]: 
Ti=[1* Tix... Tin], ..., Ta = [Tinx 0. x 1D] 
Tim = [1 * Tham x 2. * Tham | ", ..., Tim = [Inim x ... x 1] 
Fim = [1 * Fram ... * Finn)!" ..., Fin = [Fuimx ... x 1] 
Definition 6. Aggregation formula is [35]: Fw (A1, Az, ..., An) = 


Wj Wj a 
(1- Ta(1- %4G)) .1- Wa(t- t4@) ©. 1- TG - FG") where W= (wy, 


w2, ..., Wn) is the weight vector of Aj(j = 1, 2, ..., n), wj€ [0,1] and yi=14%j =1. 


The truth-membership Ta stands for “the possibility in which the statement is true”, the 
indeterminacy-membership Ia is “the degree in which he/she is not sure”, and the 
falsity-membership Fa means that “the statement is false” [37]. 

All of the above definitions will be applied to the proposed nAHP methodology in the 


following sections. 


2.2.2. Procedure in Gathering and Aggregating the Individual Evaluations 


There are different proposed scales for the neutrosophic linguistic variable such as [22] and [26]. 
However, there is also a fair criticism for these scales due to the defined structure of them. For 
example, the aforementioned Radwan et al. [22] scale defines “extremely highly preferred” as <.9 .1 
.1>. The truth-membership can be thought as the reverse of falsity-membership; this is acceptable by 
definition. However, since the indeterminacy means “the degree in which one is not sure”, we 
cannot define this indeterminacy proportional to the truth-membership value with a scale. 
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Participants should express “the degree in which he/she is not sure”. Therefore, this study gathers 
the truth and indeterminacy values separately from the participants instead of using these defined 
tables in order to deal with this criticism. 

In order to aggregate the individual neutrosophic evaluations into group evaluations, the 
captured expert opinions have been processed with the proposed formula of [26] (the definition 6). 
There are nAHP papers use the neutrosophic weighted arithmetic average aggregation operator of 
[37], such as [38]. However, since the average operator is problematic in terms of finding reciprocals, 
this study prefers to adopt a geometric mean based formulation in aggregating the expert opinions. 


2.2.3. Steps of the Methodology 


The steps of the nAHP used in this study: 

Step 1. Defining the problem, criteria and alternatives with a structured hierarchy. 

Step 2. Gathering the expert evaluations by taking truth- and indeterminacy-membership 
values separately via a survey in order to obtain pairwise comparisons of criteria and alternatives. 

Step 3. Checking the consistency of pairwise matrices by Eigenvector solution. 

Step 4. Aggregating the individual evaluations into group decision. 

Step 5. Obtaining the weights of each criteria. Repeating these steps for the alternatives’ 
pairwise comparisons. 

Step 6. Ranking the alternatives with respect to the calculated weights. 


3. Application 


The defined problem with criteria and alternatives in a structured hierarchy is provided in 
Figure 1 previously by fulfilling the Step 1. 

Step 2. The user survey provided real users’ judgements on the goal “transportation via car” 
and the alternative ways of transportation. Table 1 presents the individual judgements of the 
experts. 


Table 1. Pairwise comparison matrix with respect to goal by experts. 


Expert # Cost Parking Transactions Risks 
1 <.5.5.5> <.7.2.3> <.7 .2.3> <4.7.6> 
Cost 2 <.5.5.5> <.9.1.1> <.9.1.1> <.9.1.1> 
3 <.5.5.5> <.9.1.1> <.9.1.1> <.7.2.3> 
1 <.3.8.7> <.5.5.5> <.7.2.3> <.3.8.7> 
Parking 2 <.1.9.9> <.5.5.5> <.9.1.1> <.6.2.4> 
3 <.1.9.9> <.5.5.5> <.8.1.2> <.5.1.5> 
1 <.3.8.7> <.3.8.7> <.5.5.5> <.2.8.8> 
Transactions 2 <.1.9.9> <.1.9.9> <.5.5.5> <.9.1.1> 
3 <.1.9.9> <.2.9 .8> <.5.5.5> <.7.1.3> 
1 <.6.3.4> <.7.2.3> <.8.2.2> <DD> 
Risks 2 <.1.9.9> <.4.8.6> <.1.9.9> <.5.5.5> 
3 <.3.8.7> <.5.9.5> <.3.9.7> <1 51.5> 


Step 3. The consistency was checked with the score function value definition for each 


participant evaluations via Eigenvector solution procedure [39]. 
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The score function was applied to deneutrosophicate the evaluations into crisp values. The sum 
of each column was taken, next, each element of the matrix was divided into the sum of its columns 
in order to have normalized relative weights. Then, the normalized principal Eigenvector (also 
called priority vector) is obtained by averaging across the rows. This calculation provides the 
experts’ priorities with respect to goal. For example, while the risk criterion is the priority of the 
expert 1, cost criterion is the most important criteria for expert 2 and 3. Besides of the relative weight 
calculation, this procedure paves the way for checking the consistency of participants’ answers. 
Here, one needs Principal Eigen value (Amax) obtaining from summation of products between each 
element of Eigen vector and sum of columns of the reciprocal matrix. Table 2 states the score 
function values, normalization, weights and Principal Eigen value. 

The largest Eigen value equals to the size of comparison matrix, or Amax = n [40], which gives a 
measure of consistency named Consistency Index (CI = (Amax — n)/(n-1)). The CI values should be 
compared with Random Consistency Index as a previously defined index of sample size 500, and RI 
is 0.89 for n=4 (4x4 matrix). The Consistency Ratio CR was calculated (CR = CI / RD), and if the CR is 
< 10% in comparison with the CI, the inconsistency is acceptable. Accordingly, while the evaluations 
of expert 1 and 3 are within the acceptable inconsistency limits, the evaluations of expert 2 cannot be 


taken into consideration due to the CR = 23%. 


Table 2. Score function values, normalization, weights and principal Eigen value. 


Score function values x / sum values Ww 
wrt. Goal Row 
Cc P T R Cc P T R Amax 
average 


0,500 0,733 0,733 0,367 0,300 0,328 0,265 0,275 0,292 
0,267 0,500 0,733 0,267 0,160 0,224 0,265 0,200 0,212 
0,267 0,267 0,500 0,200 0,160 0,119 0,181 0,150 0,153 
0,633 0,733 0,800 0,500 0,380 0,328 0,289 0,375 0,343 
Sum 1,667 2,233 2,767 1,333 J 1 1 a 

0,500 0,900 0,900 0,900 0,313 0,429 0,338 0,303 0,345 
0,367 0,500 0,900 0,667 0,229 0,238 0,338 0,225 0,257 

e T 0,367 0,367 0,500 0,900 0,229 0,175 0,188 0,303 0,224 ee 
0,367 0,333 0,367 0,500 0,229 0,159 0,138 0,169 0,173 
Sum 1,600 2,100 2,667 2,967 1 1 1 1 1,000 
0,500 0,900 0,900 0,733 0,333 0466 0,365 0,278 0,361 
P 0,367 0,500 0,833 0,633 0,244 0,259 0,338 0,241 0,270 

a T 0,367 0,167 0,500 0,767 0,244 0,086 0,203 0,291 0,206 a 
0,267 0,367 0,233 0,500 0,178 0,190 0,095 0,190 0,163 


Sum 1,500 1,933 2,467 2,633 1 1 1 1 1,000 


E1 3,681 


AxHTwWO 


Step 4. In order to aggregate the individual evaluations into group decision, the aggregation 


definition 6 was used (see Table 3). 
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Step 5. The weights of each criterion were obtained, ant the step was repeated for the 
alternatives’ and sub-criteria’s pairwise comparisons. 

Step 6. The alternatives were ranked with respect to the calculated weights. 

According to the analysis results, renting through an agency was the most preferred alternative 
in terms of the cost criterion. Secondly the new system, and then the purchasing option was 
preferred by the weight values. When the parking criterion was considered, the ranking was 
purchasing, renting through an agency and new system, respectively. Similarly, in case we had a 
focus on the transactions, the same ranking was valid. However, participants addressed the new 
system as the most risky alternative, next renting through an agency and then the purchasing option, 
respectively. 


Table 3. Aggregating the individual evaluations into group decision. 


Cost Parking Transactions Risks 
wrt. Goal T I F T I F T I F T I F 
Cost 04 | 04 | 04 | 07 | 0,1 | 01 | 07 | 01 ] 01 | 04 | 03 | 03 
Parking 01 | 03 | 06 |03 | 03 | 03 |05 | 01 | 01 | 02 | 03 | 04 
Transactions 01 | 02 |05 | 01 | 05 | 04 | 02 | 02 | 0,2 | 0,2 | 02 | 03 
Risks 03 )/03 |03 |04 |04 | 02 |05 | 04 | 02 | 03 | 03 | 03 


The sub criteria analysis revealed that there was a tax/insurance, maintenance / repair cost, and 
possession cost sequence with respect to cost criterion. Moreover, “hygiene problem” sub criterion 
had a greater importance than the “high possibility of car breakdown due to the repeated and 
extreme use” in terms of risks criterion. Besides, the “accessing the car, finding it where you left” sub 
criterion and the “leaving the car wherever you want” sub criterion had close weights as 0,51 and 
0,49. 

When the criteria weights and alternatives were combined, this analysis resulted that the effect 
of alternatives on the goal was identified with the weights as renting through an agency (0.358), 
purchasing option (0.326), and the new system (0.316). 


4. Conclusions 


This study introduces a new way of servicizing business model as a contribution to the 
literature with real customer preferences shaping the decision making process. The analysis results 
addressed the weights of criteria and alternative ranking by real user preferences. 

The cost, parking, transactions and risks parameters have been investigated via a user survey 
provided real users’ judgements on the goal “transportation via car” and the alternative ways of 
transportation. The results point out that; 

e Renting through an agency was the most preferred alternative in terms of the cost 
criterion. 

e Secondly the new system, and then the purchasing option was preferred by the weight 
values. 

e When the parking criterion was considered, the ranking was purchasing, renting 
through an agency and new system, respectively. 

e Similarly, in case we had a focus on the transactions, the same ranking was valid. 

e However, participants addressed the new system as the most risky alternative, next 
renting through an agency and then the purchasing option, respectively. 

As a theoretical implication, this study tries to handle the criticism of previously defined 
linguistic variable tables by a different way of data gathering. In addition, the study adopts the score 
functions to deneutrosophicate the fuzzy sets in analysis procedure as a new approach. 
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The practical implications of the paper provide a real world customer preference point of view 
for the industry representatives. Since the new normal of the world requires new way of business 
models, this analysis addresses new initiatives to overcome the burden of this hard time. One can 
infer from these results that the companies can introduce new way servicization by taking the 
defined significant criteria into consideration. 

The number of company representatives, number of participants, and the possibility of biased 
attitudes of the both these representatives and the participants are the main limitations of this study. 
Hence, this study tries to select the real participants who have experienced these services previously 
in order to reflect the real world case. In addition, the participants were asked whether they are 
willing to participate the survey, or they are feeling obliged at the beginning of the survey questions. 

Furthermore, this paper serves both theoretical implications by using the neutrosophic sets to 

AHP and practical implications by presenting the real user priorities. One can infer from the study to 
understand which criteria is prominent in contrast with the others, and the theoretical background 
can be applied to different decision making problems. 
Further researches may have a large number of participants and representatives, or different 
mathematical assumptions can be utilized in the calculations. This study differs from the existing 
ones by gathering the indeterminacy values of neutrosophic sets by the participants instead of using 
the defined linguistic variable tables. 


Conflicts of Interest: The authors declare no conflict of interest. 
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Abstract: The theory of anti neutrosophic multi fuzzy ideals of ¥ near ring is dispensed in this work 
and various algebraic properties such as intersection, union of anti neutrosophic multi fuzzy ideals 
of ¥ near ring are examined. Further we examined the direct anti product of anti neutrsophic multi 
fuzzy ideals of ¥ near ring and also we proved the homorphic images and pre images of anti 
neutrosophic multi fuzy ideals of ¥ near ring. 
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1. Introduction 


In 1965, Zadeh[25] proposed the notion of fuzzy set. Later A.Rosenfeld[16] developed fuzzy groups. 
The numerous authors like Bh.Satyanarayana[3,4,5] proposed the concept of fuzzy Y near ring. The 
authors S. Ragamai, Y. Bhargavi, T. Eswarlal[19] developed theory of fuzzy and L fuzzy ideals of ¥ 
near ring. Later the properties of Y near ring in multi fuzzy sets were extended by K. Hemabala and 
Srinivasa kumar[13]. After the theory of fuzzy sets, Florentin Smarandache[7,8] established as a new 
field of philosophy which is a neutrosophic theory, in 1995.The main base of neutrosophic logic is 
neutrosophy that includes indeterminacy. It is an agumentation of fuzzy set and intuitionstic fuzzy 
set. In neutrosophic logic each proposition is estimated by three components T,,F. The neutrosophic 
set theory have seen great triumph in several fields such as image processing ,medical diagnosis, 
robotic, decision making problem and so on. I. Arockiarani[3] extended the theory of neutrosophic 
fuzzy set. A.Solairaju and S.Thiruveni[2] verified the algebraic properties of fuzzy neutrosophic set 
in near rings. In fuzzy neutrosophic set, the three components T,I,F can take single values between 0 
and 1. There is some ambiguity irrespective of the distance to the element is. The neutrosophic fuzzy 
set theory on its own is not sufficient to study real world problems. F. Smarandache[9] developed 
notion of neutrosophic multi sets, an extension of neutrosophic set, in 2016. Authors like Vakkas 
Ulucay and Memet sahin[23] verified the concepts of neutrosophic multi fuzzy set in groups and 
verified the group properties. We carry the neutrosophic multi fuzzy notion in ¥ near ring and 
hence some properties of algebra are verified. 


2. Preliminaries: 


Basic definitions of fuzzy set, multi fuzzy set, neutrosophic set and neutrosophic multi set, ¥ near 
ring are presenting in this section. Fuzzy set can take a single value between [0,1] 


2.1 Definition: 


Let E be anonempty set and A bea fuzzy set over E is defined by[25] 
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A ={A(a)/a€ E}where A:E 10,1). 
2.2 Definition: 


Let E be anonempty set and My, be a multi fuzzy set over E is defined as[20,21] 


M,={<a@,M?(a),M;(a),M;(a),...Mp(a)>:a © E} where M?:E —(0,1] for all n€ {1,2,...i} and 


aceéeE 


2.3 Definition: 


Let E be anon empty set then neutrosophic fuzzy setN[7] in E is defined as 


N-(a,ty(a),t7(a),fy(@)>@ © E andty(@),i7(@),fx(@) €10,1) 
Where ty (@)is the truth membership function, Uy (a) is the indeterminancy membership function 


and f 7 falsity membership function and 0 = ty(X}uy (x)+f 7 <1. 


2.4 Definition: 


Let E be anon empty set. A neutrosophic multi fuzzy set W on E can be defined as follows 


N-(< a £3 (a), t3(a),..5(a)), G4 (a), 73, (a) ..... (a), Fg), f3(@)..... F(a) >:2 © & 
Where £(a),#(a),.€5,(a):E =[0,1] 

iy (a), ty (a) ..... iy (a): E 30,1] 

f3(@), f§(@),....F(@ +E 10,1] 

0< supé#(a) + supis(a)+supf3(a)<1  forn=1toi 


(€h(a), #3(a).....f(a)) , (i (a), 73 (a).....7(a)) , (Fg (@),F§(@) ...... FA(@)) are the 


sequences of truth membership values, indeterminacy membership values and falsity membership 


values. In addition i is called the dimension of neutrosophic multi fuzzy set W denoted by d(W). 


The sequence of truth membership values are arranged in decreasing order, but the corresponding 


indeterminacy membership and falsity membership values may not be in any order. 
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2.5 Definition: 


Let £ and ® neutrosophic multi fuzzy sets 
where£=(E2(a), €2(a),.#2(a)),é(@), 2 (@), -... 7 (@), Fz (@),f2 @).....Fe(@))} and 


RFE (a), #2 (a),..#5(a)),@4 (a), B (a), ...., (a)),F2 (a). FE (a)......f2(a))} then we have 
the following relations and operations 


1) £O Rift £(a) < EX(a) , H(a) > (a), FF(a) > FF(a) ,a EE and 1 toi. 
2) £= Ritf2(a) = Ez(a) , T(a) = (a), FE(a) = fF (a) .a EE and r= 1 toi. 


3) £UR= {a@, max (EE (a), #2(a)), min(ie(@), i (a)) min(f2(a) fz (a))}, a €E andn-1 toi. 


4) £N Ria, min €2(a),FR(a)), max (a), (a)),max (FF (a) Fz (@)}, a € E and n= 1 toi. 


2.6 Definition: 


A non empty set E with the binary operations ‘+’(addition) and ‘.’(multiplication) is called a near 


ring[3] if the following conditions hold: 


1) (E,+) isagroup 

2) (E,-) isasemigroup 

3) (GQ: +@2)-@; = @,.€;+ @.€; forall @,.@.€; € E 
To be precise, it is called right near ring .Since it satisfies the right distributive law. But the word 
near ring is intended to mean right near ring. We use gh instead of g-h 
A ¥ near ring M isa triple (M,+, ¥) where 

1) (4+) is a group 

2) Yis anon empty set of binary operations on M such that T € y, (M_+,T) is a near ring. 


3) &,7( €,0€3) = (Ee, Tre, )o€, for all Ee. ©,,€; € Mand Troey. 
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3. Anti Neutrosophic multi fuzzy set of Y near ring 
In this section, we introduce the definition of anti neutrosophic multi fuzzy sets of Y near ring. We 


proved that union of two anti neutrosophic multi fuzzy ideals of LandRis an anti neutrosophic 
multi fuzzy ideal. We also prove that the intersection of two anti neutrosophic multi fuzzy ideals of 


£and Ris also an anti neutrosophic multi fuzzy ideal. 


3.1 Definition: 


A neutrosophic multi fuzzy set 
£- =; (a), #(a),.£2(@)), (a), (0), -.-, i @) Fe (@. Fe (@).....f(@))) in a ¥ near ring 
M is called anti neutrosophic multi fuzzy sub Y¥ near ring of M if 
1) F(a—b) <max(FF(a) , EF(b), 
i¢(a —b) >min(iz(a) , i (b), 
fze(a—b) = min(f2(a), fF (b)), n=1 toi. 
2) €f(atb) <max(ét(a), EF(b), 
i@(atb) >min(iz(a) , @(b)), 


Fj 7 (atb) > min (f(a), f(b), n= 1 toi. 


3.2 Definition: 


Let M bea Y near ring. An anti neutrosophic multi fuzzy set £in a Y near ring M is called 


anti neutrosophic multi fuzzy left(resp. right) ideal of M if for all a,bp,,p; € M TE y, 


n=1,2,...1 


1) rs (a—b) =max(tt (a) , tr (b)) , 


iZ(a —b) >min(ii(a) , T(b)), 
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fz(a—b) = min(f7"(a), f2(b)) 


2) tt(b+ a—b) < é?(a), 


(b+ a—b) > i%(a), 


f2(b+a—b) > fF(a), 


3) tr (p,t(a + pz) — pyt pz) = tF(a), 


iz (e,t(a + pz) — pyt pz) = Tz(a), 


FF (e,t(a+t p2) —p,tPz) = F(a), 


[resp. right 
F2(atp,) < #(a) 
ie(atp,) 2 iz(a), 
fz (atp,) = f2(@)) 
Lis called a anti neutrosophic multi fuzzy ideal of M if £ both left and right anti neutrosophic 


multi fuzzy ideal of M. 


3.1 Theorem: 


Let £and® anti neutrosophic multi fuzzy left ideal of M. Then £ U® is a anti neutrosophic 


multi fuzzy left ideal of M. 


Proof: 


Let £andR anti neutrosophic multi fuzzy left ideal of M. 
Let a,b,p,, pz € M re ¥ 


1) Efux(a —b)= maxféz(a—b) , E3(a—b)} 
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=max{{max(ée (a), Et (b)) /max( #3 (a),éZ(b))}} 
<max{{ max (Ez (@),£3(@)) , max ( Ee (b)ER(b))} 


<max(Efyr(a) , EEyx(b)) 


fyx(a—b) = min(i3(a—b) , (a —b)} 
= min{{ min (t(a) t(b)) , min ( iz(a),iR(b))}} 
= min {{ min (t2(a),R(a)) , min( iz(b),iR(b))}} 


> min (tyx(@) , Tuz(b)) 


ffux(a—b) - minifz(a—b) , fz(a—b)} 


> min{{ min FF (a),FE(b)), min( FF(a), FE (b))} 


Vv 


min {{ min (f= (a),fz (a@)), min ( iy (b),f (b))}} 


Vv 


min (f, i (a), F; rom (b)) 


2)  Efyg(b+a—b) =max(éZ(b+ a—b) , (b+ a—b)} 
= max({tz (a@),£R(a)} 


= it UR (a) 


iryx(b+ a—b) =minfiz(b+a—b) , R(b+a—b)} 


=> min{i: (a)i& (a)} 


2 tux(a) 


frjg(b+a—b) =minffZ(b+a—b) , fF(b+a—b) 
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> min(f2 (a) fz(a)) 


> fiux(a) 
3. Efux((e,t(a +2) — este 2) 
= maxtt#((e,t(a + 2) — p,tP2), ER((e,t(a +22) — PyTP2)} 
= max{tz(a),FR(a)) 


= tt UR (a) 


un((e,t(a + p2)— P:TP2) 
= min{iz((e,t(a + p2) — p,tP2) , %((e,7(a + 92) — PyTP2)} 
= minfiz(a) iR(@)} 


= itur (a) 


fFux((8,t&+ 6,) — 6,c8,) 
= min(f2((6,t(e+ 8.) —6,16,) , FF((8,t(x+ 8.) —8,78,)) 
> min(f(a),fz(a)} 
= frux(a) 


“ £UR® isa anti neutrosophic multi fuzzy left ideal of M. 


3.2 Theorem: 


Let LandR anti neutrosophic multi fuzzy right ideal of Mthen £U® is a anti neutrosophic 


multi fuzzy right ideal of M, 
Proof: 


Let LandR neutrosophic multi fuzzy right ideal of M. 
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Let a, b,p,,p, &€ M,TE y 
1. Efyx(a—b)=max{t¢(a—b) , F3(a—b)} 
<max{{max(E2(a),EZ(b)) max( EZ(a),EZ(b))} 
<max{{ max (£2 (a),EZ(a)) , max ( EZ(b) EZ(b)) 


<max(Efyx (a) , Eyux(b)) 


itux(a —b) = minfig(a —b) , R(a—b))} 
> min{{ min (f(a@),i¢(b)) , min ( RCa),7R(b))}} 
> min {{ min (¢(a@),7R(@)), min( T(b) Rb) 


= min (ux(a) , it ux(b)) 


fEux(a—b)= miniff(a—b) , FE(a—b); 
> min{{ min (fF (a),fE(b)) , min ( F(a), fF(b))} 
> min {{ min (f2(a),fe(@)), min ( F2(b), Fe (b))}i 


=> min (F5.2(a) ; Frux(b)) 


2. ttux(b + a —b) =max{é¢(b+ a—b) , #3(b+ a—b)} 
<= max{é¢(a),éx(a)} 


s it UR (a) 


irux(b+ a—b) = min{iz(b + a —b) : ig(b+ a—b)} 


= min{i¢(a),im(a)} 


2 Turx(a) 
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fE.g(b+ a—b) -minfff#(b+a—b) , fz(b+a—b)) 


> min(f2(a),fF(a)} 


= f cum (a) 


3. Efyr(@tey) = max{é¢(atp,) , F(a te,)} 


© max{tz(a),FR(a)} 
<tfug(a) 
Hux(@ ty)  =minfic(® toy) , R(X tP,)} 
= min{i¢(a) R(a)} 
= ura) 
FEux(ate;) = min(ff(atp,) , fz(a tH) 
= mintf?(a),fz(@)} 
> frux(a) 


* £U Risa anti neutrosophic multi fuzzy right ideal of M. 


3.3 Theorem: 


Let Land® anti neutrosophic multi fuzzy ideal of Mthen £U® is a anti neutrosophic multi 


fuzzy ideal of M. 


Proof: It is clear. 


3.4 Theorem: 


Let £and® anti neutrosophic multi fuzzy left ideal of Mand then £MR® isa anti neutrosophic 


multi fuzzy left ideal of M. 


Proof: 
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Let LandR neutrosophic multi fuzzy left ideal of €. 


Leta, b,p,,p, € MTE y 


1, Etnr(@—b) _ pinét(a—b) , #2(a—b)} 
<= min{{max(Et (a) ET (b)) maxi EZ(a)FR(b))} 
=max{{ min (EF (a),éZ(a@)) , min ( EF(b)ER(b))}} 


<max(tE nr (a) , trnr (b)) 


itnx(a —b) = max{iz(a—b) , R(a—b)} 
= max{{ min (f(a), i (b)) , min ( iz(a),iR(b))}} 
=> min {{ max (i: (a) ,7R(a)) , max( iz(b),iR(b))} 


= min (nla) , Enx(b)) 


finn(a—b) = maxiff(a—b) , fR(a—b)} 
> max{{ min f2(a),F2(b)) , min( f2(a),F2(b))} 
= min {{ max (F2(a),f2(a)) , Max ( F2(b) fz(b))} 


=> min (Finx(a) ; Py nx(b)) 


2. ttne(b+ a—b) =minftt(b+ a—b) , (b+ a—b)} 
= min{t?(a)fR(a)} 
= tt nx(a) 
iE pg(b+a—b) = max(iz(b+a—b) , &(b+a—b)} 


> max{iz(a),iR(a)} 
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= I px(a) 
finx(b+ a—b) = max(f2(b +a—b) , f2(b+a—b) 


= max(fe (a), fz(a)) 


>f one (a) 


3. tina((e,7(a + pz)— P:TP2) 
= min(ég((e,t(a + p2) — pytP2), ER((e,t(a + pz) — pT P2)} 
= min{t?(a),FZ(a)} 


<tinx(@) 


7px ((e,t(a +2) — pyTP2) 
= maxtiz((e,t(a +2) — pt P2) , ®((eyt(a +02) — p,7P2)) 
= max(ic(a) (a) 
= ina(a) 
Fina ((8,t(e+ 6,)— 6,76.) 
= max(f2((8,t(x+ 65) —6,16,) , F2((8,t(x+ 8,) —8,16,)} 
> maxifz'(a),fz(a@)} 
> fina(a) 


~ £1)\Ris a anti neutrosophic multi fuzzy left ideal of M. 


3.5 Theorem: 
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Let £ and R anti neutrosophic multi fuzzy right ideal of Mthen £MRis a anti neutrosophic 


multi fuzzy right ideal of M. 


Proof: 


Let £ and R neutrosophic multi fuzzy right ideal of M. 
Let Leta, ,b,p,,p, €§ M TE y 
1. £¥yx(a—b)= minft?(a—b) , #3(a—b)} 
< min{{(max(E2(a),EZ(b)) »max( EZ (a) EZ(b))} 
<= max{{ min (f(a), £Z(a@)) , min ( EF(b)ER(b)) 
= max(ftnx(@) , Einx(b)) 
pa(a—b) = maxiiZ(a—b) , %(a—b)) 
= max{{ min z(a),77(b)), min ( Hla),7R(b))} 
= min {{ max (f¢(a),iR(a)) , max( H(b),FR(b))} 
= min (itpx(@) , px (b)) 
fina (a—b) = maxtf7(a—b) , fz(a—b)} 
= max{{ min (f(a), f2(b)) , min ( Fe (@),FF(b))} 
= min {{ max (f(a), fg (@)), max ( F2(b),FZ(b))} 


=> min (Finx(a) , FEnx(b)) 


2. Efng(b+a—b) =minfét(b+a—b) , £3(b+a—b)) 
= min{é?(a)fR(a)} 


= tt nz (a) 
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itna(b+ a —b) = max{iz(b+ a —b) , ig(b+ a —b)} 
=> max({i¢(a@),iz(a)} 


fipx(b+a—b) =maxife(b+a—b) , fF(b+a—b); 


= max(f, Cc (a),f2(a)} 
= f, enx(@) 
3. EEpx(atey) = minfé¢(atp,) , §y(a tp,)} 


< min{t? (a), £Z(a) 


itpr(@ ty)  =max{iz(atp,) , (a tP,)} 
= max{i¢(@),tR(a)} 
= ine(a) 
fEna(ate:) = maxifZ(ate,) , fe(@ ty) 
= max(fz'(a),fz(a)} 
> fene(a) 


« £1)Ris a anti neutrosophic multi fuzzy right ideal of M. 


3.6 Theorem: 


Let £ and R anti neutrosophic multi fuzzy ideal of Mthen £MRis also a anti neutrosophic 


multi fuzzy ideal of M, 
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Proof: It is clear. 


4. Anti Product of anti neutrosophic multi fuzzy ideals 


In this section we define anti product of anti neutrosophic multi fuzzy Y near ring M. We proved 


that anti product of anti neutrosophic multi fuzzy ideals of M is a anti neutrosophic multi fuzzy 


ideal of M. 


4.1 Definition: 


Let £ and & are two anti neutrosophic multi fuzzy ideals of ¥ near rings My and My resp. Then 
the anti product of anti neutrosophic multi fuzzy subset of ¥ near ring is defined by 

£xR: M,xM, — [0,1] such that 

£xR = {< (a,b), £2,2(a,b), 7.2 (a, b), fx (a,b) >:a € M,,b € My} 


Where t;,.~(a, b) = max{t?(a),#2(b)} 


oe (a, b) = min{i? (a).5 (b)} 


fEex(a,b) = min{f?(a), fz (2)} 
4.2 Theorem: 


Let £ and & anti neutrosophic multi fuzzy left ideal of Y near rings My and Mzthen Ris also 


a anti neutrosophic multi fuzzy left ideal of MyxM5. 


Proof: 


Let £ and & be anti neutrosophic fuzzy left ideals of MyxM, respectively 
Let (@y, @3),( By, 5z),( Py Px) € M,xM, 
1. Exe ((@1, @2)- (Br, bz) = Exam (@1 - By, Az - bz) 


= max (ff (a, - by), £ (az - 52) 
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= max { max (£f (a4), EF (b,))], max [ER (@2), FR (b2))} 
= max { max [ff (a), §R (@2)], max [Ef (by), FR (b2))} 


= max (fx (41, @2), EXe (bi, b2)) 


Trem ((@1, @2)— (By, b2)) = Tee (@x - by, @z - bz) 
= min (i (@ - by), t (@z - 52) 
= min {min ([ (@y), Hf (by))], min [i (@2), — (b2))} 
= min { min [tf (@1), t (@2)], min [i (61), TR (b2))} 
= min Fxg (@1, 22), tex (P1, 52) 
fem ((@1, @2) - (Br, B2)) = Fie (G1 - Ba, @2 - Be) 
= min (f7 (@ - by), fx (@2 - b2)) 
> min {min fF (a), fF (b1))], min [fz (@2), fe (2) 
> min { min [ff @), fz (@2)|, min [FZ (1), fz (2))} 
> min (fiz (Qi, 22), fix (Pi, b2)) 
2. Efxe((bybz) + (@ya2) — (by bz)) = Ete (by + ay — by, b, +a, — bz) 
= max(EE (by + a — by), Ey (bz + @2 — b3)) 
< max {f7(a,)éx(a,)} 
© to ex (Qa) 


ite ((by,b,) + (a@y,a2) — (by,b)) = Teg (by + ay — by, by + a, — bz) 


> min{ie(a,)R(e@,)} 
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Fran ((Oy bz) + (a@y,a2) — (by, b3)) = Frew (hy +a, — by, b, +a, — by) 


> minff2(a,) fF (a.)} 


= Fox(@y 42) 


3. EE xa( (et ((@y@2) + P2) — Py tP2) 
Et xx (Pit (a, + pz) — pyTP2,P,T(a2 + pz) — PyTP2) 
= max{E?((e,7(a; + 2) — P12), ER((e1t(@2 + P2) — Py TP2)} 
= max{é¢(a,)tz(@,)} 


< €F xx (@y42) 


FE xx ( (yt (44,42 + 92) — PyTP2) 
-i7 -g(,T(a, +p.) — pyTP>, yt (az + p>) — PyTP2) 
= min{i¢((e,t(@; + 92) — Py TP2) , %((e,t(@2 + P2) — P1TP2)} 
= min{i¢(@,),R(@2)} 


= Tex (@,22) 


FE cx((t (aya, +p2)— PiTP2) 
=f Een (P1t(4, + P2) — P1TP2,P:t(a2 + Pz) — PyTP2) 
= min{f2((e,t(a, +p) — pytP2) , FF((eyT(a2 + Pz) — PyTP2)} 
> min(fE (a,),fz (a2) 
> fren (ay,4) 
* £xR is alsoaanti neutrosophic multi fuzzy left ideal of MyxMy. 


4.3 Theorem: 
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Let £ and ® anti neutrosophic multi fuzzy right ideal of Y near rings My and Mzthen £Ris 


also aanti neutrosophic multi fuzzy right ideal of MyxM,. 
Proof: 


Let £ and & be anti neutrosophic fuzzy right ideals of MyxM, respectively 
Let (@y, @2),( by, b),( Py, 2) «MyxM, 
1. Exem ((@1, @2)- (Bt, ba) = Exem (G1 — By, @2 - ba) 
= max (Ff (a - by), ER (@z - bz) 
= max { max (fF (@), Ef (b;))], max [FR (@2), ER (bz))} 
= max {max [ff (a), €R (@2)], max [&¢ (by), ER (b2))} 


= max (ffx (1, 22), Ex (b1, ba) 


Teer ((@1, 2) - (By, b2)) = teem (@1 - By, Az - bz) 
= min (f (@y — by), t (az - bz)) 
= min {min (f (@1), f (b1))], min [F (@2), — (b2))} 
= min {min [i (@,), t (@2)], min [i (by), t; (b2))} 
= min (xx (Q1, 22), Uexe (61, 62) 
free ((@1, @2)- (By, b2)) = fixe (@1 - By, @2 - bz) 
= min (f7 (@ - by), fz (@2 - b2)) 
= min {min (f2 (@), fz (b1))], min (fz @2), Fz (62) 
= min {min [f7 (a1), fz (@2)|, min (fz (b1), fe (2) 


> min (fie (G1, 2), fox (b1, 2) 
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2. Efxg((by-bz) + (ay,a2) — (by,bz)) = Ete (by + a, — by, by +a — bz) 
= max(EZ (by + a; — by), E(bz + az — bp) 
<= max (fr (a,)éz(a,)} 


< Fxg (@yA2) 


tae ((by,bz) + (@y,42) — (by,bz)) = Tag (by + ay — by, bz + a, — bz) 


= min{i¢(@,),F(@2)} 


= Teg (@y, a2) 
FEex((by bz) + (a,,42) — (by bz)) = FE. (by + ay — by, bz +a, — bz) 
> min(fe (a,),fz (a2) 


= finale az) 


3. Exe (4,42 )t(P1P2)) = Efex f(a, tP,) , (a2 TP2)} 

= max(é?(a,)éZ(a2)} 
< fF x (ay) 

eae ((@y,42 )t(P1,P2)) = Fax f(a, Ty) , (az TP2)} 
= min{i¢(a,)R(a2)} 
= Ti eg (@y,@2) 

FEea((Gu%2 )t(P102)) = FEea{(a, 1) , (a2 tH) 
> min(ff(a,),iR(a@,)} 


> fR2(aya,) 
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“. £cR is also a anti neutrosophic multi fuzzy right ideal of MyxM5. 


4.4 Theorem: 


Let £ and & anti neutrosophic multi fuzzy ideal of ¥ near rings My and Mzthen £Ris also a 


anti neutrosophic multi fuzzy ideal of MyxM,. 


Proof: It is clear 


5. Conclusion 


To conclude, the notion of neutrosophic multi fuzzy gamma near-ring, neutrosophic multi fuzzy 
ideals of gamma near-rings have been discussed. The proof for the theorem that states “Union and 
Intersectionof two neutrosophic multi fuzzy ideals of gamma near-ring is also a Neutrosophic multi 


fuzzy ideal of gamma near-ring” has been provided. 
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Abstract: This paper is to introduce a two-warehouse system for trapezoidal bipolar 
neutrosophic disparate expeditious worsen items with power demand pattern is dealt. 
Inventory worsens in the both storehouses disparate fixed amount. Demand is considered three 
different models (a) increasing demand (b) decreasing demand (c) linear demand. The model 
effectiveness in identifying the optimal order time that minimized overall costs is improved by 
the trapezoidal bipolar Neutrosophic number representation of the parameters. The Worsen in 
self-warehouse at earliest but in other scenario rented warehouse mostly we have more 
provision and potentiality provides for better growth in inventory. Finally, the model is 
executed using the trapezoidal bipolar neutrosophic number with numerical examples. 
Affectability analysis of the minimize solution of a total cost is effective to various types of the 
model is provide the output are furnished in detail. 


Keywords: Inventory, Tropezoidal Bipolar Neutrosophic number, Two Ware-House, Power 
demand, Shortages, worsen, shortage, logarithmic demand. 


1. INTRODUCTION 


In inventory models of EOQ is consequence considered request of product is linear 
regrettably. This may not be attainable in a few circumstances. It'll be best to considered that the 
demand changes with time. Knowledge on stock demonstrate with power demand pattern is 
vital since it permit to germane uncover with the behaviours and evolution of the stock. 

Consumers want just-finished food items, so demand for baked or ready-made goods 
such as cakes, cookies, candy and streamed food is increased level at the start of the scheduling 
period (m > 1). Fresh meat, fish, fruits, vegetables, yoghurts, and other foods may all experience 
this form of demand. Since deals are decreased when the arrange of rot approaches. Request for 
unused things with a solid specialized parameter is expanded at the begin of the cycle than at 
the end. Mobile phones, smart phones, and computers, for example, are in higher demand as 
they first come out on the market because of the creativity and new implementation they 
provide. 

Other items, on other hand, have higher demand during end of the inventory period 
(m< 1). Condition arises when a commodity becomes unavailable, such as gasoline or diesel oil. 
Flour, coffee, gasoline, milk, water, and sugar are examples of essential household products that 
fall into this category. Increases in demand happen when the amount of inventory on sale starts 
to deplete due to daily needs. Other sources request for theatres tickets, cinemas, musical events, 
sporting events, and other events, it’s often positive by closing accounting year, or when it’s 
time to revel it. 
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Adaraniwon et al. [1] discussed the EOQ model was researched for deferred corruption and 
missed deals. Request rate, reliable pace of rot, and fractional overabundance pace of request 
amount, just as absolute stock expense per unit time, are completely expressed. A. K. Bhunia et 
al.[2] manages a solitary declining thing stock model with two separate stockrooms with 
various conservation offices. D. Nagarajan et al.[13] developed Dombi Interval Valued Neutrosophic 
Graph and its Role in Traffic Control Management. J. Kavikumar & D. Nagarajan [16] deal with 
Neutrosophic General Finite Automata. S. Broumi et al. [21] Analyzing Age Group and Time of the Day 
Using Interval Valued Neutrosophic Sets. Abdel-Basset et al. [18] manages a Bipolar Neutrosophic 
Multi Criteria Decision Making Framework for Professional Selection. 

S. Agrawal et al. talked about slope type interest, with the capacity to go about as a 
solitary stockroom stock framework or two distribution center stock frameworks relying upon 
the model boundaries. Chakraborty & Sankar [7] by allowing The Pentagonal Fuzzy Number: 
Its Different Representations, Properties, Ranking, Defuzzification and Application in Game 
Problems. Chakraborty & Broumi [8] introduced Some properties of Pentagonal Neutrosophic 
Numbers and its Applications in Transportation Problem Environment. Ganesan et al.[15] 
developed by An integrated new threshold FCMs Markov chain based forecasting model for 
analyzing the power of stock trading trend. J. Sicilia, et al. [17] examined Stock is deterministic, 
differs as per time in each solicitation period, and follows a force request design. Chakraborty & 
Mondal by including Different linear and non-linear form of Trapezoidal Neutrosophic 
Numbers, De-Neutrosophication Techniques and its Application in time cost optimization 
technique, sequencing problem. Chakraborty Mondal, S. Broumi deal with De- 
Neutrosophication technique of pentagonal neutrosophic number and application in minimal 
spanning tree. S. Broumi & D. Nagarajan introduced by Implementation of Neutrosophic 
Function Memberships Using MATLAB Program.D.Nagarajan et al[31] explained the 
nutrosophic multiple regression. 5.Broumi et al [32] presented A new distance measure for 
trapezoidal fuzzy neutrosophic numbers based on the centroid. 

R. B. Krishnaraj et al. [20] introduced the two-boundary Weibull circulation decay 
deterministic stock model for power request designs without deficiencies. S. Te Jung, et al. [26] 
determined an EOQ model for things Weibull dispersed corruption, deficiencies and force 
request design. 

S. Pradhan, , et al.[25] presented the impact of swelling on the force request design was 
explored, with two boundaries of the Weibull appropriation for crumbling being thought of, just 
as a confined pay approach with dynamic trade credit. S.Gomathy et al.[27] by introducing 
Plithogenic sets and their application in decision making. Muhammad Saqlain & Smarandache 
[28] show that with Octagonal Neutrosophic Number: Its Different Representations, Properties, 
Graphs and De-Neutrosophication. Saqlain et al. consider Linear and Non-Linear Octagonal 
Neutrosophic Numbers: Its Representation, a-Cut and Applications. N. Rajeswari, et al. solved 
the overabundance pace of neglected interest is thought to be a diminishing outstanding 
capacity of holding up time in the investigation. Evaluated mean portrayal, marked distance, 


and centroid strategies are utilized to defuzzify the all-out cost. 
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2. ASSUMPTIONS AND NOTATIONS 


1 
ol 
(i) Dit) = ea z+ where €is positive constant, 0 <m<1 , Tis the planning horizon. 
mTm 


(ii) | Shortages are permitted. 

(iii) The lead time is negligible. 

(iv) Worsen rate of RW (@) disparate than the decay rate of OW (9) 

(v) The inventory system deals with single item only. 

(vi) The cost of holding at RW is less than the holding cost at OW (IC, > /Cy,.). 

(vii) The OW is restricted number W units, while the RW is infinite number. For business 
purposes, RW products are consumed first, followed by OW items. 


The accompanying documentations are utilized all through the paper: 
3,(t)  : Stock volume in RW at time t, t20. 
S(t) : Stock volume in OW at time t, t>0. 


S(t) : Scarcity Stock volume at time t, t20 

A : Ordering cost per order per year. 

T : Cycle of length. 

ty : Time of the Stock level it vanish in RW 
ty : Time of the Stock level it vanish in OW 


IC : Holding cost per unit forOW = IC, > Cy, 
ICy,. : Holding cost per unit for RW 


H,. : Inventory holding cost per unit of RW 
Ho : Inventory holding cost per unit of OW 
S : Inventory Shortage cost per cycle. 

ICs :Shortagecost per unit. 

ICq : Worsen cost per unit. 


€ : Demand index during the constant cycle time T 
m : Demand index 

Z : Stock level Higher at the beginning of the cycle. 
Ww : Warehouse capacity of OW. 

Q : Total order Quantity per cycle. 

TC (t,,T) : Optimum total cost per unit. 


3. MATHEMATICAL FORMULATION 


Definition :3.1 
Fuzzy set: A sets S, defined as S={(A,0s): AES @s(A) €[0,1]} and usually denoted by 
the pair as (A,0s5(A)), AES and @s(A) € [0,1] then S is said to be a fuzzy set. 
Definition 3.2 Neutrosophic set: [5 ] A setT is identified as a neutrosophic set if T = 
{(p; a7 (p), Be), y7@) J) ix € P, P= universal set}, where a7 (p) : P — [0, 1] signifes the scale 
of confidence P naamr(p) (p) : P — [0, 1] signifies the scale of hesitation and y¢(p) : P > [0, 1] 
signifes the scale of falseness. Where, a7 (p), 6 -(p), and y#(p) satisfies the relation: 

0 sap (p) + Br), + vp) $3 
Definition :3.3 Single-Valued Neutrosophic..Set: $Chakraborty$ [ 4] 

A set of Neutrosphic is Ns in the?definition 3.1. is claimed to be a single-Valued 
neutrosophic set (SVTrNs_) if x may be single-valued independent variable. SVTrNs = {(x; 
[Osvtens (X), Osvtens(X), Tsytews(X)])? XEX}, where Psyprys (X), Osvtens(X), Tsytrws(X) provided the 
method of accuracy, dubiety and falsehood-memberships functionOrespectively. 
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Definition :3.4 (.Tropezoidal&Single Valued Neutrosophic Number&) 
Neutrosophic number with tropezoidal Single Valued (©) is defined a Q=< 
(11,12, 13,14: Y), (Uy, Ug, Ug, U4: A), (G4, 42,93,44:7) > , whereu, 9, Ce [0,1]. The real/membership function 
pg: R > [0, Y], the dubiety/membership function og: R — [A, 1] and the falsehood/membership function 
Tq: : Rt-//[n, 1] are characterized as follows: 


95, (x), mSix<n 
Poe Y, mSx<hr 
- $5.)) RS eS HK 
0, otherwise >. 
Eq (xX), uu Sx <u, 
A, Uz SX <U3 
05 = . 
€9,(*), Ug < xX SUy 
1, otherwise >. 
£5, (x), asx <q 
pk n, 42 Sx <q 
aa fo, (x), 4a3< x 5% 
1, otherwise >. 


Definition :3.5 Bipolar neutrosophic set: A setT is identified as a neutrosophic set if  Theus = 
{D5 rcry, ): Brocap,®)-V racap.(P) ]) EX € P, P = universal set} , where a7—5,4(p) + P > [0, 
1], @r—,, (yp): P — [-1, 0], signifies the scale of confidence Br, *(p) : P > [0, 1], Brae, (P): P > [-1, 0] 
signifies the scale of hesitation y 7—,,*(p) : P > [0, 1], yrczm, (P) : P — [-1, 0] signifies the scale of falseness. 
Where, @r—,,, (P), Pra, (P), and Yr, (P) satisfies the relation: 

—0 Sar, ©), Brig, ©), and Vrzze,(P) S 3+ 


Definition :3.6 De- Bipolar neutrosophication of Tropezoidal. NeutrosophicO number: 


This..system, the expulsion region procedure executed to assess the de-neutrosophication worth of 
tropezoidal single esteemed neutrosophic number is 
Treus. =< (pl213,%4: Y), (Uy, Ug, U3, U4! A), (G1, 42, 93,44!) >, de-neutrosophic form S is provided as 
(= 12+ r3+¥4tuUy+ Ugt UzgtU4t Git q2ot+ ta*4s) 
6 


Tpneubr — 


The inventory model is created in the following manner: At the start of each period, Z units of goods 
arrived in the stock system. The W units are kept in OW, while the rest are kept in RW. The items in OW are 
devoured solely after the products in RW have been burned-through. The stock level is diminishing in the 
RW during the time span [o, t,], because of the request rate and disintegration. 

The stock model is advanced as follows: Z units of object arrived inventory model at the start of each 
period. W units are kept in OW and the rest is put absent in RW. The things of OW are eaten up exclusively 
after burning-through the items kept in RW. In the RW, during the time span [o,t,], stock level is 
diminishing because of the interest rate and disintegration and the stock level is lessening to zero at t,. The 
stock W diminishes during [o, t;], because of decay just, while during [ t,, tz], the stock is exhausted because 
of both interest and crumbling. The Stock level is dropping to zero at t,. Worsen rate of RW (8) is disparate 
than the worsen rate of OW (@).The holding cost at RW is less than the holding cost at OW (/Cy, > [Ci,.). 
Finally, a shortfall happens due to demand during the time span [ t,,T]. 


Case (i) System with increasing demand 0<m< 1 
The total request during the span is ¢ units. When 0 < m < 1, a larger portion of request at end of inventory 
cycle. 


Here the Stock level at RW reduce due to increasing demand rate and constant worsen rate in the interval 
(0, t;) and reaches zero at t,. 
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Hence, the Stock level in RW for te (0,t,) fulfil the differential equations 


1 
a ol 
oe = =" - 63,0) 0<t<t, (1) 


mTm 


Stock level at OW diminishes, because of weakening over the span (0,t,), and because of expanding 
request rate and consistent decay rate over the stretch (t,,t,) and arrives at zero at t. In this manner it 
fulfils the differential conditions 


d3o(t 
SO = -93o(t) 0<t<t, (2) 
£ 
d3o(t) etm * a 
So = - = - 63, (t) StS eh (3) 
mTm 


The range of pending shortages over (t2,T) satisfies the derivative 


1 
=-1 
eee te St<sT (4) 


mTm 


The actions of the stock system during the entire span [0, T] is shown 
in Figures 1 


Q Z 
4 4 T 
—$_————» [ncreasing demand +Deterioration 
awt—~ 
———__—_—— Deterioration 
+ 
> Increasing demand +Deterioration 
| 
' ‘Y 
x ie Le. ——o 
0 ty t 
2 Shortages 
’ ’ 


Figure 1. Graphical representation of a two-warehouse 
inventory system with Increasing Demand 


Solving the above differential equations with the boundary conditions 


3,(t,) = 0, O<t<st, 
3,(0) =W, O<t<t, 
So(t.) =0, ty <t<t, 
S(t) = 0, t,<t<T 


The solutions to Equations (1)-(4) are 


~ _ € as wi mé 741 44, 
S(0) = { {est - o} - 22 fo —tm } | O<t<t, (5) 
S(t) =W — Ot O<t<t, (6) 
1 1 
S(O == {fe - tm} - we {tint tm} hate ts (7) 
aa By a geks 
S(t) == {tam — tm} weeer (8) 
Tm 


Applying the boundary condition 3,(0) =Z—W_ the value of Z is 
1 
Za We 1S He] (9) 


Tm m+1 


The maximum shortage inventory, S(T) is obtained from equation (8) 
Q=Z- S(T) 
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Finally, from equation (9) we have 
lk - BR 
gaw ss 1-82) f8} — (ok —18 a 


m+1 


Total similar inventory cost per span consists of the following cost parameters: 
1. The invoice cost is A 


2. The holding cost of inventory in RW is resulting 


Hy = ICy,{fy* Sr(O) dt } 


0 


x, = Sit] (2) amt} (28) am ay 


3. The holding cost of inventory in OW is resulting 


Hy =1Ga, Ul, So) dt} 


Ore ww = oF} bg al ea) un} 7 (5) um}} i cigs {ts tym - 


(GE) 089} - G8) (a 0K) oH aa 


4. The shortage cost per cycle is 


1 1 
S= IC. | f+ {tym — tm} at | 
Tm 


S= IC“ fe,mr -(=) Tat? — (—) tm") (13) 


m+1 m+1 


5. The cost of worsen products in RW and OW during (0,t2) are 


ty 


D = ICg{O f.'3,(t) dt + Of. So(t) de} 


pe Meet (55) om} (GR) oF ]} + tea (wre 085) + 


Tm 


a) (Coa) Gh (G5) i} (ee (CZ) ef} - GE) fo a - 
1 ee a (2m+1) oa 1 bi tam na (m+1) Pest2m 


(x) **}} an 


Finally, the Total inventory cost per unit time is resulting 


TC (t,)= = (Invoice cost + Holding cost +Shortage cost +Worsen cost ) 
= & § 


Tee = far el irae) aan) 


2 
+ (ICy +ICq ) {w t;-@ a 


if ee ay (a 3) ar} - (Gr q 5) aa 
_ (Cot IC a ft, tm —{( a ) mt} } 


Tm mt+1 


= (GEE) {oo -{GE) oH] 


IC, a m carey 1 a4 
—— jt,mT — T — t 15 
t Tm {em Ga) rs (3) 2 cS 


[FR 
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Numerical examples 
We represent the proposed model for certain mathematical models as given below. 
Example 1 [Case(i) increasing demand 0<m<1] 
W=100, A=50, e=100, 0 =0.02 ,@=0.03,1C,, = $ 3/unit/ year, ICy, = 5,1C, = 12,1Cg = 
10,m=0.5, t,=0.8, T=1 in appropriate units. The result is obtained as follows tz = 1.15337, 
TC(tz*) = 618.872 Q = 130.462 units. 
Example 2 [Case(ii) decreasing demand m>1] 
As like the same Example 1 with m=1, 
tz = 1.1487, TC(t,.*) = 593.214 Q= 164.147 units 
Example 3 [Case(iii) Linear demand m=1] 
As like the same Example 1 with m= 2, 


The result obtained is as follows like t, = 0.8 months, T = 1 years, 
t> = 1.14419, TC(t,*) = 572.59 Q = 175.254 unit 


Solution procedure 


We came to know that the nonlinear equations. Here, we use MATHEMATICA 9.0 tool find the 
optimum solution of t," and T* using equation (15) 


ee _— 97 TC (ty) 0?TC (tT) [= (ty,T) 
D(t,", T’) at,2 aT2 at, OT 
functions of two variables t, and T such that 


ATC (ty,T) _ (- A)-{ 4} (ICy,.+81Cq) IC {( -) mit} {( 20m ) nt?} 
OT = 72 1+o Ea m+1 wh # (m+1)Qn+2) ae + 


2 
| >0 we recommended “D-test" for optimizing 


Tm 
aq O1CaM (4 ~ OFF] (-~)— (r+ 3} MawesENIE! (2K) ebr) 
(<a) une} + IC, a {-+t,m} = 
ts a tm} (16) 
me tain ze ace sf {(4) tim} 4 {( 2a) uany} Z (2) (Icy, + oIcwet— 
Oty} (17) 
“a Gp aaa moet 0 


0?TC (ty*,T*) 
at? 


If >0 then TC (t,*, T*) is minimum Value 


Case (ii) Model with decreasing demand ( m>1) 
The total requires during the time period is IC units. At the point when m > 1, a larger part of 
request happens at the start of the time span. 
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Qa Zz - 
— 
e Decreasing demand +Deterioration 
Wh | 
‘ —————— _ Deterioration 
= 
> Decreasing demand «Deterioration 
| li 
* — +5 ra 
0 
t; ly 
Shortages 
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Figure 2 . Graphical representation of a two-warehouse 
inventory system with Decreasing Demand 


Case (iii) Model with Linear demand m= 1 
The total requires during the time span is IC units. When m = 1, the request follows a uniform system. 


Q z * 
a 4 H 
©) OCD ocreasing demand +Deterioration 
wh 7 
a ad Deterioration 
+> Linear demand +Deterioratiorn 
~~ t 
vy \ > 
0 
h t2 Shortages 
v oY 


Figure 3 . Graphical representation of a two-warehouse 
inventory system with Linear Demand 


TC ra, (t) = - (A) + | {(—) tym*} - (5) em?}} + (1Cy)+1Ca )) {w ti 


= m+1 
oi} + CLaorla O)e {( 1 ) tm*} {( om ) tn*?} —WGuatita O)e {t, tm —{(.) tym**}} 
2 rm mt+1 (2m+1) rm mt+1 
om 741 m +42 ICs (, = m 444 1 A441 
(ey) fe Po Gag) } fee) Gar a) 
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The effects of trapezoidal bipolar neutrosophic numbers: 


Here, deteriotion cost IG holding cost in owned warehouse IC; or holding cost in rented warehouse 
Cu, have been considerede.as trapezoidal bipolar neutrosophic fuzzy set. Thus, the parameters of 
bipolar neutrosophic numbers are: 


IC, < (2.25, 2.72, 3.26, 4.82); (1.76,2.88, 3.14, 4.37), (1.44, 2.76, 3.38, 4.02) > 
Cu, = < (2.29, 3.26, 5.02, 6.82); (2.06, 3.39, 4.92, 5.65), (3.85, 4.48, 6.34, 8.10 ) > 
IC, = < (3.11, 4.15, 5.81, 6.80); (1.57, 2.73, 3.42, 4.04), (0.04, 1.26, 2.35, 3.22) > 
We can generate outcomes into neutrosophic numbers based on the result of trapezoidal bipolar 


neutrosophic number and its membership functions as the De-neutrosophication technology 


develops. 


A T7 + 73 +14 +Uy t+ Ug t+ Uz +Uygt Gy + qo t+ BoA) 
6 


Tpneusr — 


Numerical examples 

We represent the proposed model for certain mathematical models as given below. 

Example 1 [Case(i) increasing demand 0<m<1] 
W=100, A=50, e=100, 6 = 0.02 ,@ = 0.03, 1Cy, = $6.75/unit/ year, ICy, = 9.36, [Cg = 
6.13, IC, = 12, m=0.5 , tj= 0.7, T=1 year in right units. The results extracted as follows 
t> = 1.078, TC(t,*) = 510.572 Q = 163.90 units. 


Example 2 [Case(ii) decreasing demand m>1] 
As like the same Example 1 with m= 2, 
The results were obtained as follows t, = 0.8 months, T = 1 years, tz = 1.624, 


TC(to*) = 564.854 Q =148.152 units 


Example 3 [Case(iii) Linear demand m=1] 
As like the same Example 1 with m=1, 
The results were obtained as follows t, =0.8 years, T=1 years, tz = 1.14419, 


TC(to*) = 546.21 Q = 150.724 units 
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Table 1 
Impacts of changes within the different sort of the show. 


a* B* Y* t, a TC Tau, (ta) Z Q 
WwW 120 +20 0.3476 0.5034 474.505 167.569 219.89 

110 +10 0.3758 0.515 454.438 163.114 209.867 
100 0 0.3815 0.5326 417.787 151.178 199.87 

90 -10 0.3951 0.5464 388.933 142.149 189.862 

80 -20 0.3987 0.5558 322.461 126.996 179.872 

E 120 +20 0.3976 0.4798 532.097 183.68 219.776 

110 +10 0.394 0.4743 515.487 175.707 209.801 

100 0 0.3926 0.4696 501.177 169.712 199.817 

90 -10 0.3728 0.4687 408.982 156.797 189.858 

80 -20 0.3416 0.4642 398.818 148.627 189.789 

A 60 +20 0.3939 0.6308 271.028 138.891 199.898 
55 +10 0.3726 0.6203 267.199 135.992 199.91 

50 0 0.3349 0.6146 255.416 129.626 199.934 

45 -10 0.3108 0.6041 251.385 126.415 199.945 

40 -20 0.3024 0.5968 247.617 125.623 199.948 

M 0.6 +20 0.394 0.652 251.134 143.065 199.872 

0.55 +10 0.3905 0.6442 250.102 140.135 199.888 

0.5 0 0.3666 0.6311 248.016 133.661 199.918 

0.45 -10 0.3448 0.6254 239.399 126.572 199.943 

0.4 -20 0.3321 0.5901 238.567 121.624 199.959 

ty 0.48 +20 0.3684 0.5295 456.028 148.288 199.881 
0.44 +10 0.3726 0.5353 397.648 148.329 199.88 

0.4 0 0.3805 0.5396 341.843 149.568 199.874 

0.36 -10 0.3847 0.5451 283.619 149.679 199.872 

0.32 -20 0.3872 0.5516 228.066 149.686 199.871 

1Cy, 2.4 +20 0.348 0.5651 310.475 137.835 199.912 
2.2 +10 0.3549 0.5754 299.415 137.953 199.91 

2 0 0.3682 0.5911 285.082 138.706 199.905 

1.8 -10 0.3839 0.6142 264.511 138.968 199.9 

1.6 -20 0.3917 0.622 256.041 139.554 199.896 

Cu 48 +20 0.3965 0.5866 340.075 145.567 199.871 

44 +10 0.3924 0.5696 335.495 147.335 199.872 

4 0 0.384 0.5442 333.16 149.663 199.873 

3.6 -10 0.3757 0.5313 327.115 149.873 199.875 

3.2 -20 0.3628 0.5126 319.867 149.972 199.879 

IC, 14.4 +20 0.3784 0.5359 338.189 149.732 199.874 

13.2 +10 0.3734 0.52 357.968 151.435 199.872 

12 0 0.3687 0.5053 375.68 153.11 199.869 

10.8 -10 0.3624 0.4913 391.145 154.279 199.868 

9.6 -20 0.3568 0.47 415.109 157.494 199.863 

IC, 12 +20 0.2886 0.4986 348.947 133.439 199.936 

11 +10 0.3024 0.5108 346.59 134.977 199.929 

10 0 0.3176 0.5281 331.785 136.092 199.923 

9 -10 0.3262 0.5308 329.747 137.684 199.918 

8 -20 0.3428 0.5381 325.654 140.491 199.907 
a) 0.024 +20 0.3985 0.6005 289.962 143.898 199.86 

0.022 +10 0.3956 0.5984 290.647 143.578 199.873 

0.02 0 0.3867 0.5953 299.51 142.494 199.903 

0.018 -10 0.3756 0.58 301.548 141.842 199.905 

0.016 -20 0.3734 0.5684 302.033 141.594 199.917 

@ 0.036 +20 0.3213 0.5659 291.871 130.792 199.934 
0.033 +10 0.327 0.5765 293.236 132.103 199.93, 

0.03 0) 0.3327 0.5796 296.559 133.685 199.925 

0.027 -10 0.3789 0.5826 298.656 142.19 199.893 

0.024 -20 0.3998 0.5859 300.648 146.439 199.876 


Note: a*= Parameters, B*=Values, y*=%Changes 
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To understand the impact of different parameters, on the optimal cost given by the considered strategy. 
Affectability result is executed by changing (increasing and decreasing) 10 % in every parameter. The 


effect of the 


parameters is detailed below. 


As the result of the above table , 


(vi) 
(vii) 


(viii) 


Increases in the value of the parameter W then t,, T is decreased and TCr—,, (tz), Z, Q 
is increased. 

Increases in the value of the parameter 6 then t,, T,TC Tacun, (t2), Z , Q is increased. 
Increases in the values of either of the parameters A, m then t;, T,TCr=,, (tz), 
Z is increasedand Q is decreased. 

Increases in the values of either of the parameters!/C;,,, 1Cq, tz then t,;, T, Z is decreased 
and Q,TCr—,, (tz) is increased. 

Increases in the values of the parameter IC, then t,, T, TC7 =z, (tz) is increased and 
Q ,Z is decreased. 

Increases in the values of the parameter IC, then t,, 7, Q _ is decreased and 
TC, (tz) ,Z is increased. 

Increases in the values of the parameter @ then t;, T,Z is increased and TCpe= (tz), 
Q is decreased 

Increases in the values of the parameter @ then t,, T,TC Taoun, (t2) ,Z is decreased and Q 


is increased. 


Changing the parameter values and different total cost of power 
demand pattern 


a TC— (t,) we 
——— T. By 2 so * 
TC ai (t,) ro" fe T heuBi (t2) 
= pm 
) a 
8 9 4 b i a 
O° 1) on 
: Se 4 — 
-. ad < 
° rs] f 
e r 9 ‘ 
CHANGING PARAMETER m CHANGING PARAMETER t Cumanis PaRATER 
Figure 4 Figure 5 Figure 6 
TOs (t2) Cram (t2) 
Lt 
0 —— 
row ‘ ———— — 
‘ : Sie a 
5 r 
Os 
4 
<i 
0 
~ CHANGING PARAMETER 0 ” peed tiecrenaing Gemanc met nea Garman m1 ecraamre domarc 
Figure 7 Figure 8 


C.Sugapriya,V.Lakshmi ,D. Nagarajan S. Broumi , Two-warehouse system for trapezoidal bipolar neutrosophic disparate 
expeditious worsen items with power demand pattern 


Neutrosophic Sets and Systems, Vol. 48, 2022 97 


CONCLUSON 


In this article, two-warehouse system for trapezoidal bipolar neutrosophic disparate expeditious 
worsen items with power demand pattern. Because of the various preservation conditions, OW and RW 
have trapezoidal bipolar neutrosophic parameters holding costs and exacerbate costs. The impact of 
demand pattern index optimal policy is dependent on whether the request sample index is lower than, 
equal to, or more than 1.0, according to our findings. Furthermore, when the request sample index is 
0<m<1, a similar structure emerges. However, when m = 1, a different structure emerges. However, 
when m > 1, The proposed demonstrate joins some practical highlights that are probably going to be 
associated for certain sorts of stock. Likewise, this model can be embraced in the stock control of retail 
business like food ventures, convenient garments household goods, car accessories, electronic items etc. 
increases quantity and decreases the cost of total amount. In future this paper can be extended in the 
Nero fuzzy environment and can be elongate the EPQ model is considering variable worsen with index 
of power demand and shortages not allow. 
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Abstract. This paper is dedicated to studying the stages that Telafer University has gone through 
at using E-learning. The challenges of converting traditional learning (i.e. classical learning with 
realistic student attendance in their teaching programs) to E-learning over google classrooms. The 
efforts to maintain the quality teaching and their outcomes were a very ambiguous experiment that 
led the authors after more than two years for spreading the Covid-19 Pandemic to evaluate the 
University's performance using the most modern mathematical tools in uncertainty systems that 
called the Neutrosophic theory and logic. Finally, the flexibility of the neutrosophic mathematical 


methods has been applied to analyze the recorded issued data of E-learning in the University. 


Keywords: E-Learning in Telafer University, Neutrosophic Theory, Neutrosophic Logic, 


Neutrosophic Soft Sets, Comparison Matrix. 


1. Introduction 

Telafer University has been established since 2014, exactly after four months of establishing 
Telafer university, civilians suffered from forced immigration because of the ISIS occupation. this led 
to the infrastructures of the university have vanished. However, now we do all administrative issues 


and teaching tasks in alternative buildings despite challenges and bad situations. 
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At the beginning of quarantine in Iraq (i.e. Feb. 28, 2020) Telafer University represented by 
all academic staff, and their employees were eager to provide a private electronic platform for all 
facilities of the university, since the spread of the COVID-19 pandemic, the providing of private 
virtual platform was an urgent requirement to reconvert the traditional teaching to remote e-learning 
for enabling the teachers and students to communicate smoothly. However, the console of Telafer 
University's platform has been administrated by the team of engineering that they enable to provide 
almost all supporting programs for both teachers and students to avoid any lacking in the teaching 
procedures, as well as the private domain for the university has the extension (@uotelafer.edu.iq) to 
use the Google Workspace. The committee of e-learning in Telafer University has equipped e-mails 
accounts within the domain of the university to all students and the university's members, as well as, 
they uploaded all lecturers (either synchronous or non-synchronous lectures) for the academic staff 
to the google classrooms, the university e-learning council guided the examinations committees in 
the scientific departments by follow up the google classrooms to present help for the teachers and 
students at holding the examinations and any other logistic help for them. 

The neutrosophic theory, neutrosophic probability, neutrosophic sets, neutrosophic 
mathematical programming and neutrosophic logic have firstly originated by the polymath Florentin 
Smarandache, the mathematical professor in New Mexico University at 1995 by his first publications 
[1- 4], the main notion that neutrosophic theory stands on is that every problem can be formulated 
by three functions, truth function, indeterminacy function and its falsity function, this broad insight 
gives the neutrosophic theory the flexibility and wide ability to analyses the data giving problems 
solving in new modern mathematics, the following example regarded as a good demo for the readers 
to understand how the neutrosophic logic and theory can view and solve the problems. 

The example that firstly stated in [5], Let’s consider the population of a country C1. Most people in 
this country have only the citizenship of the country, therefore they belong 100% to C1. But there are 
people that have double citizenships, of countries C1 and C2. Those people belong 50% to C1, and 
50% to C2. While citizens with triple citizenships of countries C1,C2, and C3 belong only 33.33% to 
each country. Of course, considering various criteria these percentages may differ. Also, there are 


countries with autonomous zones, whose citizens in these zones may not entirely consider 
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themselves as belonging to those countries. But there is another category of people that have been 
stripped from their C1 citizenship for political reasons and they have other citizenship, while still 
living (temporarily) in C1. They are called paria, and they do not belong to C1 (not having 
citizenship), but still belong to C1 (because they still living in C1). They form the indeterminate part 
of neutrosophic population of country C1. 

This paper has been arranged to recognized the performance of the scientific departments in the 
colleges of Telafer University in Iraq versus to its efforts in e-learning and how these departments 
implementation the new methods of remote teaching, where the section 2 has been dedicated to the 
basic mathematical notions which represents the basic tools for the next section, while section 3 
represents the core of the article containing a case study using collected data for three studying 


courses during the spread of COVID-19 pandemic 


2. Mathematical Preliminaries 

In this section, the authors will focus on recalling the essential mathematical tools that should be used 
in the upcoming section to make a fairly estimation to evaluate the performance of the e-learning at 
Telafer University, it is worthy to know the notions of the neutrosophic soft sets where the soft set 
theory was firstly introduced by D. Molodtsov at 1999 [7], while the neutrosophic soft set was set up 
by P. K. Maji at 2013 [8], also there are some other definitions as follows: 

2.1 Definition [6] 

A neutrosophic set A on the universe of discourse X is defined as A = {< x,T,(x),I4(x), Fy(x) > 
,x €X}, where T,1,F:X >] ~0,1*[ and ~0 < T(x), +1,(«) + Fy(x) < 3°. 

From philosophical point of view, the neutrosophic set takes the value from real standard or non- 
standard subsets of ] ~0,1*[. But in real life application in scientific and engineering problems it is 
difficult to use neutrosophic set with value from real non-standard subset of |~0,1*[. Hence we 
consider the neutrosophic set which takes the value from the subset of [0,1]. 

2.2 Definition [7] Let U be an initial universe set and E be a set of parameters. Let P(U) denotes 
the power set of U. Consider anonempty set A,A C FE. A pair (F,A) is called asoft set over U, where 


F isa mapping given by F: A > P(U). 
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2.3 Definition [8] 

Let U be an initial universe set and E be a set of parameters. Consider ACE. Let P(U) 
denotes the set of neutrosophic sets of U.The collection (F,A) is termed to be the soft neutrosophic 
set over U, where F is a mapping given by F: A > P(U). 

The following definitions have been adapted to consider the upcoming case study section in 
which the best scientific department in Telafer University who can apply the strategical of e-learning 
in their classes to get the best performance in the studying pedagogy. In this paper we have six 
numbers of parameters out of five numbers of studying fields (i.e. Mathematics, Arabic Language, 
General Nursing, Field Crops, Animal Production). We still have the assumptions that the parameters 
are d,,dz,d3,d4,ds,and dg, while the scientific departments are w,, U2, Uz, U4, and Us. 

2.4 Definition [8] 

A comparison matrix is a matrix whose rows labelled by the object names d,,d2,d3,d4,ds,d_ and 
the columns are labelled by the parameters u,,U2,U3,U4,Us. The entries c;; are calculated by cj = 
a+b-—c, where ‘a’ is the integer calculated as ‘ how many times Ty,(uj) exceeds or equal to 
Tg, (uj)’, for d; # dy, Vd, € U, ‘b’ is the integer calculated as “ how many times [g,(uj) exceeds or 
equal to Iq,(uj)’ for d; # dy,V dy, € U and ‘c’ is the integer calculated as ‘ how many times Fy,(uj;) 
exceeds or equal to Fy,(uj)’, for dj # dy, V dy € U. 

2.5 Definition [8] 
The score of an object d; is S; and is calculated as 5; = ); cj, then the most appropriated or best 


selection of an object uj; which own to the maximum value of 5;. 


3. Algorithm 


The following algorithm will be the basic road map for the upcoming case study in section 4, 
Step-1- Consider the logical parameters D = {d,, dz, d3, d4, ds, dg}. 

Step-2- Consider the department names u = {u,, Uz, U3, Uy, Us}. 

Step-3- Compute all Tq,,--, Tag lay lay Pay +» Fa, forall departments uj, uz, U3, Uy, Us, the result of 


this computation step are 30 elements of the kind (Ta; (uj), la; (uj), Fa; (ui)). 
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Step -4- For each column j=1,2,3,4,5,6 compute how many times that the Tg, >Tg Vk #j (1), 
consider "a" is the times for the satisfaction of condition (1). 

Step -5- For each column j=1,2,3,4,5,6 compute how many times that the Ig, =Ig; Vk #j (2), 
consider " b" is the times for the satisfaction of condition (2). 

Step -6- For each column j=1,2,3,4,5,6 compute how many times that the Fg, =>Faj Vk #j (3), 
consider "c” is the times for the satisfaction of condition (3). 

Step-7- Compute "a+b —c" that have been considered for all departments of the table 2. 

Step- 8- The score of the performance for each department is the summation of the corresponding 
row in table (2). The results of these summations labeled in table (3). 

Step -9- Reorder the best performance to the poor performance depending upon the scores of these 


departments from maximum score to the minimum score. 


Step -10- End 


4, Case Study to Evaluate the Performance of Telafer University in E-learning 
This section has been originated to summarize the performance of the e-learning in five scientific 
departments (math dept., Arabic language dept., general nursing dept., animal production dept., and 
fields crops dept.) belonging to three colleges (College of Basic Education, College of Nursing, and 
College of Agriculture) in Telafer University during the spread of COVID-19 pandemic and its 
several mutations through the time period from Feb. 28, 2020, to present, where the coronavirus 
actually entered to Iraq since Feb. 2020, and the quarantine processes were applied which led the 


Iraqi universities to adopt the e-learning. 


4.1 Example 

Let U be the set of five Scientific Departments in three colleges of Telafer University as follow: 
u = {Uy, Uz, U3, U4, Us} where 

u, represents the department of general nursing. 

Uz represents the department of Arabic language. 


ug represents the mathematical dept. 
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U4, represents the animal’s production dept. 

us represents the field crops dept. 

Let D = {d,,dz,d3,d4,ds,dg} be the set of parameters, where each parameter is a neutrosophic 
sentence involving neutrosophic words defining as follow: 

d,= The percentage of the internet speed for the districts of the students’ resident and it was ranged 
between (zero to 2.69 Mbps) depending upon the information that available in the website 
(https://www.cable.co.uk/broadband/speed/worldwide-speed-league/ ) 

d, = The percentage of the students’ attendance in the whole e-lectures through the studying course. 
dz, = Designing the e-lectures and harmonising them with principles of pedagogy and set up 
interactive courses. 

d4= The percentage of the syllabus coverage through the whole course by the lecturers. 

d= The procedure that taken to reduce cheating during the performance of students’ electronic 
examinations. 

d,= Percentage of student satisfaction by launching questionnaires to measure the students’ 
understanding for the e-lectures. 

Table 1: This table demonstrates the performance of all scientific departments in e-learning using 


neutrosophic soft sets. 


aaliialh 
= scene Lana 


lal (0.9, 0.44,0.05) | (0.99, 0.16,0.12) | (0.89, 0.4,0.33) | (0.75, 0.44,0.17) | (0.6,0.49,0.33) | (0.64,0.7,0.85) 
me (0.72,0.57,0.3) | (0.66,0.3,0.99) | (0.32, 0.53,0.99) | (0.77, 0.49,0.18) | (0.2,0.4,0.9) | (0.67,0.57,0.41) 
fi (0.73, 0.61,0.32) | (0.76, 0.45,0.82) | (0.35, 0.44,0.83) | (0.64, 0.77,0.32) | (0.34, 0.52,0.69) | (0.71,0.61,0.39) 
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Table 2: This table demonstrates the comparison matrix in the neutrosophic soft sets (u, D) 


D| d, d, d; dy ds de 
Uu 

Uy 5 5 4 7 5 1 
U, 1 2 2 0 4 3 
Us 4 4 4 1 5 0 
u, | -1 2 0 2 -4 0 
Us 1 2 a 0 0 4 


Table 3: The score of performance in each department u; , where the values are the summation of 


each row for the above comparison matrix: 


U sum 
Uy 27 
U2 12 
U3 18 
Us, |-5 
Us 6 


These values illustrate that the best performance in the e-learning issue was for the general nursing 
department which has 27 degrees, while in the second level was for the mathematical department, in 
the third grid was the department of the Arabic language. It is worthy to note that the department of 
animals’ production which is one of agriculture college departments should review the strategy of 


teaching and trying to improve it. 
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4 Conclusion 

This paper comes as an urgent need due to the ongoing global quarantine situation in the COVID- 
19 pandemic. where Telafer University's procedures in converting traditional learning to e-learning 
faced many challenges in different trends as qualifying the teaching staff, students and providing an 
electronic learning platform for the university, also edification in spreading the ethics of the e- 
learning, all these reasons led the authors to use the most modern mathematical logic that named 
Neutrosophic Theory to analyses the data which has been collected during the period Feb. 2020 to 
present, this article gave analysis, good feedback and deep insight to evaluate the experiment of e- 


learning in Telafer University. 
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Abstract:. Let G = (U,V) be a Single valued Neutrosophic graph. A subset S € U(G) is a said to be 
score equitable set if the score value of any two nodes in S differ by at most one. That is, 
|s(u)-s(v)| <1,u,v eS. If eis an edge with end vertices u and v and score of u is greater than or 
equal to score of v then we say u strongly dominates v. If every vertex of V - S is strongly 
influenced by some vertex of S then S is called strong score set of G. The minimum cardinality of a 
strong dominating set is called the strong score number of G. The equitable integrity of Single 
valued Neutrosophic graph G which is defined as E/(G) = min{|S|+m(G—S): Sis a score 
equitable set in G}, where m(G — S) denotes the order of the largest component in G — S. The strong 
integrity of Single valued Neutrosophic graph G which is defined as SI1(G) = min{|S| + m(G — S): 
Sis astrong score set in G}. In this paper, we study the concepts of equitable integrity and strong 
equitable integrity in different classes of regular Neutrosophic graphs and discussed the upper and 


lower bounds. 


Keywords: Score equitable sets, Strong Score Equitable Sets, Equitable integrity, Strong Equitable 
integrity 


1. Introduction 

Real-life problems in any communication network, social network, supply chain network and 
brain network analysis can be modelled as a graph. The objects and the relations between objects 
are represented by the vertices and edges of the graph. In many real life problems, loss of 
information, a lack of evidence, imperfect statistical data and insufficient information can be 
converted by using classical set theory, which was presented by Cantor. Any vertex or edge in the 
classical graphs is having two possibilities, is either in the graph or it is not in the graph. Therefore, 
uncertain optimization problems cannot be modelled as a classical graph. An extended version of 
the classical sets is the fuzzy sets, where the objects have varying membership degrees. It gives 
different membership degrees between zero and one to its objects. The membership describes 
membership in vaguely-defined sets but not the same as probability. Zadeh [1] introduced the 
degree of membership/truth (T) in 1965 and defined the fuzzy set. The concept of fuzziness in graph 


theory was described by Kaufmann [2] using the fuzzy relation. Rosenfeld [3] introduced some 
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concepts such as bridges, cycles, paths, trees, and the connectedness of the fuzzy graph and 
described some of the properties of the fuzzy graph. Samanta and Pal [4] and Rashmanlou and Pal 
[5] presented the concept of the irregular and regular fuzzy graph. They also described some 
applications of those graphs. 

Intuitionistic fuzzy sets( IFS) considers not only the membership grade (degree), but also 
independent membership grade and non-membership grade for any entity, and the only 
requirement is that the sum of non-membership and membership degree values be no greater than 
one. The idea of the intuitionistic fuzzy set (IFS) as a modified version of the classical fuzzy set was 
introduced by Atanassov [6-8]. The idea of the IFS relation and the intuitionistic fuzzy graphs (IFG) 
and discussed many theorems, proofs, and proprieties were presented by Shannon and Atanassov 
[9]. Parvathi et al. [10-12] presented many different operations such as the join, union, and product 
of two IFGs. Some products such as strong, direct, and lexicographic products for two IFGs were 
presented by Rashmanlou et. al. [13]. In real-word problems, uncertainties due to inconsistent and 
indeterminate information about a problem cannot be represented properly by the fuzzy graph or 
IFG. To overcome this situation, a new concept introduced which is called the neutrosophic sets. 

Smarandache [15] introduced the degree of indeterminacy/neutrality (I) as independent 
component in 1995 and defined the neutrosophic set on three components (T, I, F)=(Truth, 
Indeterminacy, Falsity). Neutrosophic sets are identified by three functions called truth- 
membership (T), indeterminacy-membership (I) and falsity-membership (F) whose values are real 
standard or non-standard subset of unit interval ]-0, 1+[. Single-valued neutrosophic set (SVNS) 
which takes the value from the subset of [0, 1] and is an instance of neutrosophic set and can be 
used expediently to deal with real-world problems, especially in decision support. The 
neutrosophic set can work with uncertain, indeterminate, vague, and inconsistent information of 
any uncertain real-life problem. The neutrosophic graph can efficiently model the inconsistent 
information about any real-life problem. Recently, many researchers have more actively worked on 
neutrosophic graph theory; for instance, Ye [15], Yang et al. [16], Naz et al. [17], Broumi [18-19], and 
Akram [20-23]. 

Section 2 briefly introduces the concepts and operations of NSs, SVNSs, and INSs. In 
Section 3, define a new set of vulnerability parameters based score functions and discussed some 
basic bounds. Then in Section 4, two examples are presented to illustrate the proposed parameters 


and its applications. Finally, Section 6 concludes the paper. 


2. Preliminaries 
In this section, we provide the basic concepts and definitions in neutrosophic sets and graphs 
and different types of neutrosophic sets and graphs. In 1999, Smarandache, F. introduced the 


following definition for Neutrosophic sets [NS] 


2.1. Definition [14] 
A Neutrosophic set A in X is defined by its “truth membership function” (Ty), an 
“indeterminacy-membership function” (I,(x)), and a “falsity membership function” (FA(x)) where 


all are the subset of ]0, 1*[ such that O< sup T,(x) + sup I,(x) + sup F,(x) < 3* forallx € X. 
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2.2. Definition [40] 

A NS A in X is defined as A = {< x,T,(x),1,(x), Fu(x) > |x € X}, and is called as SNS 
where T, (x), I, (x), F4(x) € [0,1]. SNS is also denoted by 
A = {<T7,(x),L,(x), Fx(x) >Jor A =< a,b,c >. 


2.3. Definition [41] 
An INS A in X is defined as 
A = {< [inf Ts (x), sup T,()], [inf 14), sup I, (x) ], [inf Fa(x), sup Fa(x)] > |x € X}, 
Where T, (x), 1, (x), F(x) € [0,1] and 0 < supT,(x) + sup I,(x) + sup Fy(x) < 3,x € X. An INS 
is also denoted by A =< [a’,a"], [b",b"],[c*,c¥] >. 


3. Rank & Score Functions 

Ranking of uncertainty numbers is an important issue in fuzzy set theory. Then numerical 
values are represented in uncertain nature termed as fuzzy numbers, a comparison of these 
numerical values is not easy. There are various methods have been introduced in literature to rank 
fuzzy numbers. An intuitionistic fuzzy number (IFN) is a generalization of fuzzy numbers. Many 
ranking methods for ordering of IFNs have been introduced in the literature. IFNs are treated as 
two families of metrics and developed a ranking method for IFNs by Grzegorzewski [42,43]. A 
ranking method to order triangular intuitionistic fuzzy numbers (TIFNs) proposed Mitchell [46] by 
accepting a statistical viewpoint and interpreting each IFN as ensemble of ordinary fuzzy numbers. 
Ranking of TIFN on the basis of value index to ambiguity index is proposed by Li [45] and solved a 
multi attribute decision-making problem. 

A ranking function based on score function was proposed and the same used to solve 
intuitionistic fuzzy linear programming (IFLP), in which the data parameters are TIFNs. In the past, 
Nayagam et al. [47] introduced TIFNs and proposed a method to rank them. He has also [48] 
defined new intuitionistic fuzzy scoring method for the intuitionistic fuzzy number. Wang et al. in 
[49] proposed Intuitionistic trapezoidal fuzzy weighted arithmetic averaging operator and 
weighted geometric averaging operator. 

The expected values, score function, and the accuracy function of intuitionistic trapezoidal 
fuzzy numbers are also defined. By comparing the score function and the accuracy function values 
of integrated fuzzy numbers, a ranking of the whole alternative set was attained. A ranking 
technique for TIFN using a,b-cut, score function and accuracy function was introduced by 
Nagoorgani et al. [51], is validated by applying the concept to solve the intuitionistic fuzzy variable 
linear programming problem. K. Arun Prakash et al. [52] introduced the method of ranking 
trapezoidal intuitionistic fuzzy numbers with centroid index uses the geometric center of a 
trapezoidal intuitionistic fuzzy number. 

Decision making problems are one of the most widely used tools in any real time problems. In 
this process, several steps involve reaching the final destination and some of them may be vague in 
nature. The decision makers are facing several difficulties to make a decision within a reasonable 
time by using uncertain, imprecise, and vague information. 

Researchers give more attention to the fuzzy set (FS) theory and corresponding extensions 


such as intuitionistic fuzzy set (IFS) theory, interval-valued IFS (IVIFS), Neutrosophic set (NS), etc. 
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for handling these situations. IFSs and IVIFSs have been widely applied by the various researchers 
in different decision-making problems. An aggregation operator for handling the different 
preferences of the decision makers towards the alternatives under IFS environment proposed by 
some of the authors proposed. Garg [26-30] presented a generalized score function for ranking the 
IVIFSs. Garg presented some series of geometric aggregation operator under an intuitionistic 
multiplicative set environment. He also presented [33] an accuracy function for interval-valued 
Pythagorean fuzzy sets. Garg studied a novel correlation coefficient between the Pythagorean fuzzy 


sets. 


3.1. Definition [36] 
Consider SNS A = < a,b,c > then in order to rank the NS, score functions [35] have been 
defined as 
K(A) -iterees ; K(A) € [0,1] 
I(A) = a — 2b — c; I(A) € [-3,1]. 
These score functions I(A) and K(A) are unable to give the best alternative under some special 
cases. So, a new score function for ranking NS and INS by overcoming the shortcoming of the 


above functions has been proposed by Nancy & Harish Garg [36]. 


3.2. Definition[36] 

Let A =< a,b,c > bea SNS, a score function N(-), based on the “truth-membership degree” (a), 
“indeterminacy-membership degree” (b), and “falsity membership degree” (c) which is defined as 
1+ (a—2b-—c)(2-—a-c) 

2 
Clearly, if in some cases SNS has a + c = 1 then N(A) reduces to K(A). Based on it, a 


N(A) = 


prioritized comparison method for any two SNSs A, and A; is defined as 
(i) if K(A,) < K(A,) then A, < Ap, 
(ii) if K(A,) = K(Az) then 
e if N(A,) < N(A2) then A; < Az 
e if N(A,) > N(A2) then A; > Az 
e if N(A,) = N(A,) then A, ~ A, 


3.3. Definition[36] 

Let G = (U,V) be aSVNG, where U/ is a single-valued neutrosophic vertex set of G and V is called 
single-valued neutrosophic edge set of G, such that U = {Ty(x),Iy(x), Fy(x) : x € X} isa SVN. The 
score function of SVNG is computed using the value of truth membership Ty (x), indeterminacy 


membership Jy (x) and falsity membership Fy (x) and is defined by 


Where p = Ty (x) — 2Iy (x) — Fy (x) and q = 2 —Ty(x) — Fy (x) 
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3.4. Observations 

Case 1: if B = (1,0,0) then S(B) = 1 

Case 2: if B = (0,0,1) then S(B) = 0 

Case 3: if B = (0,1,0) then S(B) = —1.5 

Case 4: if B = (1,1,0) then S(B) = 0 

Case 5: if B = (0,1,1) then S(B) = -1 

Case 6: if B = (1,0,1) then S(B) = 0.5 

Case 7: if B = (0,0,0) then S(B) = 0.5 

Case 8: if B = (1,1,1) then S(B) = 0.5 

Therefore the bounds are sharp —1.5 < S(B) <1 


3.5. Definition [19,40] 
A single-valued neutrosophic (SVNG) graph on a nonempty set X is a pair G = (U,V), where U is 
single-valued neutrosophic set in X and V is single-valued Neutrosophic relation on X such that 
Ty (x,y) S$ min{Ty (x), Ty}, 
ly, y) S min{ly (x), ly (Y)}, 
Fy (x,y) S max{Fy (x), Fy(y)}, 
For all x,y € X. U is said to be single-valued neutrosophic vertex set of G and V is called single- 


valued neutrosophic edge set of G, respectively. 


3.6. Definition 
The order and the size of aSVNG G are denoted by O(G) and S(G), respectively and are defined by 


0(G) = (> Ty), > W@),> Fu0o} 


xEX xEx xEX 
s@=() ey», > vey, > ey |, 
xyeV xyeV xyEeV 


3.7. Definition 
The degree and the total degree of a vertex x of aSVNG G are defined by 


de) =() TH», Wy), > Fey |, 


x#y x#y x#y 
and 
Tdg(x) =| > Tey) + TD, > ny) + lu), > Frey) + Fu) |, 
x#y x#ty xtY 


For xy€V and xe€X, is denoted by dg(x)= (dr(x), d,(x), d;-(x)) and Td,(x) = 
(Td, (x), Td,(x),Td, (x)), respectively. 


3.8. Definition 
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The maximum degree of a SVNG G is defined as A(G) = (A7(G),A;(G),A-(G)), where 
A,(G) = max{d;(x):x € X} 
A,(G) = max{d,(x):x € X} 
Ar(G) = max{dp(x):x € X} 

3.9. Definition 

The minimum degree of aSVNG Gis defined as 6(G) = (67(G),6;(G), 5-(G)), where 
67(G) = min{d;(x):x € X} 
6,(G) = min{d,(x):x € X} 
6-(G) = min{d;(x):x € X} 


3.10. Definition 
A SVNG G is called a regular if each vertex has same degree, (i.e.) 


dg(x) =(m,,mz,m3),  forallx EX 


Example: 


(0.1, 0.9, 0 


Fig. 1. Regular SVNG 


Vertices | T I F p q S(u) 
S1 0.3 0.8 0.4 -1.7 1.3 | -0.605 
$2 0.1 0.8 0.9 -2.4 1 -0.7 


$3 0.3 0.6 0.4 -13 1.3 | -0.345 
S4 0.1 0.9 0.5 -2.2 1.4 -1.04 


Table: 1 Score value of regular SVNG 


3.11. Definition 
Let G = (U,V) be anSVNG. Gis said to be a strong SVNG if: 
Ty(%y) = min (Ty(x),Ty 0) 
yxy) = min (ly (x), /u ()) 
Fy (x,y) = max (Fy (x), Fy (”)), V@y) € E 
Example: 
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(0.3. 0.4. 0.5) 


O3.04,0.5 


(O.7.0.4.0.5 


(0.40,5.0.3 


0.3.0.4.0.5) 


O.5.0,441,5) 
(0.5.0.4,0.5 


Fig. 2. Strong SVNG 


OrOrO 


Vertices | T I F p q S(u) 
u 03 | 04 | 05 -1 1.2 -0.1 
Vv 0.4 0.5 0.3 -0.9 1.3 -0.085 
x 0.5 0.4 0.5 -0.8 1 0.1 
Ww 0.7 0.4 0.5 -0.6 0.8 0.26 


Table: 2 Score value of Strong SVNG 


3.12. Definition 
A SVNG G = (U, V) is called complete if the following conditions are satisfied: 
Ty, y) = min{Ty (x), Ty ()} 
ly (xy) = min{ly (x), ly} 
Fy(x,y) = max{Fy (x), Fu}, V@y) € E 
Example: 


Fig. 3. Complete SVNG 


Vertices | T I F Pp q S(u) 
a 0.4 | 0.3 | 0.6 | -0.8 1 0.1 
b 0.2 | 0.4 | 0.5 | -1.1 | 1.3 | -0.215 
c 0.1 | 0.4 | 0.7 ) -14 |] 1.2 | -0.34 
d 0.2 | 0.2 | 04 | -0.6 | 14 | 0.08 


Table: 3 Score value of Complete SVNG 


3.13. Definition 
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A SVNG G = (U, V) is called complete bipartite neutrosophic graph if the vertex set V can be divided 
into two nonempty sets, such that for every U1, U2 € V, or V, and for every u€ V, and v € V, 


2 > 
? 3 #) 


(a) ( 


3, 6} 2, .3, 6 
f 


f 


) 
f 

4 
\ 
\ 


Fig. 4. Complete bipartite SVNG 
Vertices | T I F p q S(u) 


0.2 | 0.3 | 0.6 | -1 1.2 -0.1 
0.2 | 0.3 | 06 | -1 1.2 -0.1 
0.2 | 0.3 | 0.6 | -1 1.2 -0.1 
0.2 | 0.3 | 0.6 | -1 1.2 -0.1 


0.2 | 0.3 | 06 | -1 | 12 | -01 
Table: 4 Score value of complete bipartite SVNG 


Qala | ol] 


4, Score Equitable Integrity and Strong Score Equitable Integrity of SVNG 
4.1 Definition 

Let G = (U,V) be a Single valued Neutrosophic graph. A subset S € U(G) is a said to be score 
equitable set if the score value of any two nodes in S differ by at most one. (i.e.) |s(u)- s(v)| < 
1,u,v € S. If e is an edge with end vertices u and v and score of u is greater than or equal to score of 
v then we say u strongly dominates v. If every vertex of V —S is strongly influenced by some vertex 
of S then S is called strong score set of G. The minimum cardinality of a strong dominating set is 


called the strong score number of G. 


4.2 Definition 
The equitable integrity of Single valued Neutrosophic graph G which is defined as E/(G) = 
min{|S| + m(G —S ): S is a score equitable set in G}, where m(G — S) denotes the order of the largest 


component in G — S. 


4.3 Definition 
The strong integrity of Single valued Neutrosophic graph G which is defined as SI(G) = 
min{|S| + m(G —S): Sis a strong score set in G}, where m(G — S) denotes the order of the largest 


component in G — S. 


44 Example 
Consider the SVNG in Figure 5. 
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u, (0.3,0.9,0.2) u; (-0.775) 


° 
to 
i) 
tn 
i) 
us 


uy, (0.1,0.8,0.1) u, (0.325) 4 (-0.94) 


u, (0.9, 


cr = 
S rs 
Q > 
S. 5 
oa > 
Ss & 
u, (0.1,0.9,0.3) (0.1,0.1,0.2) wu; (0.5,0.2,0.1) u, (-1.1) u, (0.38) 
(4) 0) 


Fig. 5. Example of SVNG and its Score value 
Using Eq. 1 we can compute score value of all the nodes. Figure 1.(b) shows the score value of each 
node. The score equitable sets are S, = {uy,uU3},S2 = {u,,ug},S3 = {uz, Us}, Sy = {Uz, Ug}, Ss = 
{uz, Uz, U4} and score equitable integrity is calculated by 
EI(G) = min{[2 + 3 = 5],(2+ 3 = 5],[2+2 = 4],[2+3 =5],[3+2=5]}=4. From this the score 
equitable integrity value is 4 and corresponding set is Sz = {uz,u;}. The strong score equitable set is 


S3 = {u2,us} and also strong equitable integrity is 4. 


4.5 Theorem: 

Let G be SVNG then 
(i) EI(G) =n if and onlyif G= kK, 
(ii) SI(G) =n if andonlyif G=K, 


Proposition: Every score equitable integrity and strong score equitable integrity of complete SVNG 
is equal to score equitable integrity and strong score equitable integrity of regular SVNG. 

5. Case Study 

5.1 Detection of a Safe Root for an Airline Journey 

We consider a neutrosophic set of five countries: Germany, China, USA, Brazil and Mexico. 
Suppose we want to travel between these countries through an airline journey. The airline 
companies aim to facilitate their passengers with high quality of services. Air traffic controllers 
have to make sure that company planes must arrive and depart at right time. This task is possible 
by planning efficient routes for the planes. A neutrosophic graph of airline network among these 
five countries is shown in Fig.6 in which vertices and edges represent the countries and flights, 


respectively. 


<r TT \ 
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Fig.6. Neutrosophic Graph of Airline Network among these five Countries 


OUTIL | i j i 1 Shu) 
4 + + 4 
| 
United States O08 04 0,3 0,3 0.9 0.365 | 
| } 
| 
Germany 0.9 0.5 o4 0.5 0.7 0.395 
7 + == —_ la = _ — —| 
Chine 0.9 0.2 0.4 O.1 0.7 0.535 
} + ~ + + 
Brazil 0.3 0.1 0.1 | ') 1.6 0.5 
t { 
Mexica 5 2 0.3 0.2 1.2 0.38 | 


Table: 5 Score value of Airline Network 

The truth-membership degree of each vertex indicates the strength of that country’s airline 
system. The indeterminacy-membership degree of each vertex demonstrates how much the system 
is uncertain. The falsity-membership degree of each vertex tells the flaws of that system. The truth- 
membership degree of each edge interprets that how much the flight is safe. The indeterminacy- 
membership degree of each edge shows the uncertain situations during a flight such as weather 
conditions, mechanical error and sabotage. The falsity-membership degree of each edge indicates 
the flaws of that flight. For example, the edge between Germany and China indicates that the flight 
chosen for this travel is 80% safe, 10% depending on uncertain systems and 20% unsafe. 

The truth-membership degree, the indeterminacy-membership degree and the falsity- 


membership degree of each edge are calculated by using the following relations. 


Ty (%y) S min{Ty (x), Ty}, 

ly (x,y) S min{ly (x), uO}, 

Fy y) S max{Fy (x), Fy}, 
Sometimes due to weather conditions, technical issues a passenger missed his direct flight between 
two particular countries. So, if he has to go somewhere urgently, then he has to choose indirect 


route as there are indirect routes between these countries. 


Using Eq. 1 we can compute score value of all the nodes. Table 5. shows the score value of 
each node. We observe that all the sets are score and strong score equitable sets, and by 
computation the equitable integrity is, EI(G) = min{|S| + m(G— S$ )} = 4, where S = {China, USA} 
The strong score equitable set is S ={China, USA} and_ strong score equitable integrity is SI(G) = 
min{|S| + m(G-—S)}=4. 


6. Conclusion 

In this paper, Score Equitable Integrity and Strong Score Equitable Integrity of SVNG is 
introduced as a new vulnerability parameter in Neutrosophic graphs and some fundamental results 
in some standard graphs are established. Also the application on airline systems related to EI and SI 


parameters are dealt with real time scenario pertaining to the safety measures of flights connecting 
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any two countries. We will focus on the study of EI and SI regular strong SVNG, dm regular SVNG 


tdm regular SVNG, soft graphs and so on. 
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Abstract: In this work, we investigate new type of neutrosophic continuity, it is called neutrosophic almost 


gp —continuity functions, which is stronger than the conception of neutrosophic almost gpr-continuous functions. Also, 
new notions like neutrosophic S&gp-compact, neutrosophic S&gp-compact relative to neutrosophic space and neutrosophic 


strongly Sgp —closed for graph of neutrosophic functions are shown. Furthermore, some of its interest properties are shown 


and studied. 
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1. Introduction 


As an expansion of Fuzzy sets given in 1965 by Zadeh [1] and Intuitionistic Fuzzy sets given in 1983 
by Atanassav [2], the Neutrosophic sets (NSs) have been shown and explained by Smarandache. A 
(NS) is depicted by a truth value (membershis), an indeterminacy value and a falsity value 
(non-membershis). Salama and Alblowi [3] introduced the new concept of neutrosophic topological 
space (NTS) in 2012, which had been investigated recently. In 2018, Parimala M et al. explain the 
concept of Neutrosophic homeomorphism and Neutrosophic my homeomorphism in (NTS) [4]. In 
2020, the notions of Ngpr homeomorphism and Nigpr homeomorphism in (NTS) are introduced and 
studied [5]. There are some sets in topological spaces their expansion in non-classical are studied, like 
soft sets [6-13], fuzzy sets [14-19], permutation sets [20-26], neutrosophic sets [27-30] nano 
sets [31,32] and others [33,34]. Here, we will use the conception of neutrosophic to study our 
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expansion in non-classical. The neutrosophic closure and neutrosophic interior of any (NS) A in 
(NTS) (¥,7) are defined as Ncl(A) =N {A CB; B® Et} and 


Nint(A) =U {B CA; BE th, respectively. The neutrosophic class of neutrosophic Sgp-open 


(resp. neutrosophic dgp-closed, neutrosophic open, closed, neutrosophic regular closed, neutrosophic 
regular open, neutrosophic 6-preopen, neutrosophic 6-semiopen, neutrosophic preopen, 


neutrosophic semiopen, neutrosophic e*-open and neutrosophic B-open) sets of (Y, Tt) containing 
a point sE ¥ is denoted by N6GPO(Y%,s) (resp. NSGPC(¥,s), NO(¥,s), NC(¥,s), NRC(¥,s), 
NRO(¥,s), NSPO(¥,s), N6SO(¥,s), NPO(¥,s), NSO(¥,s), Ne*O(¥,s) and NB O(¥;s)). That 
means if A is neutrosophic g-open (q-closed) set in neutrosophic topological space (¥, T), where q is 
any property for the neutrosophic set A and sEA for some s€ ¥, then it is denoted by NqO(¥,s) 
(NqC(#,s)). In this paper, We're looking into a new kind of neutrosophic continuity, it is known as 


neutrosophic almost Sgp— continuity functions, which is stronger than the conception of 
neutrosophic almost gpr-continuous functions. Also, some characteristics of neutrosophic almost 


Sgp —continuity functions are explained and discussed. 
2. Preliminaries 


Basic definitions and notations can be found here, which are used in this section are referred from the 
references [3,35-37]. 


Definition 2.1: 


Assume Yq _. A neutrosophic set (NS) F] is defined as 
6 = {(a, g(a), we(a), &g(@)):a@ € Y} where Og(@) is the degree of membership, we(@) is 
the degree of indeterminacy and £g(@) is the degree of non-membership, Va € Y to @. Let 
D = {(a,0p(@), wp (a), £p(@)): a € FP} be the second (NS), then 
8N D={{a, min {dg(@), dp(@)}, max {we(a), wp(@)}, max {f9(@), 2p (a)}): a € FP} 


and 8U D = {(a,max {09(@), 0p(a)}, min {wg(@), wp(@)}, min {£_(a@), 2p (a) 


Shuker Mahmood Khalil, On Neurosophic Delta Generated Per-Continuous Functions in Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 124 


}):@€¥}. Also, @CD if and only if dg(a)=Ap(a@) , we(a)=>wp(a) and 
£g(a) = £p(a). The complement of @ is 8° = {(a, £g(@), 1 — we(@), dg(a)): a € FP} 
Definition 2.2: We say (¥, 1) is a neutrosophic topological space (NTS) if and only if T is a 
collection of (NSs) in ¥ and it such that: 

(1) 1y,0y € t, where Oy = {(@,(0,1,1)): a € V} and 1y = {(a,(1,0,0)): a € FP}. 

(2) @N BP Et forany 8,8 Er, 


(3) U 6; € t for any arbitrary family {6;|i € J} C r. Also, any @ € T is called neutrosophic open 
i€ 
set (NOS) and we say neutrosophic closed set (NCS) for its complement. 


Definition 2.3. Let ! © Xbe (NS) in(NTS) X. We say I is neutrosophic pre-closed (NP-C) (resp. 
neutrosophic regular-closed (NR-C), neutrosophic semi-closed (NS-C), neutrosophic B -closed (NB 
-C)) if Nel(@int(T)) Cr (resp. F=WNel(Nint(l)) , Nel(Nint(lT))CT and 
Nint(Nel(N int(T)) CT). 

Definition 2.4. Let [ © Xbe (NS) in (NTS) X. We say I is neutrosophic &-closed (N6d-C), if 
I = Nels(I) where Nels(T) = {p € X: Nint(Nel(D) NT 4g, D Et and p € D}. 
Definition 2.5. Let ! © Xbe (NS) in (NTS) X. We say I is neutrosophic d-preclosed (NSP-C) 
(resp. neutrosophic e*-closed (Ne* — C), neutrosophic & -semiclosed (N &S-C) and neutrosophic 
a -closed (N @ -C)) if Nel(Nints(T)) CT (resp. Nint(Nel(Nints(T)) CT , 
Nint(cls(1)) GT and Nel(Nint( Nels(T))) CT). 

Definition 2.6. Let TF © Xbe (NS) in (NTS) X. We say I is; 

(i) neutrosophic Sgp -closed (Ndgp-C) (resp. neutrosophic gpr -closed (Ngpr-C) and 


neutrosophic gp -closed (Ngp -C)) if Npel(”) © L whenever I © L and L is neutrosophic & 
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-open (Nd -O) (resp. neutrosophic regular open (NR-O) and neutrosophic open (NO)) in X, 
where Npel([) =n {Tf CB; B is (NP—C)} 

(ii) neutrosophic gds -closed (N gés -C) if Nscl() CL whenever TC L and L is (Né -O) 
in X, where Nscl(T) =n {Tf CB; B is (NS—©)}. 

The neutrosophic open sets are the complements of the previously described neutrosophic closed sets. 
Definition 2.7. Assume Wand V are (NTSs) andh: W — V is a neutrosophic map (NM). We say 
h is; 

(i) Neutrosophic R -map (NR-M) (resp. neutrosophic & -continuous (Nd -CO), neutrosophic 
almost continuous (NA-CO), neutrosophic almost pre -continuous (NAP-CO), neutrosophic almost 
gp -continuous (NAgp -CO), neutrosophic almost G -continuous (NAG -CO) and neutrosophic 
almost gds -continuous (NAgés -CO) if h~+(L) of any (NR-O) set L of V is (NR-O) set (resp. 
(N& -O), (NO), (NP-O), (Ngp -O), (NG -O) and (N gés -O)) set in W, 

(ii) Neutrosophic Sgp -continuous (Ndgp -CO) if h-+(L) of any (NO) set L of V is 
neutrosophic Sgp -open (Ndgp -O) in W, 

(111) Neutrosophic almost contra continuous (NAC-CO) (resp. neutrosophic almost contra sup er 
-continuous (NACsup-CO) and neutrosophic contr R -map (NCR-M)) if h-+(L) of any (NR-C) 


set L of V is (NO) (resp. (W& -O) and (NR-O)) in W, 
(iv) Neutrosophic almost perfectly-continuous (NAperf-CO) if the inverse image of any (NR-C) set 


L of V is neutrosophic clopen in W, 

(v) Neutrosophic almost contra Sgp -continuous (NACégp -CO) (resp. neutrosophic contra gp 
-continuous (NCSGP-CO) and neutrosophic Sgp -irresolute (NSgp -IR), if h-*(L) of any 
(NR-O) (resp. (NO) and (Négp -C)) set L of V is (Négp -C) in W. 
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Definition 2.8. Let Q bea (NTS), NGPRO(Q) = {A € Q| Ais (NGPR — O)in 0}, 
N5GPO(Q) = {AC 2| Ais (N&p —O)inN} and NPO(Q) ={ACA| Ais (NP—0O) 
in N}. We say 22 is; 

(i) Neutrosophic preregular i MpEnee aE S) if NGPRO(Q) = NPO(Q), 

(ii) Neutrosophic Tg, -space (NTggp-S) if NSGPO(Q) = NPO(Q) 


(iii) Neutrosophic SgpT1-space (NdgpT1-S) if NSGPO(2Q) = NPO(Q), , 
2 2 


(iv) Neutrosophic extremely disconnected (NED) if the closure of any (NO) subset of 2 is (NO), 
(v) Neutrosophic submaximal space (N-submax-S) if any (NP-O) set is (NO), 

(vi) Neutrosophic strongly irresolvable (N-si) if any neutrosophic open subspace of 2 is 
irresolvable, 

(vii) Neutrosophic nearly compact space (N-NCom-S) if any (NR-O) cover of 2 has a finite 
subcover, 


(viii) Neutrosophic r — Ty-space (N-r — T,-S) if for each o; + o two points in (2, there exist 
(NR-O) sets Ay and Az such that 0, € Ay, oy E Ay and oy E Az, Oz E Ad, 

(ix) Neutrosophic r — Tz-space (N-r — T>-S) if for each 0, + o> in M2, there exist (NR-O) sets 
A, and Az such that x € U, yE Vand UNV=@, 

(x) Neutrosophic Sgp—T, -space (N dgp—T, -S) if for each p#qin , there exist 
Y,,¥, € NSGPO(Q) such that P € ¥,, q € Pyand q € Fo, p E Fp, 

(xi) Neutrosophic Hausdorff space (NH-S) (resp., Neutrosophic 6.gp-Hausdorff, space (Nd gp-H-S)) 
if for each o, + o> in A, there exist ¥,,¥, € NO(Q) (resp., Yy,¥, € SGPO(Q) ) such that 
x€G,y€ HandGnNnH=@ 

(xii) Neutrosophic Sgp -additive space (N-Ogp -add-S) if SGPC(Q) is closed under arbitrary 


intersections. 
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Definition 2.9. Let Q be a (NTS) and A© |. We say 2 is Neutrosophic N -closed relative 
(NN-CI-R) to A if any cover of A by (NR-O) sets of has a finite subcover. 
Theorem 2.10. (i)If Ay and Az are (Ndgp-O) subsets of a (N-submax-S)A, then A, NA, is 
(Négp-O) in 2. 
(ii) Let Q be a (N-Sgp -add-S). Then A, © Nis (NSgp-C) if and only if NSgp — el(A,) = Ay, 
where NSgp — cl(A,) =N {a, CB; B is (Négp — O)}. 
Definition 2.11. Assume Q is a(NTS). We say 2 is aneutrosophic locally indiscrete space (N-li-S) 
if NO(Q) = NRO(Q), where NO(Q) = {A C2 |A is (NO)in 0} and 
NRO(Q) = {AC O| Ais (NR — O)in 0}. 
Lemma 2.12. Let 2 be a (NTS) and A € £2 . Then these terms are true: 
(i) A € NPO(Q) ifand only if Nscl(A ) = Nint(Ncl(A )). 
(ii) p € Ndgpcl(A) if and only if BN A#@_ for any (Négp -O) set B containing r. 
Remark: 2.13: For any (NS) A © 2 in (NTS) 2, we consider that: 

(1) Nel(N ints(A)) = Nels((N ints(A)), 

(2) Nint(N cls(A)) = N ints((N cls(A)). 


(3) Nints(Q\A) = Q(Ncls(A)) € NRO(0), if Ais (Ne* — 0). 


3. Neutrosophic Almost gp -Continuous Functions. 

Definition 3.1. Let h: 2 — yw be a (NM). We say A is neutrosophic almost Sgp -continuous 
(NAdgp -CO) if h~+(A) € NSGPC(Q) for each (NR-C) set Aof pi. 

Example 3.2. Define the neutrosophic sets D,, Dz,D3,D4 and Hy, Hz, H3,H4,Hs as follows: 


D,={(a, (0,1,0.3)), (b, (0.3,0.5,1)), (c, (0,0.6,1)), {d, (0.5,1,0.8))} 
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D>={(a, (0.2,0.4,1)), (b, (0,1,0.3)), {c, (0.7,0.1,0.6)), (d, (0,0.5,1))} 

D3={(a, (0.2,0.4,0.3)), (b, (0.3,0.5,0.3)), (c, (0.7,0.6,0.6)), (d, (0.5,0.5,0.8))} 

D,={(a, (0.3,0.3,0.2)), (b, (0.4,0.4,0.3)), (c, (0.8,0.5,0.5)), (d, (0.6,0.4,0.7))} 

And 

H,={(a, (0.2,0.4,1)), (b, (0,1,0.3)), {c, (0.7,0.1,0.6)), (d, (0,0.5,1))} 

H>={(a, (0,1,0.3)), (b, (0.3,0.5,1)), {c, (0,0.6,1)), d, (0.5,1,0.8))} 

H3={(a, (0.3,0.3,0.2)), (b, (0.4,0.4,0.3)), (c, (0.8,0.5,0.5)), (d, (0.6,0.4,0.7))} 

H,={(a, (0.2,0.4,0.3)), (b, (0.3,0.5,0.3)), (c, (0.7,0.6,0.6)), (d, (0.5,0.5,0.8))} 

Now, let t={1y,0y,Dj,D2,D3,D4} and h={1y, Oy, Hy, Hz, H3,H,} then (X,t) and (Yh) are 
(NTSs), where X = {abcd} = Y . Define f:X—>Y by 


f(a) = f(c) = b, f(b) =a,f(d) =c. We consider that f is neutrosophic almost Sgp 
-continuous. 


Theorem 3.3. Let h: ¥ — Y be (NM). Then h is (NASgp -CO) if and only if h-*(z) of any 
(NR-O) set « of Yis (Ndgp -O) in X. 


Proof: since the complement for any (NO) is (NC) and by Definition (3.1). Then the theorem is held. 


Example 3.4. Define the neutrosophic sets D,,D,,D3,D, and H,,Hz,H3,H,,H; as follows: 


D,={(a, (0.1,1,0.4)), (b, (0.4,0.6,1)), (c, (0.1,0.7,1)), (d, (0.6,1,0.9))} 
D,={(a, (0.3,0.5,1)), (b, (0.1,1,0.4)), (c, (0.8,0.2,0.7)),(d, (0.1,0.6,1))} 
D3={(a, (0.3,0.5,0.4)),(b, (0.4,0.6,0.4)), (c, (0.8,0.7,0.7)), (d, (0.6,0.6,0.9))} 


D,={(a, (0.4,0.4,0.3)),(b, (0.5,0.5,0.4)), (c, (0.9,0.6,0.6)), (d, (0.7,0.5,0.8))} 


And 
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H,={(a, (0.3,0.5,1)), (b, (0.1,1,0.4)), (c, (0.8,0.2,0.7)),(d, (0.1,0.6,1))} 

H,={(a, (0.1,1,0.4)), (b, (0.4,0.6,1)), (c, (0.1,0.7,1)), (d, (0.6,1,0.9))} 

H,={(a, (0.4,0.4,0.3)),(b, (0.5,0.5,0.4)), (c, (0.9,0.6,0.6)), (d, (0.7,0.5,0.8))} 


H,={(a, (0.3,0.5,0.4)),(b, (0.4,0.6,0.4)), (c, (0.8,0.7,0.7)), (d, (0.6,0.6,0.9))} 


Now, let t={1y, 0y,D,,D,,D3,D,} and h={1y,0,y,H,, Hz, H3,H,} then (X,t) and (Y,h) are 
(NTSs), where X= {a,b,c,d} = Y. Define h:X¥ -~Y by h(a) = h(c) = b, h(b) = a,h(d) =c. 
Then we consider that Ah is(NAdgp -CO). Also, h~*(2) is (NSgp -O) in X for any (NR-O) set 
pofY. 


Remark 3.4. Let h: 2 — ws be a(NM). Then by Definitions (2.7) and (3.1), we consider diagram (1) 


as follows: 


e) 
& ——» CG) - 


Diagram (1): The relationships among some classes of neutrosophic continuous 


Theorem 3.5. If f: 41> 9 is (NASgp -CO) and 7 is (N-li-S), then f is (NSgp -CO). 
Proof. Let A be (NO) set in 9, then A is (NR-O) in 9. Since f is (NASgp -CO), then f—*(A) is 
(Nédgp -O) in p. Hence f is (NSgp -CO) 


Theorem 3.6. Let 2 be a (N-li-S), then these terms are 


equivalent: 
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(i) f:2 + pis (Ngpr -CO), 
(ii) f:2 > p is (NASgp -CO), 


(iii) f:2 > pr is (NAgp -CO). 


Proof. Follows from the Definitions (2.11), (2.7) and (3.1). 
Remark 3.7. It is clear from the definitions in section 2, we consider that all of the theorems 
[(3.8)-(3.13)] are held. 


Theorem 3.8. (i) If f:2 — ptis (NAg&s -CO) with @ as (NED), then it is (NASégP -CO). 


(ii) If f: 2 — pris (NAdgP -CO) with Q as (N-si). Then it is (NAgés -CO). 
Theorem 3.9. All of these terms are equivalent: 


(i) f::2 + 97 is (NAperf-CO), 

(ii) f: 2 — H is (NAC-CO) and (NAP-CO), 

(iii) f:: 2 — H is (NAC-CO) and (NAgp -CO), 

(iv) f:2 — H is (NACsup-CO) and (NAégp -CO), 

(v) f: 2 — 9 is (NCR-M) and (NAgpr -CO), 

(vi) f:2 — W is (NCR-M) and (NAP-CO), 

(vii) f: 2 — H is (NACsup-CO) and (NAP-CO). 

Theorem 3.10. Let 2 be aNSaet ): Then all of these terms are equivalent: 
(i) f: 2 — y is (NAP-CO), 

(ii) f:2 > n is (NAgp -CO), 

(iii) f: 2 — H is (NAdgp -CO). 

Theorem 3.11. Let Q bea peices): Then All of these terms are equivalent: 
(i) f: 2 — y is (NAP-CO), 


(ii) f:2 > y is (NAgp -CO), 
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(iii) f: 2 — H is (NAdgp -CO), 

(iv) f:2 — y is (NAgpr -CO). 

Theorem 3.12. Let 2 be a Tg, -space. Then these terms are equivalent: 

(i) f:2 — p is (NA-CO); 

(ii) f: 2 — pis (NApre -CO), 

(iii) f: 2 — pt is (NAgp -CO), 

(iv) f:2 — p is (NAdgp - CO), 


(v) f:2— p is (NAgpr - CO). 
Theorem 3.13. The following are equivalent: 


(i) f: 2 — p is (NAdgp -CO) and @ is (Ndgp -add-S), 
(ii) for each @ EM and each open set A; containing f(p), there exists (Ndgp -O) set Az 


containing o such that f (Az) C Nint( Nel(A,)). 
Theorem 3.14. All of these terms are equivalent: 


(i) f: 2 — p is (NASgp -CO) and 2 is (Négp -add-S), 

(ii) For each o € AQ and each Ay € NO(u, f (o)), there exists Az © NSGPO(0, oa) such that 
f Az) C Nscl(A,); 

(iii) For each o@ € M and each Az € NO(x, f(o)) ,there exists yy; ENSGPO(N,o) such that 
f (1) € As; 

(iv) For each o € A and each yz € N65O(u, f(o)), there exists Y ENSGPO(A,c) such that 
F@)C yi 

(v) For each o@ € and each yz E NSC (u, f (c)), there exists Y € NOGPC(N,c) such that 


fF) © vai 
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Proof. (i) — (ii): Let @ € and N be (NO) set of yt containing f(@) By (i) and Theorem 3.13, 
there exists Ay € NSGPO(Q,c) such that f(A,) C Nint(Nel(A,)). Since A, is preopen, then 
by Lemma 2.12(i), f (Az) C Nsel(A,). 

(ii) > (iii): Let o € Q and A, € NRO(w, f(o)). Then A, € NO(y, f (o)). By (ii), there exists 
Az € NSGPO(,«a) such that f(A,) C Nsel(A,). Since Az is (NP-O), then by Lemma 2.12 (i), 
f Az) € Nint(Nel(A,)) = Ay. 

(iii) > (iv): Let o € A and A, € N5O(p, f(o)), then there exists A, € NO(2,f(o)) such 
that M c Nint(Nel(M)) CN. Since Nint(Nel(M)) € NRO(Y, f (p)), by (iii), there exists 
= € NSGPO(A, a) such that f(Z) C Nint(Nel(A2)) C Aj. 

(iv)> (i): Let o € A anddA, € NO(y, f (o)). Then N int (Nel(A,)) € N5O(p, f (o)). 

By (iv), there exists A, € NSGPO(A,o) such that f(A,) C Nint(Ncl(A,)). Hence f is 
(NAdgp -CO). 

(iv) < (v): Obvious. 

Remark 3.15. If Q isa (Ndgp -add-S), then AC N is (Ndgp -C) (resp. (NSgp -O)) if and only 
if N Sgp —cl(A) =A (resp. N Sgp —int(A) =A ie 
where Négp — cl(A) =n {AC B; B is (Négp —C)} and 


Ndgp — int(A) =n {B CA; B is (Négp — 0)} 
Theorem 3.16. All of these terms are equivalent: 


(i) f:2 > pe is (NASgp -CO) and Mis (Négp -add-S), 

(ii) f(NSgp — cl(A2)) C Nels(f(A,)) for each Ay © 2; 

(iii) NSgp — cl(f *(2)) c f*(Nels(A2)) for each Az © p; 
(iv) f-*(B,) € NSGPC(Q) for each Bz € NSC(y); 
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(v) f-1(71) € NSGPO(Q) for each y, € N5O(u); 

Proof. (i) — (ii) Suppose that A, © NdC(w); such that f(A,) CA, . Observe that 
Ay = Nels(A,) =N{yo:4p Cy = and ~—syp ENRC()}—s and ~—sscots ff 4) = 
N{f-*(y2): Az © y2} . By (i) and Definition 2.8 (xii), we have f-1(A,) € NSGPC(Q) and 
A,cf (A ) . Hence N Sgp—cl(Ay) Cf (A,) . and it follows that 
f (Ndgp — cl(A,)) < Ag. Since this is true for any (NS -C) set A, containing f(A,), we have 
f (NSgp — cl(A,)) € Nels(F(A,)). 

(ii) > (iii) Let By C ya, then f~1(B,) C 2. By (ii), 

f (Négp — cl(f-*(B,))) N els (f(f*G.))) € N dgp—cl(B;) . So that 
Négp — el(f*(B,)) < f*(Wels(B,)) 

(iii) + (iv) Let B, € NSC(u). Then by (iii), N Sgp —cl(f-1(6.)) c f—(Nels(B2)) 
= f—1(B,).In consequence, Ndgp — cl(f—*(B2)) = f—*(B2) and hence by remark ( 3.15), 
f-*(B2) € N6GPC(0). 

(iv) = (v): Clear. 

(v) > (i): Let Ap € NRO(w) Then A, € NSO(y). By (v), f~1(A,) € NSGPO(Q). Hence by 


Theorem 3.3, f is (NAdgp -CO). 
Theorem 3.17. All of these terms are equivalent: 


(i) f:Q2 > n is almost Sgp -continuous and Nis (NSgp -add-S), 
(ii) For any A € NO(m),f—1(N int (Nel(A) € NSGPO(Q); 
(iii) For any y € NC(y),f 1 (Nel(N int (y) € NSGPC(0); 
(iv) For any A € NBO(m), NSgpel(f-1(@)) c f-1(Wel(A)); 
(v) For any y € NBC(n),f~*(N int (y) C Négpint(“* (y)); 
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(vi) For any y € NSC(y),f~*(N int (y)) C Négpint( f~*(7)): 

(vii) For any A € NSO(y), NSgpel(f—2()) < f-*(Nel()); 

(viii) For any y € NPO(n)), f-*(y) C Négp int(f —(N int (Nel(y)) 

Proof. (i) « (ii): Let AG NO(y) Since N int(Ncl(A)) © NRO(m) Then by (i), 
f—1(N int(Nel(A)) € NSGPO(Q). The converse is similar. 

(i) < (iii) It is similar to (i) © (ii). 

(i) > (iv): Let A € NBO), then Nel(A) € NRC() so by), f—*(Nel(A)) € N5GPC(Q). 
Since f-1(2) c f-+(Nel(A)) which implies NSgpel(f—*(A)) c f—*(Nel(A)). 

(iv) = (v) and (vi) = (vii):Obvious 

(v) — (vi): It follows from the fact that NSC(y) C NBC(q). 

(vii) — (i): It follows from the fact that NRC(y) C NSO(). 

(i) < (viii): Let A € NPO(q). Since Nint(Ncl(A)) € NRO(q), then by (i), 
f—1(Nint(Ncl(N)) € N6GPO(X) and hence f(A) c f~1(Nint(Nel(A))) 
= N6égp int( f—1(N int(Nel(A)))) . Conversely, let A€ NRO(m). Since A€ NPO(y) , 
f"@) Cc Négpint(f“*(W int(cl(m)))) =Nédgpint(f~*(A)) , in consequence, 


Négp int( f—1(A)) = f~1(A) and by remark (3.15), f-1(A) € NSGPO(Q). 
Theorem 3.18. The following are equivalent: 


(i) fz > n is (NASgp -CO) and gt is (NSgp -add-S), 

(ii) For any (Ne*-O) set a of n, f—?(Nels(a)) is (NSgp -C) in p, 

(iii) For any (N5S-O) subset a of n, f -*(Nels(@)) is (NSgp -C) in p; 

(iv) For any (NSP-O) subset a of n, f—1(N int(N cls(a@))) is (Négp -O)in p; 
(v) For any (NO) subset @ of a, f 1(N int(N cls(a@))) is (NSgp -O) in p; 
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(vi) For any (NC) subset a of Y, f~1(Nel(N ints(a@))) is (NSgp -C) in p. 

Proof. (i) — (ii): Let @ € Ne*O(y) . Then by remark (2.13), Nels(@) € NRC(q). By (i), 
f-1(Nels(n)) € NSGPC(u). 

(ii) + (iii): Obvious since NSSO(m) C Ne*O(n). 

(iii) — (iv): Let @ € NSPO(y),then Nints(\a) € NSSO(n)). By (iii), 

f—*(Nelg(N ints(n\a)) € NSGPC(u) which implies f—1(N int( Nels(a)) € NSGPO(u). 
(iv) — (v): Obvious since NO(7) C NSPO(y). 

(v) > (vi):Clear 

(vi) = (i): Let Na € NRO(y). Then a = Nint( Nels(@)) and hence (n\a@) € NC(q). By (vi), 
fr @\a) = u\f *Wint(W cls(@))) = f “(Wel ints(q\a))) € NSGPC(u). Thus 
f(a) € NSGPO(y). 

Theorem 3.19. If f::2 — gt is(NASgp -CO) injective function and pr is (N-r — T;-S), then X is 
(Négp — T;-S). 

Proof. Let (u,@) be (N-r — T;-S) and p,q € 2, with p + q. Then there exist (NR-O) subsets A, 
y in Y such that f(p) €A.f(q) EA, F(p) Ey and f(q) Ey. Since f is (NASgp -CO), 
f~*(A) and f*(y) © NSGPO(O) satisly pEf“*G), q€f*A). pEf *(y) and 
q © f(y). Hence 2 is (NSgp — T;-S). 

Theorem 3.20. If f:.2 — 9 is (NASgp -CO) injective function and 9 is(N-r — Tz — S), then Q 


is (Négp — Tz — S). 
Proof. The proof is the same way of Theorem (3.20). 


Theorem 3.21. If f, g:2 — H are (NAdgp -CO) with 2 as (N-submax-S) and (Négp -add-S) 
and 4] is (NH-S), then the set {x E 0: f(x) = g(x)} is 5gp -closed in Q. 
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Proof. Let E = {x € 0: f(x) = g(x)} and x € (Q\A). Then f(x) + g(x). Since n (NH-S), 
there exist (NO) sets A, and Az of Hf satisfy f(x) E Ay , g(xc) E Az and Ay NA, = g, hence 
N int(N cl(A,)) N Nint( Nel(Az)) = @. Since f and g are (NAdgp -CO), there exist 
Yu ¥2 © N6GPO(Q,x)) satisfy f(vy,) © Nint(Nel(A,)) and g(y2) © Nint(Nel(A2)) . 
Now, put Z=yiNy2 , then z € N6GPO(2, x) and 
f(@) Ng) EN int( Nel(A,)) N Nint(N cl(Az)) = @. Thus, we get ENA = @ and hence 
x € Négp — cl(E) then A = Négp — cl(A). Since A is (NSgp -add-S), Ais (Négp -C) in 2. 
Definition 3.22. A space pt is called neutrosophic Sgp -compact (Ndgp -Com) if any cover of # 
by Sgp -open sets has a finite subcover. 

Definition 3.23. Let A be (NS) in (NTS) 2. We say A is neutrosophic gp -compact relative 
(Nédgp -Com-R) to 2 if any cover of A by (NS5gp -O) sets of @ has a finite subcover. 
Theorem 3.24. If f:j4— 9 is (NAdgp -CO) and A is (Négp -Com-R) to p, then f(A) is 
(NN-CI-R) to 7. 

Proof. Let {A,: @ € 2} be any cover of f(A) by (NR-O) sets of 9 . Then {f-1(A,): a E Q} is 
a cover of A by (Négp -O) sets of ft. Hence there exists a finite subset Q_ of M such that 
A CU {f-1(Aq@): @ € Np}. Therefore, we obtain f(A) C {A,:@ € Np}. This shows that f(A) 
is (NN-CI-R) to 9) . 

Corollary 3.25. If f: 2 — p is (NAdgp -CO) surjection and Q is (NSgp -Com) and (Ndgp 
-add-S), then ff is (N-NCom-S). 


Lemma 3.26. Let fp be (NSdgp -Com). If A Cc p is(NdSgp -C), then A is(Ndgp -Com-R) to p. 
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Proof. Let {8B ,:@ € 2} be acover of N by (Négp -O) sets of ft. Note that (— N) is (Ndgp 
-O) and that the (NS) (a — N) U {B,_:a@ € 2} is a cover of ft by (NSgp -O) sets. Since mt is 
(Négp -Com), there exists a finite Qg subset of M such that the (NS) (a@— N) U{B,:a@ E No} 
is a cover of ft by (Négp -O) sets in pt. Hence {B,,:@ € No} is a finite cover of N by (Ndgp 
-O) sets in ff. 

Theorem 3.27 If the graph function g:2 ~ 2X p of f:2 — wp, defined by g(a) = (0, f(@)) 
for each o@ € 2 is (NAdgp -CO) Then f is (NAdgp -CO) 

Proof. Let AG NRO(w), thn QAxXpwENRO(QXp). As g is (NA Sgp -CO), 
f 'A=g 10 x A) € N5GPO(O). 

Theorem 3.28. Let 2,7 be (NTSs) and g:— 1X7 be graph neutrosophic function of 
f:2—n, defined by g(a) = (o,f (o)) for each o € 2. If N is a (N-submax-S) and (Ndgp 
-add-S), then g is (NAdgp -CO) if and only if f is (NAdgp -CO). 

Proof. We only prove the sufficiency. Let o € 2 and W € RO(Q x 9H). Then there exist (NR-O) 
sets Ay and V in @ and 9, respectively such that Ay xX V Cc W. If f is (NAégp -CO), so there 
exists a (Ndgp -O) set Azin 2 satisfies 9 € Az and f(Az) CV. Put A = (Ay NAz).Then A is 
(Nédgp -O) and g(A) C Ay X V CW. Thus g is (NAdgp -CO). 

Definition 3.29. A graph Gp = {(2, F(a): 0 € 2} C 2 X Hof a neutrosophic function f: 2 —> pf 
is said to be neutrosophic strongly 6gp -closed (N-Str-6gp -C) if for each (p,@) € Gf, there 
exist A € NSGPO(0, p) and V € NRO(u,@) satisfy (A x V) NG, = g. 


Lemma 3.30. For a graph Gz of a neutrosophic function f:2— wp, the following properties are 
equivalent: 


(i) Gp is (N-Str-6gp -C) inQ xy; 


Shuker Mahmood Khalil, On Neurosophic Delta Generated Per-Continuous Functions in Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 138 
(ii)For each (p,4) €G,, there exist A € NSGPO(O,p) and VE N RO(u,@) such that 
fANV=g@. 

Theorem 3.31. Let f:2— pt have a (N-Str-6gp -C) graph G, . If f is injective, then 2 is 
(Nogp —T;-S). 

Proof. Let @1,02E€2 with ao, # az .Then f(a ,) + f(o2z) as ff is injective so that 
(01, f(02)) € Gp. Thus there exist Ay € NSGPO(Q, 01) and A, € NRO(u, f (o2)) such that 
f(A) NA, =@. Then f(oz,)€f(A,) implies oy EA, and it follows that N is 


(Négp — T;-S). 

Theorem 3.32. 

(i) If f:2— p is (NAdgp -CO) and g:ft— nis (NR -M), then go f:2— His (NAdgp 
-CO). 

(ii) If f:2 — pis (Négp -CO) and g:f— 9 is (NA-CO), then go f:2 > y is (NAdgp 
-CO). 

(iii) If f:2— p is (N&gp -IR) and g:"— y is (NASgp -CO), then gof:Q2—> 7, is 
(NAdgp -CO). 


Proof. (i) Let A € NRO(). Then g-1(A) € NRO(jz) since g is (NR -M). The (NASgp -CO) of 


fimplies f-*[g1(A))] = (9g ° fF)" 1(C)) € NSGPO(Q). Hence g of is (NASgp -CO). 
The proofs of (ii) and (iii) are similar to (i). 


Theorem 3.33. If f: 2 — pis a pre Sgp -open surjection and g: gf — 9 is a function such that 


g°f:p-— 7 is (NAégp -CO), then g is (NAdgp -CO). 


Proof. Let @ © y and @ EN such that f(a) = @. Let G € RO(H,(g ° f)(o)). Then there 
exists U € SGPO(2,e) such that such that g(f(U)) C G. Since f is pre Sgp -open ingt, we 
have that g is(NASgp -CO) at p. 


Shuker Mahmood Khalil, On Neurosophic Delta Generated Per-Continuous Functions in Neutrosophic Topological Spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 139 


Conclusion 


In this paper, some new notions of neurosophic delta generated pre-continuous functions in 
neutrosophic topological spaces are given and discussed, which is a very interesting topic in nature. It 
will open up many avenues for the researchers work neutrosophic topological spaces, we can in future 
work extend and study these our notions for this paper in soft setting form. 
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Abstract: Neutrosophic set (NS) theory has a diverse nature in dealing with impreciseness of real 
life events and has a wider range of applications in logic, algebra, topology, operation research, 
pattern recognition, artificial intelligence, neural networks and several other fields.In this paper, we 
combine single valued neutrosophic with we use the score and accuracy function and hybrid score 
accuracy function of single- valued neutrosophic number and ranking method for single- valued 
neutrosophic numbers to model logistics center location problem . The combined values of each 
alternative have been ordered with the help of score function to find the best attributes. Finally, an 
illustrative example has been provided to validate the proposed approach for multi attribute 


decision making problem. 


Keywords: Neutrosophic Logic; decision making ; Interval Valued Neutrosophic Set. 


1. Introduction 


The concept of fuzzy sets (FS) was introduced by L.Zaheh(1965), where each element had degree of 
membership. Since the fuzzy sets and fuzzy logic have been applied in many real life problems in 
uncertain and ambiguous environment. The traditional fuzzy sets is characterized by the 
membership value and the grade of membership value. the concept of interval valued fuzzy sets was 
proposed by Turksen(1986) to capture the uncertain of grade of membership value. Neither the 
fuzzy sets nor the interval valued fuzzy sets is appropriate for such a situation. A tool which 


represents the partnership or relationship function is called a Fuzzy Set (FS) and handles the 
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real world problems in which generally some type of uncertainty exists. This concept was 
generalized by Atanassov to intuitionistic fuzzy set (IFS) which is determined in terms of 
membership (MS) and non-membership (NMS) functions, the characteristic functions of the 
set. Intuitionistic fuzzy sets (IFS) introduced by Atanassov(1986) as a generalization of FS, where 
besides the degree of membership p4(x)e[0,1] for each element xeX to aset A there was considered 
a degree of non-membershipv,(x)e[0,1], such thatVx € X, ua(x) + 9,4(x) <1 the neutrosophic set 
(NS) was introduced by F.Smarandache who introduced the degree of indeterminacy(I) as 
independent component in 1998. In this paper, we combine single valued neutrosophic with we use 
the score and accuracy function and hybrid score accuracy function of single- valued neutrosophic 
number and ranking method for single- valued neutrosophic numbers to model logistics center 
location problem The combined values of each alternative have been ordered with the help of score 
function to find the best attributes. Finally, an an illustrative example has been provided to validate 
the proposed approach for multi attribute decision making problem. 

Multi-criteria decision-making (MCDM) is a common offshoot of decision-making science. 
There are a huge number of MCDM techniques which assist individuals in constructing and solving 
decision problems that concern multiple criteria. Each technique has its own physiognomies and no 
single one is the best. The proper MCDM technique should be designated consistent with the 
problem structure. It is recognized that without integrating preference information, no unique 
optimal solution to an MCDM problem can be acquired. Regardless of the chosen MCDM technique 
for the problem we are dealing with, the significant phase is to achieve the decision factor weights. 


Either the subjective or objective method can regulate the criteria weights in MCDM techniques. 
2. Review of Literature 


The author in, [1] analyzed Spatially explicit seasonal forecasting using fuzzy spatiotemporal 
clustering of long-term daily rainfall and temperature data. And the authors of, [2] analyzed 
Ambient Atmospheric Temperature Prediction Using Fuzzy Knowledge —Rule Base for Inland 
Cities in India. [3] Analysis anew Approach and Applications, International Journal of Research in 
Computer and Communication Technology. [4] examined Project Schedule Uncertainty Analysis 
Using Fuzzy Logic, Project Management Institute. [5] Analyzed the Power Flow Analysis Using 
Fuzzy Logic [6] proposed Types of Neutrosophic Graphs and neutrosophic Algebraic Structures 
together with their Applications in Technology. [7] proposed a new approach for Single Valued 
Neutrosophic Graphs. [8] Proposed a method for On Bipolar Single Valued Neutrosophic 

[1] Graph. [9] Proposed various types of Interval Valued Neutrosophic Graphs.[10] proposed 
Isolated Single Valued Neutrosophic Graphs [11] examined bipolar single valued neutrosophic 
graphs. [12] Proposed Single-Valued Neutrosophic Minimum Spanning Tree and Its Clustering 
Method. [13] proposed Fuzzy based approach for weather advisory system. [14] provided Weather 


Forecasting using Fuzzy Neural Network (FNN) and Hierarchy Particle Swarm Optimization 
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Algorithm (HPSO). [15] proposed Spanning Tree Problem with Neutrosophic Edge Weigh. [16] A 
new algorithm for finding minimum spanning trees with undirected neutrosophic graphs. [17] The 
role of single valued neutrosophic sets and rough sets in smart city: imperfect and incomplete 
information systems. [18] Review on Neutrosophic Set and Its Development. [19] proposed 
Long-Term Weather Elements Prediction in Jordan using Adaptive Neuro-Fuzzy Inference System 
(ANFIS) with GIS Techniques [20] Neutrosophic Sets: An Overview . [21] proposed anew A new 
perspective ontraffic control management using triangular interval type-2 fuzzy 
sets and interval neutrosophic sets. [22] analyzed Minimum Spanning Tree Problem with 
Single-Valued Trapezoidal Neutrosophic Number [23] Single Valued Neutrosophic Graphs: 

Degree. [24] Concept of a application of Dijkstra algorithm for solving interval valued 
neutrosophic shortest path problem. [25] Analysed Minimum Spanning Tree in Trapezoidal Fuzzy 
Neutrosophic Environment. [26] proposed a methodology Shortest Path problem by minimal 
spanning tree algorithm using bipolar neutrosophic numbers. [27] A new concept of matrix 
algorithm for MST in undirected interval valued neutrosophic graph.[28] Analysis about the 
Logistics Center Location Selection approach Based on Neutrosophic Multi-Criteria Decision 


Making 


3. Preliminaries 

3.1 Neutrosophic set 
Neutrosophy is a branch of philosophy identified by Florentin Smarandache in 1980. 
Definition 1: 
Assume that X be an universe o discourse.then a neutrosophic sets N can be dehined as follows; 

N = {< x: Ty(X), In(x), Fn(x) >/ xe X} (1) 

Here the functions T, I, F define respectively the membership degree, indeterminacy degree and the 
non-membership degree of the element x€ X to the set N. the three functions T, I and F satisfy the 


following the conditions: 


T, L, F:X >]07, 17[ 

07 < supT,(x) + suplI,(x) + supF,(x) < 3* (2) 

For two neutrosophic sets 

M = {< x: Ty (x), ImCx), Fu (x) >/ xe X} and N= {<-x:Ty(X), In(X), Fn(x) >/ x €X} the two 
relations are defined as follows: 

M EN if and only if Ty(x) S Ty(x), IM(x) = In (xX), Fu) & Fux) 

M =Nif and only if Ty(x) = Ty(X), ImCx) = In (x), Fu (X) = Fny(x) 

Definition 2: 

Complement of neutrosophic sets: 


For any set M = {< x: Ty(X), Im(X), F(X) >/ xe X} ,then 
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M’ = {< x: Fy (x), 1 — Im(x), Tu (x) >/ xe X} (3) 
Definition 3: 
Single valued neutrosophic number (SVNN) 
Let X be a universe of discourse with generic element in X denoted by x. A SVNS M in X is 
characterized by a truth-membership function Ty(x), a indeterminacy-membership function Iy(x) 
and a falsity-membership function Fy (x). Then, aSVNS M can be written as follows: 
M = {< x: Ty (x), Im (x), F(x) >/ x€ X} where Ty(xX),Im(x), F(x) € [0,1] for each point x in X. 
Since no restriction is imposed in the sum of t M (p), i M (p) and f M (p), 
it satisfies 07 < supT,(x) + supl,(x) + supFa(x) < 3*. For a SVNS M in _ the triple < 
Tu (x), Im), Fu (x) > is called single valued neutrosophic number (SVNN). 


4. MCGDM method based on hybrid — score accuracy functions under single valued 


neutrosophic environment 


Assume that B = {Bi, ..., Bn }(n 2 2) be the set of logistics centers, K = {K1, Ky, ..., Kq } (q22) be the 
set of criteria and E = {E1, Ez, ..., Em} (m 2 2) be the set of decision makers or experts. 

The weights of the decision makers and criteria are not previously assigned, where the 
information about the weights of the decision- makers is completely unknown and information 
about the weights of the criteria is incompletely known in the group decision making problem. In 
such a case, we develop a method based on the hybrid score — accuracy function for MCDM problem 
with unknown weights under single-valued neutrosophic environment using linguistic variables. 
The steps for solving MCGDM by proposed approach have been presented below is discussed 
Algorithm 
Step 1: 

Formation of the decision matrix 

Step 2: 

Calculate hybrid score accuracy matrix 
Step 3: 

Calculate the average matrix 

Step 4: 

Determination of decision maker's weights 
Step 5: 

Calculate collective hybrid score accuracy matrix 
Step 6: 

Weight model for criteria 

Step 7: 

Ranking of alternatives 

Step 8: 

End 
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5. Methodology: 


The following illustration is suppose that a state government wants to construct tan eco-tourism 
park for the development of state tourism and especially for the mental refreshment of children. 
After initial screening three potential spots namely spot-1 (Pi), spot-2 (P2 ), spot-3 (P3). A team of 
three decision makers namely D1,D2,D3 has been constructed a neutrosophic sets for selecting the 


most suitable spot with respect to the following attributes: 


Ecology (C1) 

Cost (C2) 

Technical facility (Cs) 
Transport (C4) 

Risk factors (Cs) 


Assume that a new modern logistic center is required in a town. There are three spot Pi, P2,P3.A 
committee of four decision makers or experts namely, D1, D2, D3 has been formed to select the most 
appropriate location on the basis of five criteria adopted from the study [6] namely, 
C1,C2,C3,Ca,Cs.Thus the three decision makers use linguistic variables to rate the alternatives with 
respect to the criterion and construct the decision matrices as follows: 


Step 1: 


Formation of the decision matrix 


Di Ci io) C3 Ca Cs 
Pi (0.7,0.4,0.4) (0.7,0.4,0.3) (0.8,0.1,0.1) (0.7,0.2,0.1) (0.6,0.5,0.5) 
P2 (0.4,0.3,0.6) (0.5,0.2,0.5) (0.6,0.2,0.2) (0.7,0.3,0.3) (0.4,0.3,0.4) 
P3 (0.4,0.2,0.3) (0.8,0.1,0.3) (0.5,0.4,0.4) (0.5,0.2,0.2) (0.7,0.3,0.2) 
D2 Ci io) Cs Ca Cs 
Pi (0.5,0.2,0.3) (0.7,,0.4,0.4) (0.8,0.2,0.2) (0.5,0.2,0.2) (0.5,0.5,0.4) 
P2 (0.5,0.4,0.4) (0.5,0.2,0.4) (0.5,0.3,0.3) (0.8,0.3,0.3) (0.4,0.1,0.4) 
P3 (0.4,0.2,0.5) (0.8,0.2,0.2) (0.5,0.3,0.3) (0.7,0.2,0.2) (0.7,0.4,0.2) 
Ds C3 Ca Cs 
Pi (0.7,0.4,0.3) (0.8,0.2,0.1) (0.6,0.3,0.3) (0.7,0.2,0.5) (0.5,0.6,0.5) 
P2 (0.6,0.2,0.3) (0.5,0.1,0.3) (0.7,0.4,0.4) (0.5,0.3,0.4) (0.3,0.4,0.4) 
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Ps (0.6,0.2,0.3) (0.6,0.4,0.2) (0.5,0.3,0.3) (0.7,0.4,0.2) (0.5,0.6,0.4) 
Step 2: 
Calculate hybrid score accuracy matrix 


Now we use the above method for single valued neutrophic group decision making to choice 


appropriate location. We take a= 0.5 for demonstrating the computing procedure 
Calculate hybrid score — accuracy matrix 


Hybrid score- accuracy matrix can be obtained from above decision matrix using equation 


1 1 ? 
hi, =sa(1+ ti -— ff) +2 - a2 ty - iH -f§) 


are given below respectively. 
HYBRID SCORE MATRIX FOR D1 


Hi 
Gi C Cs Ca Cs 
Pi 0.6417 0.6833 0.8583 0.8000 0.5417 
P2 0.4500 0.5500 0.7167 0.7000 0.5333 
P3 0.5917 0.7750 0.5583 0.6750 0.7417 


HYBRID SCORE MATRIX FOR D2 
H2 
Ci io) Cs Ca Cs 
Pi 0.6333 0.6417 0.8000 0.6750 0.5417 
P2 0.5583 0.5917 0.6167 0.7417 0.5667 
P3 0.5083 0.8000 0.6167 0.7583 0.7250 
HYBRID SCORE MATRIX FOR D3 


H3 
Ci CG Cs Ca Cs 
Pi 0.6833 0.8417 0.6583 0.6333 0.4833 
P2 0.6750 0.6500 0.6417 0.5750 0.4750 
P3 0.6750 0.6833 0.6167 0.7250 0.5250 
Step 3: 
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Calculate the average matrix . Form the above hybrid score-accuracy matrix by using equation h;; = 
1 
257 (hj) . 


We form the average matrix H* 
The average matrix 
H* 0.6528 0.7222 0.7722 0.7028 0.5222 
0.5611 0.5972 0.6583 0.6722 0.5250 
0.5917 0.7528 0.5972 0.7194 0.6639 


The collective correlation co-efficient between Hs and H* express follows by equation 


n p SL* 
Q, = jai Dijhij 1 
= p s\* |yP «\2 
1 /Yr (hi) J Dp-1 (hi) 
Here s={1,2,3} 
To find Qi, 
p 
Hi x H* Ri 
j=i 
0.4189 0.4935 0.6628 0.5622 0.2829 2.4203 
0.2525 0.3285 0.4718 0.4706 0.2800 1.8033 
0.3501 0.5834 0.3334 0.4856 0.4924 2.2449 
Bi 2.4203 x 1.8033 if 2.2449 in aaa 
1” 1.5965 X 1.5201 | 1.3391 x 1.3537. 1.3391 x 1.4939. 
2, = 2.9937 
Q, = 2.9781 
Step - 4 


Determination decision maker’s weights 


s 
Ys = m Q 


S=1""s 


,0<y, <1 fors =1,2,3,...,m 


From the equation we determine the weight of the four decision makers as follows :- 


0, +05 +23 = 6.3996 
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2, — __ 0.4278 


MS Q1+2z4N, 63996 0.0669 
V2 = 0.4678 

V3 = 0.4654 

Step 5: 


Calculate collective hybrid score — accuracy matrix 


149 


Hence the hybrid score-accuracy values of the different decision makers choice are aggregated by 


equation H = (hjy)n x p = Ygt1yshj and the collective hybrid score-accuracy matrix can be 


formulated as follows: 


¥, * Hy 0.0327 0.0349 
0.0230 0.0281 
0.0302 0.0395 


Y, x Hz 0.3008 0.3048 0.3800 0.3206 


0.2652 0.2810 0.2929 
0.2415 0.3800 0.2929 


Y, X H30.3239 0.3990 0.312 0.3002 


0.3200 0.3081 0.3042 
0.3200 0.3239 0.2923 


By adding all the above 


0.0438 0.0408 0.0276 


0.0366 0.0357 0.0272 
0.0285 0.0344 0.0378 


0.2573 


0.3523 0.2692 
0.3602 0.3444 


0.2291 


0.2726 0.2252 
0.3437 0.2489 


H = 0.657 0.739 0.736 0.662 0.514 
0.608 0.617 0.634 0.661 0.522 
0.592 0.743 0.614 0.738 0.631 


Step 6 


Weight model for criteria 


Assume that the information about criteria weights is incompletely known given as follows: weight 


vectors, 
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Using the linear programming model Maxw = a why, we obtain the weight vector of the 


criteria as w =[0.1, 0.1, 0.25, 0.2, 0.15]. 
Step 7 


Ranking of alternatives 


Using equation w(P) = yey wh) we calculate the over all hybrid score-accuracy values 
WP) G=1, 2,3): 

W(P,)=0.533 

W(P,)=0.491 

W(P3)=0.529 

Based on the above values of  W(P,) (i=1, 2,3, ) the ranking order of the locations are as 
follows: 

Pi> Ps> P2 


Therefore the location P: is the best location. 


6. Conclusions 

In this paper, the concept of single valued Neutrosophic set used with location problem tested with 
the help of score function. A possible application has been tackled through the usage of SVNS which 
will not only prove useful by itself but will help out keen researchers to solve other problems of 
uncertainties through similar procedures. The following paper demonstrated a new solution 
procedure to solve neutrosophic fuzzy sets with the contraction value based on real life decision 
making problems. This procedure proves quite feasible in many real life scenarios where else of 


decision making is the goal in mind. 
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Abstract: In this paper, an attempt has been made to introduce a new similarity measure namely 
single-valued pentapartitioned neutrosophic dice similarity measure (SVPNDSM) under the 
single-valued pentapartitioned neutrosophic set (SVPNS) environment, and to formulate several 
interesting results on SVPNDSM and SVPNWDSM. In this present work, the SVPNDSM under the 
SVPNS framework is combined with a multi-attribute decision making (MADM) strategy. This 
proposed method is used to select suitable metal oxide nano-additive for biodiesel blends on the 
basis of environmental aspects. The effects of nano-additives on engine emissions have been 
reported here from six different literatures. The SVPNDSM applied under the SVPNS environment 
enables the selection of the best nano-additive among relevant literatures. Alternative Ls comes out 
as the best from the proposed method. The proposed MADM method is shown to be well suited to 
this problem after it has been compared with two existing methods. 


Keywords: Neutrosophic Set; Indeterminacy; SVPNS; Dice Similarity. 


1. Introduction: The notion of fuzzy set (FS) theory was grounded by Zadeh [49] to deal with the 
events having uncertainty, where every element has membership value between 0 and 1. Later on, 
Atanassov [2] introduced the concept of intuitionistic fuzzy set (IFS) by generalizing the notion of FS 


in the year 1986, where every element has membership and non-membership values. Till now many 
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researchers around the globe have applied the concept of FS and IFS in the area of theoretical and 
practical research. 

We come across many situations involving indeterminacy, incompleteness which cannot be 
easily determined by the degrees of membership and non-membership. Keeping in mind, 
Smarandache [40] introduced the notion of neutrosophic set (NS) on generalizing the idea of FS and 
IFS to deal with the events having indeterminacy. In an NS, every element has three independent 
memberships values namely truth, indeterminacy and false membership values respectively, those 
lie between 0 and 1 each. In the recent past, many researcher around the globe used the concept of 
NS and their extensions for theoretical research [4-6, 8-11, 14, 24, 42, etc.]. Degree of indeterminacy 
membership of a mathematical expression plays an important role in every MADM problem of this 
real world. Afterwards, Wang et al. [45] introduced the notion of single-valued neutrosophic set 
(SVNS) in 2010, which is a subclass of NS. The notion of SVNS is more useful to deal with the 
situation involving incomplete and indeterminate information. Till now, many researcher have 
applied SVNS and their extensions in different branches of real-world such as fault diagnosis [46, 
47], medical diagnosis [35, 36], decision-making problems [3, 7, 12-13, 15, 17-23, 25-28, 32-34, 43, 48], 
etc. 

Recently, Mallick and Pramanik [24] investigated the notion of single-valued pentapartitioned 
neutrosophic set (SVPNS) by splitting the degree of indeterminacy membership into three 
independent components namely contradiction membership, ignorance membership and unknown 
membership. Das et al. [6] presented the notion of pentapartitioned neutrosophic Q-ideals of 
Q-algebra in 2021. Das et al. [13] proposed a MADM strategy based on the tangent similarity 
measure of SVPNS. Later on, Das et al. [12] established a MADM strategy based on grey relational 
analysis under the SVPNS environment. A MADM strategy based on cosine similarity measure of 
SVPNSs was established by Majumder et al. [23] to identify the most significant risk factor of 
COVID-19 in economy. 

In this article, a new similarity measure called SVPNDSM is proposed used to select suitable 
metal oxide nano-additive for biodiesel blends on the basis of environmental aspects under the 
SVPNS environment and generate several interesting results. In addition, a MADM technique is 
established based on SVPNDSM within the SVPNS environment. 

Research Gap: In the literature review, no study is found relating to SVPNDSM based MADM 
strategy in SVPNS. 

Motivation: To explore the unexplored MADM strategy in SVPNS environment, anew MADM 
strategy under SVPNS environment based on SVPNDSM between SVPNSs is presented in this 
present work. 


The rest of this paper has been split into the following sections: 
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Section-2 presents several basic definitions and operations on SVPNSs those are very useful for 
developing the main results of this paper. In section-3, Single-Valued Pentapartitioned 
Neutrosophic Dice Similarity Measure and Single-Valued Pentapartitioned Neutrosophic Weighted 
Dice Similarity Measure under the SVPNS environment is proposed. Further, we formulate some 
interesting results on SVPNDSM and SVPNWDSM. A MADM strategy using SVPNWDSM under 
the SVPNS environment is discussed in section-4. In section-5 the proposed MADM strategy is 
applied to a real world problem. Finally, in section 6, a comparative study has been conducted to 
validate the results obtained from the proposed method. In section-7, wrap up the work presented 
in this article. 


List of abbreviations are shown in below: 


List of abbreviations 
Full Form Short Form 
Fuzzy Set FS 
Intuitionistic Fuzzy Set IFS 
Neutrosophic Set NS 
Single Valued Neutrosophic Set SVNS 
Single Valued Pentapartitioned SVPNS 
Neutrosophic Set 
Multi-Attribute Decision Making MADM 
Single Valued Pentapartitioned SVPNDSM 
Neutrosophic Dice Similarity Measure 
Single Valued Pentapartitioned SVPNWDSM 
Neutrosophic Weighted Dice 
Similarity Measure 
Positive Ideal Solution PIS 


2. Basic Preliminaries: 
In this section some basic definitions and results are described. 
Definition 2.1.[24] Suppose that X be a fixed set. Then R, an SVPNS over X is defined as follows: 
R= {(8, Ar(8), 'r(8), Tr(8), Qr(S), Br(S)) : 5EX}, 
where Ar, Ir, Ir, Qr, Or: X->[0, 1] represents the truth, contradiction, ignorance, unknown and 
falsity membership functions respectively such that 0 <Ar(5) + PR(5) + T1r(8) + QRr(S) + Or(d) <5, for all 
5EX. 
Remark 2.1.[24] Suppose that R = {(6, Ar(5), Pr(5), T1r(5), Qr(5), Or(d)) : 6€X} be an SVPNS over X. 
Then, for any deX, (Ar(S), Fr(5), T1r(8), Qr(d), ®r(d)) is called an single-valued pentapartitioned 
neutrosophic number (SVPNN) over X. 
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Definition 2.2.[24] Suppose that W={(6, Aw(5), w(8), Hw(5), Qw(d), Pw(S)) : 6€X} and M={(5, Am(8), 
Tm(6), Im(5), Qau(5), Pu(5)) : 5EX} be two SVPNSs over X. Then, 
i. WeM SAw(8)<Am(8), Pw(8)<Po(8), Mw(5)2TIm(5), Qw(S)2Om(8), Pw(S)=0m(8), for all 5€X; 
ii, = =9§.W={(8, ®w(8), Qw(8), 1-1 w(S), Pw(S), Aw(8)) : 6EX} and M={(S, Ou(S), Qu(S), 1-TIm(5), P(8), 
Aa(3)) : 3X); 
iii, WUM={(6, max {Aw(6), Am(d)}, max {[w(6d), u(5)}, min {I1w(8), Tm(5)}, min {Qw(d), Qu(d)}, 
min {®w(8), u(3)}) : 8X}; 
iv. WaMe={(6, min {Aw(8), Am(5)}, min {[w(6), u(5)}, max {I1w(5), [Im(6)}, max {Qw(8), Qm(d)}, 
max {®w(5), Du(d)}) : beX}. 
Definition 2.3.[24] The absolute SVPNS (1x) and null SVPNS (0x) over a fixed set X are defined by: 
i. be {(6, 1, 1, 0, 0, 0) : 6eX}; 
ii, — Ox= {(8, 0, 0, 1, 1, 1) : SeXy}. 
Clearly, 0xc R € 1x, for any SVPNS R over X. 


3. Single-Valued Pentapartitioned Neutrosophic Dice Similarity Measure: 

This section introduces the notion of Single-Valued Pentapartitioned Neutrosophic Dice 
Similarity Measure and Single-Valued Pentapartitioned Neutrosophic Weighted Dice Similarity 
Measure, and formulates several interesting results on them under the SVPNS environment. 
Definition 3.1. Assume that W = {(0, Aw(8), ['w(8), Iw(0), Qw(0), Pw(0)) : B€U} and M = {(0, Am(6), 
Tm(0), TIm(0), Qau(8), ®u(O)) : Pe U} be two SVPNSs over a fixed set U. Then, the SVPNDSM between 
W and M is defined by: 

Dsvenpsm(W, M) 


ae! y 2[Aw(0).AmM (0)+l'w (6).'mM (0)+TMw (6). (0)+Qw(6).QmM (0)+Dyw(0).0y (0)] (1) 
n EU (AW(0))+(Fw(0)) + (Hw (0) +(Qw(0)) + (yy(0))2+(Am (0) + (Fm (0)) + ((0))+(Om (0) (m4 (0))2] 


Example 3.1. Let W={(a,0.6,0.3,0.1,0.2,0.1), (b,0.9,0.1,0.0,0.1,0.2)} and M={(a,1.0,0.0,0.1,0.1, 0.2), 
(b,0.8,0.0,0.0,0.1,0.0)}be two SVPNSs over U={a, b}. Then, SVPNDSM (W, M) = 0.8942758967. 
Theorem 3.1. Suppose that Dsvenpsm (W, M) be the SVPNDSM between the SVPNSs W and M. Then, 
(i) 0 < Dsvenpsm (W, M) < 1; 

(ii) Dsvenpsm (W, M) = Dsvenpsm (M, W); 

(iti) W = M =Dsvenpsm (W, M) = 1. 

Proof. (i) Let Dsvpnpsm (W, M) be the SVPNDSM between W and M. 

Therefore, Dsvpnosm (W, M) 


= y 2[Aw (6).Am(0)+lw(0).-mM (0) +I w (6). (8)+Qw (8).Qy (0)+®y(6).0y (6)] 
n 9 Faw (0) +(Fw(0)) + (Hw (0) +(Qw(0)) + (yy(0))2+(Am (0))- + (Fm (0)) + (Tm (0) +(Om (0) + (yy (0))2]° 


It is known that, 0 <Aw(0) <1, 0 <Am(0) < 1, 0 <Pw(0) < 1, 0 <Iq(0) < 1, 0 <Hy(0) < 1, 0 <My(0) <1, 0 
<Qw(0) < 1, 0 <Qu (0) < 1, 0 <®y(0) < 1 and 0 <y4(0) < 1, for each 0cU. 
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=> 0 <Ay(6).Ay(0)< 1, 0 <Fy(0).Py(0)< 1, 0 <Hy(6).My(8)< 1, 0 <Qy(0).Qy(0)< 1, 0 
<y (0). Oy (0) 1, 0 <(Aw(0)) <1, 0 <(Fw(0)) < 1, 0 <(Myw(0)) <1, 0 <(Qw(6))’< 1, 0 <(@y(6))?< 1, 
for each 0cU. 

=> 0s (Aw(0))” + (Pw) + (Hw(0))” + (Qw(0))’ + @w(0))? + (Am (0D) + (Pm) + (Tm) + 
(2 (0))” + (Oy (0))? <10, Os Aw(9).Am(®) + Tw(0).Tv(®) + Tlw(®).Ty(®) + Qw(@).QvM(0) + 
Dyw(0). By, (8)<5, for each OeEU. 


lew): AM EE WA): iM (0)+I1w (8). EOE W: Sut): uO) 1, VOcU. 
* eno +(Fw())’ +(Tw (0) +(Qw(0)) +(@w(0))2+(Am (6) +(Pm())* +(Tm (0) +(Qm(0))° EONS 


2[Aw (8).Am (0)+l'w (8). (0) + Tw (6).11M(0)+Qw(0).Qm(0)+®w(6).Om (6)] 


>0< aes seekers ESE ———e— 
Loc [(Aw())"+(Pw(0))” + (Tw(0))° +(Qw (0) +(@w(0))2+(Am()) +(Pm (0) +(Tm())° +(Qm())’ +(m(0))2] 


a 2[Aw(0).Am (0) +P w(0).'m (0) +I1w (8).I1mM (8) +Qw (8).Qm (0) + Pw (0).2m (8)] < 

=>0 Ss Yocu Fr NZ EAN SE Oe FR 2 eR A 
[(Aw(0))° +(Pw())" +(w 6)" + (Qw())" +(@w6))2+(4m())° +(Tm 0)” +m)" +(Qm (0) +m ())?] 

=>0 < Dsvenpsm (W, M) <1. 

Therefore, 0 < Dsvpnpsm(W, M) < 1. 

(ii) We have, Dsvpnnsm (W, M) 


1 x 2[Aw ().Am (8) +'w (8). (8) +H w(8).11M (0) + Qw (8).Qm (0)+Pw(O).Om(8)] 
PU Taw (0) + (Fw) +(Tw(0))-+(Qw (0)? +(w (0))2+(Am (0) "+ (Fm @))-+ (Tm (0) +(Om (0) +m (0))?] 


1 x 2[Am (8).Aw (8) +m (8). w(8) +m (8). w(0)+Qm (8). Qw (0)+ 2m (0).Pw(8)] 
2 EU @w@))2+(Am(0)) +(Fm())+(Fm ©) +(Qm (0) + (m4 (0))2+(Aw(0)-+ (Fw) +(Mw()-+(Qw))] 


= Dsvenpsm (M, W) 
Therefore, Dsvenpsm (W, M) = Dsvenosm (M, W). 

(iii) Suppose that W and M be two SVPNSs over a fixed set U such that W = M. Let Dsvenpsm (W, M) 
be the SVPNDSM between the SVPNSs W and M. 

Now, W=M 

=>Ay(0)=Ay (9), Fw(0)=Pq(0), Hy(8)=y(0), Qw(8)=Qy(0) and Py(0)=y,(0), for each OcU. 

=> Aw(0).Am(®) = (Aw)) , Tw(®).Pu(®) = (Tw) , w(0).Tm(®) = (Hw())° 
Qw (8). Qy(0)=(Qw())” andy (0). ©y(0)=(Pw())’, for each O€U. 

=> 2[Aw(0). Am (0) + Pw(0). Pm (0) + Hy(0). 1m (0) + Qy(0).Qm(0) + Py (0). Oy (6)] = [(Aw(0))° + 
(Tw(0))° + (Hw(®))” + (Qw(0))” + (Pw(0))2 + (Ay (0) + (Pm (0)) + (Tm (0))° + (Qu (0))” + 
(Dy(8))?], for each 8EU. 


2h). Aw (0)+T'm (8).Cw(0)+I1m (8). w(0)+Qm (8).Qw(6)+0m (8)-Pw (8)] 


eee oe 1, VOEU. 
wi)? +(4m)" +(Pm(@))° + (11m @)) +(Qm(0)) +m ))2+(4w()) +(Fw) +(Hw) +(Qw(0))’] 


2[Am (9).Aw (0)+I'm (8).Pw (0)+T1m (0). w (0)+Qm (0).Qw(0)+0m (0).Ow(6)] 


> “VQ —K—aSVve—eoerer_yeeo eee _ oo ————e0 = 
Loc [wy (0))2-+ (Am (0)) + (Pu (0)) (Tm (0)) + (Oma (0)) + (a (8))2+(Aw (0) +(Cw0)) + (Fw (6)) +(Qw())‘] 


1 y 2[AM (0).Aw(0)+l (6).Cw (0)+Ty (0). Nw (0)+Qy (0).Qw(0)+2y(0).Pw(6)] A: 
80 @yy(0))2+(Am(0)) + (Fm (0) + (Fm (0) +(Om(0)) + (m4 (0))2+(Aw (0)? +(Fw (0) +(Hw())?+(Qw())"] 


=> Dsvenpsm (M, W) = 1. 


Pratik Saha, Priyanka Majumder, Suman Das, Pankaj Kumar Das, Binod Chandra Tripathy, Single-Valued 
Pentapartitioned Neutrosophic Dice Similarity Measure and Its Application in the Selection of Suitable Metal Oxide 
Nano-Additive for Biodiesel Blend on Environmental Aspect. 


Neutrosophic Sets and Systems, Vol. 48, 2022 159 


Definition 3.2. Assume that W = {(0, Aw(8), ['w(8), TIw(8), Quw(0), Pw(8)) : B€U} and M = {(0, Am(8), 
Tm(0), TIm(0), Qmu(8), ®u(O)) : P€U} be two SVPNSs over a fixed set U. Then, the SVPNWDSM 
between two SVPNSs W and M is defined by: 

Dsvpnwosm (W, M) 


2[Aw (8).Am (8) +T'w (8). mu (0) +H w (8).11mM (0) + Qw(0).Qm (8) +®w(0).0m(9)] (2) 
" [(Aw(0))°+(Fw(8))* +(Tw (0) +(Q2w))* +w(0))2+(Am (0) +(Pm(0)) +(T1M (0)) +(Qm(0)) + (m4 (0))?] 


= Yocu Wo 
Example 3.2. Consider the SVPNSs W and M on U given in Example 3.1. Assume that w,=0.6, w2= 
0.4 be the corresponding weights of the SVPNSs W and M respectively. Then, SVPNWDSM (W, M) = 
0.8810258129. 

Theorem 3.2. Suppose that Dsvenwosm (W, M) be the SVPNWDSM between the SVPNSs W and M. 
Then, the following holds: 

(i) 0 < Dsvpnwosm (W, M) < 1; 

(ii) Dsvenwosm (W, M) = Dsvenwosm (M, W); 

(iti) W = M = Dsvenwosm (W, M) = 1. 

Proof. (i) Suppose that Dsvpnwosm (W, M) be the SVPNWDSM between the SVPNSs W and M, where 
Dsvpnwosm (W, M) 


2[Aw (8).Am (0) +I w(8).[u (8) + Mw ©). (8)+Qw(8).Qm(0)+ Pw (9).0m (8)] 
& (aw (0) +(Tw(®)) + (Tw (0) +(Qw(0)) +(@w))2+(Am() +(Fm (0) +(Fm))- +(Qm (0)? (4 (0))2) 


= YocuW 
It is known that, 

0< Aw(0) <1, 0 <A(®) <1, 0 < Tw(0) <1, 0< Ty(0) <1,0< My(0) <1,0< TMy(0) <1, 0< Qy(0) <1,0 
< Qy(0) < 1,0 < Sy(0) <1 and 0< ®y(0) <1, for each OcU. 

=> 0 < Aw(0).Ay(®) < 1, 0 < Tw(6).Pm(6) < 1, 0 < Hw(0).Hy(0) < 1, 0 < Qy(0).Qu(6) 
Py(0). By (0) < 1, 0 < (Aw()) <1, 0< (Tw)) <1, 0< (Mw(®)) <1,0< (Qy@)) < 
(®yw(0))? <1, for each 0EU. 

=> 0< (Aw(®)) + (Fw(0))” + (Hw(®)) + (Qw(0))” + (@yw(0))2 + (Am (0))” + (m()) + (Tm (0))° + 
(Qu(0))” + (My(0))? <10, and O< Aw(®).Am(®) + Fw(0).y() + Hw). Wy) + Qw(0).Q2y(0) + 
Dyw(0). By, (8)<5, for each OeEU. 


lA 
ae 
j=) 
IA 


/\ 
om 
oO 
IA 


0K< 2[Aw (8).Am (0) +I w(8).'m (8) + Mw ©). (8) +Qw (8).Qm (0)+ Pw (8).0m(8)] <1, V0cU 
~[(Aw(0))° +(Tw(0))* +(Tw ))* +(Qw(0))” +(w(0))2+(Am (8) +(Pm (0) + (TI (0)) +(Om(0)) +(m(0))21” 


2 [Aw (0).Am (0)+lw (0). uM (0) +Mw (0). (6)+Qw(6).Om (0)+®y(6).0y (0)] <] 
[(Aw))°+(Tw())* + (Mw) +(Qw(0)) + (w ())2+(Am (0) +(Pm(0)) (Tm (0) +(Qm(0)) +m) 


>0<Yocu Wo- 


= 0 < Dsvenwosm (W, M) <1 
Therefore, we have 0 < Dsvenwosm (W, M) < 1. 
(ii) We have, Dsvpnwosm (W, M) 


2 [Aw (0).Am (0)+l'w(0).[uM (0)+llw (0).11m (0)+Qw(6).Om (0)+Ow (0).®y (0)] 
© (aw (0)) +(Fw(0)) + (Tw (0) +(Qw(0)) + (@w(0))2+(Am (0) +(Pm(0)) + (Fm 0) + (Om (0) +4 (0))2] 


=, Yoeu Wi 
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2 [Am (0).Aw (6)+T'M (6). -w (0)+I1mM (6).1w (6)+Qm (0). Qw(6)+®y (0).Ow (0)] 
(Bw (6))2+(Am (0) +(Tm(0)) +(T1 (0) + (Om (0)) +m (0))2+ (Aw (0) +(Fw(0))” +(Tw (0) +(Qw(0)) I 


= Yocu Wor 


= Dsvenwosm (M, W) 
Therefore, Dsvpnwosm (W, M) = Dsvenwosm (M, W). 

(iii) Suppose that W and M be two SVPNSs over a fixed set U such that W = M. Assume that 
Dsvenwosm (W, M) be the SVPNWDSM between W and M. 

Now, W=M 

=> Aw(0)=Ay(0), Pw(0)=P'm (0), Tyw(0)=Ty (0), Qy(0)=Qm(8) and ®y/(0)=0y(0), for each OU. 

=> Aw(0).Am() = (Aw(®))’, Pw(0)-Tm()= (Cw), Mw(6)- Mm (@)=(Tw(0))°, Qw()-Qm(6) = 
(Qw(®))”, ®w(0).&y (0) = (Pyw(0))’, for each OcU. 

=> 2[Aw(0).Am(®) + Pw(0).P(0) + Hy(8). 1 (0) + Qy(0).Q4 (0) + By(0).2y(0)] = [(Aw(0)) + 
(Fw(0)) + (Tw(®))” + (Qw0))” + (@w(0))? + (Am(®)) + (Pm (0))” + (Hm (0))° + (Qm (0) + 
(®,,(0))*], for each 0EU. 


2[Am(0).Aw(0)+lm (6).Cw (0)+1y (6). Mw (0)+Qyy (8).Qw(6)+2y(0).Pw(6)] = 1 74) U 
> a 2 2 2 Z F Z z 2 2 , € 
[(®w(0))?+(Am (6) +(Tm ))° + (Tm ))° +(2m))” +m (0))2+(Aw))” +(Tw))" + (Tw) +(Qw@))I 


2[Am (0).Aw (0) +m (9). w(8) +11m (0). Mw (8) +Qm (8). Qw (0) +m ().Pw()] - 
& Fy (0))2+ (Am (0)) + (Pm (0) +(T4(0)) + (2m (0)) + (m4 (0))2+ (Awy(0))° + (Fw (0)) + (Tw) +(Qw())] 


=Yocu Wi 


=> Dsvenwosm (M, W) = 1 
Therefore, W = M => Dsvenwosm (W, M) = 1. 


4. MADM-Strategy Based on SVPNWDSM under SVPNS Environment: 
The main focus of this section is to propose a MADM-strategy using the SVPNWDSM between two 
SVPNSs under the SVPNS environment. Figure-1 represents the proposed MADM- strategy. 

Let us consider a MADM-problem, where L = {L1, Lz, .......,Lp} is a set of possible alternatives and 
A = {A1, Az, ..., Ag} is the family of attributes. Then, the decision maker can give their evaluation 
information for each alternative Li(i = 1, 2,..., p)against the attribute Aj (j = 1, 2,..., q) by using SVPNS. 

Then, the proposed MADM- strategy is designed in the following steps: 
Step-1: Decision Matrix Formation using SVPNS. 

Suppose, the decision maker gives their evaluation information by using the SVPNS E,,= {(Aj, 
Aj (Li, Aj), Ti (Li, Aj), Ty (Li, Aj), Q4 (Li, Aj), By (Li, Aj )): Aj eA} for each alternative Li against the 
corresponding attributes Aj(j = 1, 2, ..., q), where (Ajj(Li,Aj), Ty(Li,Aj), My(Li,Aj), Q4(Li,Aj), By (Li,Aj)) 
= (LiA))G = 1, 2, ..., p and j = 1, 2, ..., q) is an SVPNN. By using all these evaluation information, a 
decision matrix (D™) is billed as follows. 


The decision matrix can be expressed as follows: 


DM re A, er wae Ag 
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Ly (Li, A1) (Li, Ai) |] we (Li, Aq) 
Lz (Lz, A1) (Lz, A2) | owe. (Lz, Ag) 
Lp (Lp, A1) (Lip A): |) ot ete tee | Share (Lp, Aq) 
Step-2: Selection of the Positive Ideal Solution for the Decision Matrix. 
The Positive Ideal Solution (PIS) for the decision matrix is defined as follows: 
L* = [(Az, TT, Mf, OF, &f), (Ag, 13,17, 03,03), .......... Benen, One h (3) 


where Aj= max {A;;(Li, Aj): i=1, 2, 3, ....., nh, Tj= max {I°,;(Li, Aj): =1, 2, 3, ....., nj; = min {I1j;(Li, Aj): 
i=1, 2,3, ....., nh, OF= min {Q,;(Li, Aj): =1, 2, 3, ....., n} and 0;= min {®,,(Li, Aj): =1, 2, 3, ....., nj. 


Step-3: Calculation of Attribute’s Weight. 

In any MADM problem, the decision maker can use the compromise function as tools for the 
calculation of the weight of each attribute those are completely unknown. 
The compromise function is defined as follows: 


Wade, (8+ Aq(Li, Aj) + Ty (Li, Aj) - Hy(Li, Aj) - Q4,(Li, Aj) - Oi (Li, Aj) / 5. (4) 


Then, the weight of the j-th attribute is defined by w= sis (5) 


jai 15 


Here, De} =1. 


Step-4: Determination of the SVPNWDSM between PIS and E,, (i =1, 2,..., p). 
In this step, the SVPNWDSM between the decision elements from the decision matrix and the PIS 


is calculated by using eq. (2). 


Step-5: Ranking Order of the Alternatives. 
Finally, the ranking order of alternatives is determined based on the ascending order of 
SVPNWDSM between the PIS and the decision elements from the decision matrix. The alternative 


associated with the highest SVPNWDSM value is the most suitable alternatives. 
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Figure-1: Proposed MADM- Strategy 
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5. Application of the Proposed MADM Strategy in the Selection of Suitable Metal Oxide 


Nano-Additive for Biodiesel Blend on Environmental Aspect under the SVPNS Environment: 


The search for a potential alternative fuel has flourished due to the global demand for fossil fuels 
and environmental problems. Among all alternative fuels, biodiesel has become more popular in 
many nations. But main problem with biodiesel have their low calorific value and low heat value, 
which result low engine performance. In different research studies, nano-additives have been 
proposed for improving the performance and emission characteristics of biodiesel. Metal oxide 
nano-additives are basically used frequently for the improvement of combustion quality. 

The proposed research work focused on the selection of suitable metal oxide nano-additive for 
biodiesel blend on environmental aspect under the SVPNS environment. 

For the current research work five attributes namely (i) CO emission, (ii) HC emission (iii) SO2 
emission, (iv) NOx emission and (v) Smoke emission, and six alternatives namely (i) GO, (i) SiOz.,(iii) 
CuO, (iv) Al2Os, (v) Fe2O3 and (vi) TiOzare chosen from different literature [1, 16, 31, 39, 41, 44]. Best 
alternative among them was chosen with the proposed MADM strategy under the SVPNS 
environment. 

In addition of TiOznano-particles the values of CO, HC and smoke opacity emission reduced, 
while emission of COz and NO are increased. This happen due to the intensified combustion process 
as compared to Bio diesel blends without TiOz [31]. CuO nano-particles shows good impact in 
reduction of CO, HC and smoke emission though in addition of CuO nano-additive COz emission 
increase while NOx emission increase slightly [39]. A comparative study was done by Tomar and 
Kumar [41] between Al2O3 and Fe2O3. Reduction of all kind emission was observed with both 
nano-additives though Fe2Os is slightly more effective in reduction of CO emission but in the case of 
SO2 and NOx emission reduction, AlzO3 is more effective. Effect of GO was studied by Hoseini et al. 
[16]. In addition of GO, the emission of HC and CO decrease with a penalty of increased NOx 
emission. The effect of AlzO3nano-particles was studied separately and it was observed that all the 
emission i.e., HC, CO, smoke and NOx emission reduced significantly at different loading condition. 
Agbuluta et al. [1] have done a comparative study among three nano-particles metallic oxide namely 
Al2Os, TiOz and SiOz. In [1], the authors reported, emission of CO, HC and NOx were reduced in the 
presence of three nano-additives with blend though the highest reduction of CO emission observed 
with AlzOsnano-particles and highest NOx emission with TiOznano-particles. Table-1 represents the 


list of nano-Particles added to biodiesel and their corresponding engine emissions. 


Table-1: List of nano-particles added to biodiesel and their corresponding engine emissions 


Nano- Operating CO HC NOx COz Smoke 
particles Condition 
& Dosage 
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TiOz 0.01% by 1000 rpm, B20+TiO2z B20+TiO2 TiO2z -- Average 
mass [31] 1500 rpm, reduce the reduce HC dramatically reduction 
2000rpm, 25.56% CO emission increasing the 25.07% 
2500 rpm, emission around 34.12% in cylinder 
3000 rpm compared at 3000 rpm pressure and 
to Diesel temperature 
since the rising 
of NO 
emission 
CuO, 25, 50, Different Reduced Reduced Increase Increase Reduced 
and 75 load slightly 
ppm[39] condition 
Fe2O3,AlLOs, 1800 rpm Reduced Reduced(up to 10-15% 
30;60;90 and at 50% 24%Reduction lower at 
ppm[41] load found with 300 ppm 
condition Al2Os) 
GO, 2100 rpm Reduced Reduced Increase Increase 
30;60;90 ppm | and different 
[16] load 
condition 
AbOs, 1500 rpm Reduced Reduced Reduced Reduced | Reduced 
25;50 ppm [44] | and different | (Maximum (Maximum (Maximum (Maximu | (Maximu 
load Reduction Reduction Reduction m m 
condition found with | found with50 | found with50 | Reductio | Reductio 
50 ppm ppm AlOs) ppm AlOs) n found n found 
Al2Os) with 50 with 50 
ppm ppm 
Al2Os) AlzOs) 
AlkOs;TiO2,Si 2000 rpm Reduced Reduced Increase 
O2ppm [1] and different | (Maximum (Maximum (Maximum 
load Reduction Reduction increment 
condition found with found with found with 
Al2Os) Al2Os) TiO2) 
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election of Suitable Metal Oxide Nano-Additive 


Figure-2: Decision Hierarchy of the Current MADM Problem 


4 Alternative 


165 


Figure-2 represents decision hierarchy of the current MADM problem and steps involve in the 


current MADM problem is presented as follows: 


By using the evaluation information for all alternatives given by the decision makers, prepare the 


decision matrix in Table-2. 


Table-2: Decision Matrix 


Al A A3 Aa As 
Li | (1.0,0.2,0.2,0.0,0.0) | (0.8,0.1,0.1,0.1,0.1) | (0.9,0.0,0.2,0.1,0.1) |  (1.0,0.0,0.2,0.1,0.1) (0.9,0.0,0.0,0.0,0.1) 
Lo | (1.0,0.1,0.2,0.1,0.2) | (0.9,0.1,0.2,0.2,0.1) | (0.8,0.1,0.0,0.0,0.1) |  (0.9,0.0,0.0,0.1,0.1) (0.9,0.1,0.0,0.2,0.0) 
Ls | (1.0,0.1,0.0,0.0,0.1) | (0.9,0.0,0.1,0.1,0.2) | (0.9,0.1,0.1,0.1,0.1) |  (0.8,0.1,0.2,0.1,0.1) (1.0,0.2,0.0,0.0,0.1) 
La | (0.9,0.2,0.1,0.1,0.0) | (1.0,0.1,0.0,0.0,0.1) | (0.9,0.1,0.1,0.1,0.1) |  (1.0,0.1,0.0,0.0,0.1) (0.8,0.1,0.1,0.2,0.1) 
Ls | (1.0,0.2,0.1,0.1,0.1) | (0.8,0.1,0.0,0.0,0.1) | (0.7,0.2,0.0,0.1,0.1) |  (0.8,0.1,0.0,0.0,0.1) (1.0,0.1,0.0,0.0,0.1) 
Ls | (0.8,0.1,0.1,0.2,0.1) | (1.0,0.0,0.1,0.2,0.1) | (0.9,0.0,0.2,0.1,0.1) |  (0.8,0.1,0.1,0.2,0.1) (1.0,0.1,0.0,0.0,0.1) 


Now, by using the eq. (3), the PIS (L*) is formed for the decision matrix in Table-3. 
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Table-3: Positive Ideal Solution 


Al A2 A3 Aa As 


L* | (1.0,0.2,0.0,0.0,0.0) | (1.0,0.1,0.0,0.0,0.1) | (0.9,0.2,0.0,0.0,0.1) |  (1.0,0.1,0.0,0.0,0.1) (1.0,0.2,0.0,0.0,0.0) 


Weights of the attributes are determined by using the eq. (4) & eq. (5). The weights of the attribute 
are w1=0.2042819, w2=0.1962533, w3=0.1953613, w4=0.1971454, ws=0.2069581. 
By using the eq. (2), obtained SVPNWDSM of similarities between the PIS and the decision 
elements from the decision matrix as follows: 
Dsvenwosm (L1, L*) =0.966693; 
L*) = 0.968999; 


Dsvenwosm (L2, Lt 


) 
) 
*) 
) 
) 


Dsvenwoso (L3, L") = 0.978151; 
Dsvenwos (L4, L*) = 0.980355; 
Dsvenwosn (Ls, L*) = 0.978792; 


Dsvpnwosm (Le, L*) = 0.95907. 

The ascending order of the SVPNWDSM between the PIS and the decision elements from the 
decision matrix is as follows: 
Dsvpnwosm (Le, Lt) <Dsvenwosm (Li, L*) <Dsvpnwosm (L2, L*) <Dsvpnwosm (Ls, L*) <Dsvpnwosm (Ls, L*) 
<Dsvpnwosm (La, L*), 

Hence, the alternative Li.e., Al2Osis the most suitable metal oxide nano-additive for the biodiesel 


blend on environmental aspect under the SVPNS environment. 


6. Comparative Study: 

To verify the proposed result based on the SVPNWDSM, an investigation has been conducted for 
the purpose of comparison with the existing MADM techniques [13, 23]. 

From the comparative table (see Table-4) it is observed that the existing methods support the 
same performance as per the proposed method for best attribute. According to the Table-4 it is clear 
that the weighted values of all attribute are much closed for two existing methods. In case of 
proposed technique the weighted values of all attribute is not closed compare to existing tool, it 
helps to take better decision for considering attributes. So the proposed method is more effective 


compare to considering MADM methods. 


Table-4: Comparative Study 


Methods 


a 
mC 
nN 
i 
io) 
i 
‘ 
oe 
oa 
om 


Ranking Order 


MADM Strategy Based on 
Tangent Similarity Measure 
under SVPNS Environment [13] 


Lo< Li< L2< L3< Ls< La 


0.976292 
0.978664 
0.981409 
0.985021 
0.982482 
0.975305 
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From the above comparison Table-4, it is clear that L1is the most appropriate alternative in all the 


MADM strategies. 


7. Conclusions: 

In this article, a novel MADM is proposed for selecting suitable nano-additives for biodiesel to 
enhance performance and emissions characteristics of internal combustion engines. Using this 
method, a ranking among the alternatives is generated. The ranking order Lo< Li< L2< Ls< La< La is 
derived by the proposed method. It is obvious from the ranking order generated by the new method 
that alternative Ls is the best among all alternatives. A comparison of the results obtained by the new 
MADM method is performed using different existing methods. Based on all methods, alternative L4 
is the best, and therefore, it is concluded that the proposed method is well suited for solving such a 
problem. 

In a future study, the nano-additive selected from this present work will be applied to biodiesel 
in different concentrations and its performance and emission characteristics will be examined 
experimentally. Further, it is hoped that, the proposed MADM- strategy can also be used to deal with 
the other real life problems such as Data Mining [30], Medical Diagnosis [35-36], Fault Diagnosis 
[46-47], and decision-making problems such as Tender Selection [7], Electronic Goods Selection [12], 
Plot Selection [13], Weaver Selection [15], Brick Selection [25, 29], Logistic Center Location Selection 
[32-33], Teacher Selection [37], etc. 
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Abstract: In recent years, cloud computing has emerged as a revolutionary technology that offers several 
benefits to businesses; nevertheless, like any other technology, it comes with significant risks. Firms can 
gain a competitive advantage by investing in cloud computing while simultaneously exploring new 
opportunities and leveraging their existing knowledge and capabilities. Cloud computing dangers, on the 
other hand, may limit these capabilities. We have shown that prospective cloud computing risks have a 
considerable impact on organizations’ performance in two key areas of explorative and exploitative 
innovation using the ambidexterity theoretical lens. To achieve these goals, the Neutrosophic 
ViseKriterijumska Optimizcija | Kaompromisno Resenje in Serbian (VIKOR) and multi-attributive border 
approximation area comparison (MABAC) techniques were used, in which the Neutrosophic approach aids 
experts in expressing their opinions using linguistic variables, and the VIKOR and MABAC techniques 
rank cloud computing risks based on ambidexterity criteria. There are eight criteria and ten alternatives are 


used in this study. 


Keywords: Cloud Computing; Risks; Neutrosophic; Uncertainty; VIKOR; MABAC 


1. Introduction 


Firms have placed a greater emphasis on public computing infrastructure in recent years [1]. Based on 
cloud computing, it is estimated that organizations have experienced a $3.3 trillion shift in their computer 


performance [2]. Cloud computing is a computing model that involves the deployment of enormous data 
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centers with efficient processor equipment [3]. By implementing cloud computing technologies, businesses 
can reap numerous benefits, including reduced investment costs [4]. Cloud computing has also improved 
the firm's agility by providing flexibility and on-demand services [5-6]. Cloud computing has been cited 
as a good example of how to improve your business [7]. Though cloud computing is gaining a lot of traction 
in many industries, it, like any other technology, comes with significant hazards [8]. The most significant 
hazards of cloud computing implementation, according to past research, are "authentication," "data 
security, and privacy." [9-11] “confidentiality,” “integrity,” “availability” [12], “accountability,” and 
“accessibility” [13]. Because risks can have direct and indirect negative effects on service quality, it's critical 
to have a thorough awareness of them, especially for a newly created technology [10]. Cloud computing 
plays an important role in strong company innovation since it provides a huge number of innovation 
opportunities, such as novel computing capabilities and solutions [14]. Though, cloud computing systems’ 


innovative performance is affected by unpredictability and risk issues. 


Exploration and exploitation are two methods for obtaining innovative results. The former relates to 
gathering information and benefiting from new opportunities by investigating new possibilities; the latter, 
on the other hand, focuses on producing value by taking into account current prospects [15]. Businesses 
that use both exploration and exploitation at the same time might profit from ambidexterity performance 
in this way [16]. To put it another way, while exploitation focuses on increasing business productivity and 
efficiency by deploying current knowledge, exploration focuses on getting innovative and recent 
technologies and resources by producing and acquiring new knowledge [17-18]. Exploration and 
exploitation innovations rely heavily on information technology, which may lead to the development of 
new goods and services for new consumers as well as the extension of existing products and services for 
existing customers. As a consequence, businesses may achieve long-term success in a changing 


environment [19]. 


Exploitation competency may be gained by conserving and leveraging current innovative skills, 
processes, and knowledge, whereas exploration competency can be gained through recreating knowledge 
and abilities [20]. The capacity of a company to explore and exploit new opportunities while reacting 
quickly to market changes results in ambidextrous success [21]. Ambidexterity characteristics help cloud 
computing corporations to be flexible in an unpredictable market, suggesting that businesses can gain a 
competitive edge by leveraging dynamic skills. In moderately dynamic markets, exploration capabilities 
such as deploying routines and codified knowledge are expected; however, in high-velocity markets, 


exploration capabilities should be strengthened [22]. Because risks influence how businesses spend their 
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dualities (exploration and exploitation) [23]. To ensure that cloud computing systems work well, 
researchers focused on limiting the influence of risk factors [24]. For example, the cloud computing 
environment's cyber security risk results in poor service level performance [25]. Another research found 
that IT infrastructure improves ambidexterity performance and helps firms function more efficiently [26], 
[27]. Firms' flexibility, agility, cost-effectiveness, and scalability may all benefit from cloud computing, 
according to it is cited. Furthermore, it can be beneficial in facilitating the rapid introduction of startups to 
the market, although cloud computing risks might have a detrimental impact on a firm's performance [28]. 
According to another research, organizations place a high value on data kept in cloud computing 
infrastructures, which are vulnerable to a variety of dangers. As a result, if such risks materialize, 
corporations will encounter major problems in carrying out their exploratory and exploitative performance 
[29]. Furthermore, successful cloud computing adoption may have a favorable impact on a company's 
performance since it merges internal IT skills, human, and physical resources to operate and improve 
operations [2]. When security concerns are taken into account, cloud computing encourages inventive 
performance, particularly when it comes to bringing new goods and services to market [30]. Indeed, cloud 
computing may lead to inter-organizational innovation that makes use of external knowledge, skills, and 
production facilities while also maximizing internal knowledge and production capabilities. Various cloud 
computing concerns, including as economic risks, service availability risks, and data security risks, might 
be overlooked. It will be steered toward a low adoption rate [31]. It is reasonable to assume that if cloud 
computing infrastructure is exposed to hazards, this will have a negative influence on business 


performance. 


As a result, the primary purpose of this study is to identify cloud computing risks, followed by a gap 
analysis of the influence of risks on company performance using organizational ambidexterity theory. As 
a result, the given theory is used to answer the following research question: what are the top cloud 
computing risks? To answer the study's main issue, we first assemble previously researched cloud 
computing risk indicators, then rank them using neutrosophic VIKOR and MABAC approaches based on 
ambidexterity measurements (Exploration and Exploitation). In various fields, neutrosophic VIKOR and 
MABAC have been effectively employed to solve neutrosophic multi-criteria decision-making problems 
[32-39]. However, it has never been used to mitigate the hazards associated with cloud computing. This 
research makes several contributions. For starters, cloud computing risk concerns have been discovered 


from a much broader perspective. Second, selected risk variables are prioritized using ambidexterity 
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measures using the neutrosophic VIKOR and MABAC approaches, which is the first research of cloud 


computing risk factors. 


Section 2 provides the related works of cloud computing risks. Section 3 shows the methodology of 


this paper. Section 4 shows the case study and application of methodology. Section 5 refers to the 


conclusion of this paper. 


2. Related Works 


Table 1. show the previous research on the risks of cloud computing. 


Table 1. Prior study on cloud computing risk ranking 


Reference 


Prioritizing cloud computing risks 


Dutta et al .[40] 


Cloud computing dangers were found in this study, and the ten most significant 
ones were chosen by creating a risk score based on three factors: chance, effect, 


and frequency. 


Elzamly et al. [41] 


Based on Delphi research, the study identified and prioritized important 


security concerns in cloud computing for financial firms. 


Boutkhoum et al. [42] 


In this study, a fuzzy AHP-PROMETHEE is employed to determine the best 


appropriate cloud computing for large data. 


Boutkhoum et al. [43] 


The authors employed the AHP-TOPSIS approach to assessing cloud 


computing services to better manage big data in this study. 


Amini et al. [44] 


To rank cloud computing hazards, fuzzy logic was used in this study. The 


severity and likelihood criteria were used for assessment. 


Henriques de 


Gusma’o et al [45] 


The authors of this work examine cyber security threats using fault tree analysis 


and fuzzy decision theory. 


Patel and Alabisi [46] 


Cloud computing threats were classified in this study into many categories. 
Customers, service providers, and the government are all taken into account 


when identifying hazards. 


Krishnaveni and 


Prabakaran [47] 


Researchers used machine learning classifier methods to classify cloud 
computing network intrusion and assaults in this study. SVM, Naive Bayes, and 
Logistic regression algorithms were used, and the approaches were assessed 


based on accuracy and reaction time. 
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Swathy Akshaya and | A taxonomy of cloud computing dangers has been presented in this work. The 
Padmavathi [48] 


wor 


service delivery paradigms "software as a service," "platform as a service," and 


"infrastructure as a service" were used to create the categorization. 


Jouini et al. [49] Security threats associated with cloud computing infrastructures were 
categorized in this study, and new information security metrics were provided 


based on quantitative analysis. 


Sheehan et al. [50] The cyber security risk of cloud computing has been categorized in this study. 
In addition, proactive and reactive obstacles to minimizing such hazards have 
been identified. To assess cyber security risk, likelihood and severity/impact 


criteria have been implemented, which aid in quantifying those risks. 


Mohammad Taghi This study used the Fuzzy VIKOR Technique to identify cloud computing risks 


Taghavifard & based on a firm's ambidexterity performance. 
Setareh Majidian [51] 
This study In this study, we used the neutrosophic sets hybrid with the MCDM methods 


like neutrosophic VIKOR and MABAC to compute the weights of criteria and 


rank of risks (alternatives). 


3. Methodology 


In this section, we provide some definitions in neutrosophic sets and we introduce the neutrosophic VIKOR 
and MABAC methods. we use P, = {1,2,....,a} and P, = {1,2,....,b} as an index set fora € Nand beN, 


respectively. 

3.1 Definitions 

Definition 1: [52] Make X become a universe. The definition of a neutrosophic set Y over X is: 
Y ={<V, (TV), y(V), Fy(V)) >:V € X}. 


where Ty(V), Iy(V),, and F,(V) are the truth-membership, indeterminacy-membership, and _ falsity 


membership functions, respectively. They are described as follows: 
Lax 3) 0 Ek Ses Lex SS] O17] 


Such that 0- < Ty (V) + Iy(V) + F,(V) < 3+. 
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Definition 2: [52] Assume X be a universe. A single-valued neutrosophic set (SVN-set) over X is a 
neutrosophic set over X, but the truth-membership function, indeterminacy membership function, and 


falsity-membership function are respectively described as: 
Ty:X [0,1], ly:X — [0,1], Fy:X — [0,1] 
Such that 0 < Ty(V) + 1,(V) + F(V) <3 


Definition 3: [52] Assume hz, gz, jz € [0,1] be any real numbers, ny, My, Ow, dy € Rand, ny < my < oy < 


dw (w = 1,2,3) Then a single valued neutrosophic number (SVNN) 


j= (((r,my, 01, 41), hg ) , ((n2, M2, 02,92) 9% ) , ((n3, ms, 03,93), JK )) 


is a special neutrosophic set on the set of real numbers R, whose truth-membership function b;, 


indeterminacy membership function cz and falsity-membership function dz are respectively described as: 


fo V), nsV<m 


a < 
by: R= [0, hz |, b;(V) = Ihe m<V<o, 
fr), 5 V <q 
0, otherwise 


fe (V), n2SV <m, 


In m,<V <o, 
cz: RR > | gz, 1 |,cZ(V) = k 
‘ ‘ ‘ fe(V), 02,5 V <a 


1, otherwise 
fi), N3<V<m,; 
: . _ Jip m3 < V <03 
d-:R — |jz,1),d;V) = 
: Viet baz faV), 035 V <4q3 
1, otherwise 


Where the functions fi: [n1,m,] — [0,hg |, £2: [02,421 [9¢,1], Fé: [03,93] [iz 1] are continuous 
and non-decreasing , and satisfy the conditions: fi(n,) = 0,fp(m) = hg fe(o2) = op fE(d2) = 
1, ff (03) = ig fd Ga) = 1 functions ff: [01,41] — [0, hg], fe: [name] > [9g1], fa: [nz,ms ] — [7p 1] are 
continuous and nodecreasing , and satisfy the conditions: ff (01) = hz fp (qa) =9, fe(m2) = 1, f2(m2) = 
Gm fa (Nz) = 1, fa (m3) = jz. [M4 0, |, 2, and q, For the truth-membership function, the mean interval and 
the lower and higher limits of the general neutrosophic number k, respectively. [mz, 02 ],nz and q2 For the 
indeterminacy-membership function, the mean interval, and the lower and higher limits of the general 
neutrosophic number k, respectively. [m3, 03 ],n3 and q3 For the falsity-membership function, the mean 


interval, and the lower and higher limits of the general neutrosophic number k, respectively. The maximum 
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truth-membership degree, minimum indeterminacy-membership degree, and minimum falsity- 
membership degree are hz, gz, and jz, respectively. 


Definition 4: [53] Assume k = ((n1, my, 01, 1); he Ig), KK = (2, M2, 02, 42); hig, Gae Jaq) be two SVNNs 


and a constant s # 0 be any real number then: 


k+kk = ((ny + n2,mM, + Mz, 0, + 02,41 + dai hg Nha GE V Dae JE Vick) 


es ((1yN2,MyMz , 0,02 9192); hg Nhge Gn VY Gael V de) (41 > 0,q2 > 0) 
k kk = 4((11.q42,™ 02 ,0;Mz 91N2); hg Nhge 9k VY Gaede V ig) (41 < 0,q2 > 0) 
((q142,0102 ,M,Mz /N4Nz); hz Nhe Gk VY Game Sk V ign) (q1 < 0,q2 > 0) 


an ae SM, ,$01,54,); hg, GEIR) (S > 0) 
sk= ; 
((sq1, S01 ,SM, ,SN1); hz, 9;z,IK) (S < 0) 


Definition 5: Assume k = ((n,,m,, 04, ); he GmIz) kk = (ng, M3, 03, ); lige Ge Jeg) be two SVNNs and a 


constant s # 0 be any real number then: 


k+kk = ((ny + n,m, + mz ,0; + 02 hg Alig Ie V Gael V tee) 


aie ((nynz,m,m, , 0102 ); hg A hie IR V G@e Sz Vick) (0, > 0,02 > 0) 
kkk = ((n,02,m,m, , O1N2 ); hg A hip OF V Ga@eSE Vick) (0, < 0,02 > 0) 
(C0102 ,m,m, NN); hz Nhe 9k VY Gage Sk V ja) (0, < 0,02 > 0) 


, ((sny, sm, , S04 hE, Ge Se) (s > 0) 
sk= F 
((sq1,501,SM, ); hg, Ig SR) (8 < 0) 


Definition 6: A single valued trapezoidal neutrosophic number k= ((n,m, 0, q); hg, 9=-F%) 


is a special neutrosophic set on the set of real numbers R, whose truth-membership function, 


indeterminacy membership function and falsity-membership function are respectively described as: 


(v —n)hz/(m — n), nxV<m 

hz, m<xV<o 

(q—-v)hg/(q-0), oS V <q 
0, otherwise 


b,(V) _ 


(m—vt+cz(v—n))/(m—n), nxV<m 
CE, m<V<o 


(v-—o0+cz(q —v))/(q- 9), os V <q 
0, otherwise 


cz(V) = 
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(m—v+d;(V)(v —n))/(m— n), n<xV<m 
cz, ms<V<o 


(v-—o+d;(V)(q — v))/(q — 0), o<V <q 
0, otherwise 


d;(V) = 


respectively. 
Definition 7: A single valued trapezoidal neutrosophic number k = ((n,m,0); he Gm Iz) 


is a special neutrosophic set on the set of real numbers R, whose truth-membership function, 


indeterminacy membership function and falsity-membership function are respectively described as: 
(v —n)hgz/(m — n), nxV<m 
by(V) = \ (o—v)hg/(0 — m), ms<xV<o 
0, otherwise 
(m—vt+cg(v—n))/(m—n), n<xV<m 
ckV) = 4 ((m-o)cg(o-m))/(o-m), msV<o 
0, otherwise 
(m—v+d,(V)(v—n))/(m—n), n<V<m 
dV) = 4 (v—m)d;(V)(0—-v))/(o-m), msV<o 


0, otherwise 


respectively. 


3.2 Phases of the proposed model for Cloud Computing 

In this subsection, we provide two phases 

Phase I: The Neutrosophic VIKOR Procedure 

Stage 1: Form a committee of experts to decide on the aim, alternatives, and criteria. 


Stage 2: Draw and create the language scales that will be used to characterize experts, as well as the 


alternatives. 
Stage 3: Collect the opinions of the experts on each component. 


Stage 4: Covert opinions of experts to the SVNNs 
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Stage 5: Compute the score function, by converting the three values of SVNNs into a one value by 


2+T(V)—I(V) — F(V) 
3 


SW) = 


Stage 6: Compute the weights of criteria by the average method as: 


yy = SIF SAV) + SQV) 


¢ a 


Where a refers to number of criteria. 


Stage 7: Construct an evaluation matrix by opinions of experts then average these opinions to obtain one 


decision matrix 


Stage 8: Compute the best and worst solution 
La” = max Vj, for positive criteria 
La = minV,, for negative criteria 


Stage 9: Compute the Z,, U, values: 


U, = max(W, ba — Vou 
— * 
a 1ax( a Le ” 


Stage 10: Compute the value of Rg as: 


Za mize Ua — minU 
R, =d{| ———*» __|+4a-d 
e maxZ, —minZ, ( ) max U, — min U, 

b b b b 


Where d =0.5 
Stage 11: Rank alternatives according to ascending order of the previous step 


Phase II: The Neutrosophic MABAC Procedure 
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Stage A: Use the previous steps to obtain the opinions of experts then convert them into a single value by 


a score function, then aggregate these opinions into one matrix. 
Stage B: Normalize the decision matrix as: 


Vig-La_ re donaw 
Noa = ia for positive criteria 


Vpa-La* oe 

Nyq = ———* for cost criteria 

ba io =F 
a a 


Stage C: Compute the weighted normalized decision matrix as: 
WNba = Wa + Wa * Noa 
Stage D: Compute the border approximation area as: 
b 
Boring = (| [ WNpa)*” 
a=1 
Stage E: Compute the distance from the Bory, 


DISha = WNpa—Borna 


Stage F: The alternatives are ranked based on the descending value of the previous step. 


Fig 1. The eight criteria used in this study 


4. Case Study: Results and Analysis 
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Based on the literature, cloud computing risks have been highlighted in this study. The case study is 
made in a firm in Egypt, which is a new cloud computing company. Experts are a group of three people. 
Experts will evaluate eight criteria and ten alternatives. The criteria and alternatives in Fig 1 and Fig 2. 
Then replace their opinions with the scale of SVNNs as in [54]. Then apply the steps of neutrosophic VIKOR 


and MABAC methods to obtain the weights of criteria and rank of alternatives. 


Phase I: Obtaining the weights of criteria by applying the score function to obtain one value then applying 


the average method. The weights of the criteria are presented in Table 2. 


Table 2. The weights of criteria. 
Criteria COM, COM, COM; COM, COM; COM, COM, COM, 


Weights | 0.1744 0.0817] 0.0817] 0.0604 | 0.1744 | 0.1744] 0.1921 | 0.0604 


Phase II: Rank alternatives by the VIKOR and MABAC. Let experts evaluate the decision matrix, then apply 
the score function to obtain one value, then aggregate three decision matrix into one matrix, Table 3 show 
the aggregated decision matrix. All criteria are positive. Then apply steps of the neutrosophic VIKOR 
method to obtain the values of Z,, Ug, Ra, then rank alternatives. Data security and privacy is the highest 
rank and Business continuity is the lowest rank by the VIKOR method. Table 4 show the values of Zg,Uq, Ra 


and rank of alternatives. Fig. 3 shows the rank of alternatives. 


Table 3. The aggregated decision matrix. 


Criteria/Alternatives | COM, | COM, | COM; | COM, | COM; | COM, | COM, | COM, 
RCOM, 0.6999 | 0.8445 | 0.8722 | 0.6666 | 0.8722 | 0.8612 | 0.8445 | 0.8722 
RCOM, 0.2830 | 0.8167 | 0.9000] 0.9000 | 0.6999 | 0.6388) 0.3830 | 0.4609 
RCOM3 0.8722 | 0.6943 | 0.8445 | 0.5276 | 0.5220] 0.8445) 0.6666 | 0.5220 
RCOM, 0.4609 | 0.6666 | 0.6721 | 0.6388 | 0.3163 | 0.5553) 0.9000 | 0.8445 
RCOM; 0.4942 | 0.8167 | 0.3497 0.6721} 0.5943 | 0.2830] 0.8167 | 0.8167 
RCOM, 0.2830 | 0.4887 | 0.8167 | 0.8722) 0.5220] 0.4277 0.9000 | 0.4887 
RCOM, 0.8167 | 0.5220 | 0.8722 | 0.6999 | 0.4887 | 0.5220) 0.5610 | 0.8722 
RCOMg 0.6943 | 0.4609 | 0.7277 | 0.8167] 0.5666 | 0.5220 | 0.5220 | 0.3887 
RCOM, 0.5000 | 0.6943 | 0.8445 | 0.8722 | 0.6943 | 0.9000) 0.4766 | 0.9000 
RCOM; 0.4887 | 0.6333 | 0.5276 | 0.7277 | 0.6666 | 0.7277) 0.8445 | 0.6943 


Table 4. The values of Z,,U,,R, and rank of alternatives. 


Criteria/Alternatives Lie itis Ra Rank 
RCOM, 0.127915 | 0.051025 0 i 
RCOM, 0.552401 | 0.192184 | 0.972253 10 
RCOM; 0.357762 | 0.109915 | 0.464308 2 


Mahmoud Ismail, Naif El-Rashidy and Nabil Moustafa An Intelligent Model to Rank Risks of Cloud Computing based on Firm’s 
Ambidexterity Performance under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 48, 2022 


0.514447 | 0.174461 | 0.86725 7 
0.539084 | 0.174461 | 0.894659 8 
0.559294 | 0.174461 | 0.917143 9 
0.478351 | 0.126017 | 0.655498 5 
0.577341 | 0.140514 | 0.816979 6 
0.368216 | 0.157403 | 0.644143 4 
0.400119 | 0.113567 | 0.524365 3 


183 


Then apply the neutrosophic MABAC method. Start with the Table 3. Then normalize the decision 


matrix and obtain the weighted normalized decision matrix, then obtain the border approximation area to 


attain the distance from the border approximation area in Table5, then obtain the total distance and rank 


alternatives according to the descending value of total distance in Table 6. According to Table 6 Data 


security and privacy is the highest rank and Provider lock-in is the lowest rank alternative. Fig. 4 shows 


the rank of alternatives. 


Table 5. The distance from the border approximation area. 


Table 6. The values of Z,,U,,R, and rank of alternatives. 


0.127915 1 
0.552401 8 
0.357762 2 
0.514447 6 
0.539084 7 
0.559294 9 
0.478351 5 
0.577341 10 
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0.368216 3 
0.400119 4 


mmen ee — 
& 


Fig 2. The ten alternatives are used in this study. 


ee 


m Rank by VIKOR Method 


10 
7 


RCOM1 RCOM2 RCOM3 RCOM4 RCOMS RCOM6 RCOM7 RCOM8 RCOM9 RCOM10 


Fig 3. The rank of alternatives by the VIKOR method 
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m Rank by MABAC Method 


sf) 
7 


RCOM1 RCOM2 RCOM3 RCOM4 RCOMS RCOM6 RCOM7 RCOM8 RCOM9 RCOM10 


Fig 4. The rank of alternatives by the VIKOR method 


5. Sensitivity Analysis 


In this section, we would change the weights of criteria to show the robust of the model. When we 
change the weights of criteria, the rank of alternatives will change. In this section, we used five cases 
changes of weights of criteria. We applied these cases in the neutrosophic VIKOR and MABAC model and 
show the rank of alternatives. Table 7. Show the five cases. In the neutrosophic VIKOR method, case 1,2,4,5 
is agreed in highest rank (RCOM,), but in case 3 the height rank is RCOM3. In the neutrosophic MABAC, all 
cases agreed (RCOM,) is the highest rank. Table 8. Show the rank of alternatives after changing in weights 


of criteria. 


Table 7. Five case changes of weights 
COM, COM, COM; COM, COM; COM, COM, COM, 


Case 1 0.125 0.125 0.125 0.125 0.125 0.125 0.125 0.125 
Case 2 0.0714 0.0714 0.0714 0.0714 0.0714 0.0714 0.5 0.0714 
Case 3 0.5 0.0714 0.0714 0.0714 0.0714 0.0714 0.0714 0.0714 
Case 4 0.0714 0.0714 0.0714 0.0714 0.5 0.0714 0.0714 0.0714 
Case 5 0.0714 0.0714 0.0714 0.0714 0.0714 0.5 0.0714 0.0714 
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Table 8. Rank of alternatives based on five cases 


VIKOR | VIKOR MABA MABA | MABA 
eos VIKOR | Case4 | Case5 MABA Cc a Cc Cc 
Casel Case2 | Case 3 C Casel Case 4 Case 5 
Case 3 
Case 2 


RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, 


RCOM,) | RCOM,, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM;, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM,) | RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, | RCOM,, | RCOM,, | RCOM,) | RCOM, | RCOM, | RCOM,, | RCOM,, 
RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM. | RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM,, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM,, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM. | RCOM, | RCOM, 
RCOM. | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, | RCOM, 


6. Comparative Analysis 


In this section, we made a comparison with the neutrosophic TOPSIS method to show the robust of this 
model. We use this data to apply with the TOPSIS method. After applying this comparison, we found 
that the heights rank is constant in two method. Table 9. Show the comparison between VIKOR, MABAC 
and TOPSIS methods. 


Table 9. Rank of alternatives based on comparative analysis. 
MABAC | TOPSIS | yiKoR 


RCOM, | RCOM, | RCOM, 


RCOM, | RCOM, | RCOM; 
RCOM, | RCOM,, | RCOM,, 
RCOM,, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 
RCOM, | RCOM, | RCOM, 


7. Managerial Implications 


Cloud computing surround many risks. That effect on market, companies, good and other. So, these 
risks should be identified and ranked. The hybrid model introduced by this study to identify and rank 
alternatives. The hybrid model contains the VIKOR and MABAC methods. This study provides the rank 


of risks of cloud computing. 
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8. Conclusions and Future work 


Risks associated with cloud computing might limit a company's exploration efforts, such as entering a 
new market, generating new goods and services, locating new clients, and absorbing new information. 
Furthermore, cloud computing hazards might obstruct a company's exploitation operations, which include 
competing in the present market with current customers, current goods, and current expertise. In this 
study, we used eight criteria and ten alternatives. The SVN is used to obtain the rank of alternatives. The 
neutrosophic set is hybrid with the VIKOR and MABAC methods to obtain the weights of criteria and rank 
of risks. In future work, we suggest this model be used with other problems like energy selection and others 


and can use other MCDM methods such as TOPSIS, AHP, and others. 
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Abstract: This study contributes a novel fuzzy and neutrosophic entropy-based procedure to 
identify the most contaminated sampling spot and to assess the impact of heavy metals 
concentration, before and after the amalgamation of pharmaceutical effluents treated in common 
effluent treatment plant. in river water samples. It is observed that the concentration of heavy 
metals, which were within permissible limits before amalgamation, dwindled gradually after 
amalgamation, owing to the decrease in fuzzy and neutrosophic entropy values. To identify the 
most contaminated sampling spot, responsible for heavy metal contamination, the proposed 
trigonometric fuzzy and single valued neutrosophic entropy measures are fascinated for assigning 
weights to each monitored heavy metal concentration reading with respect to four sampling spots 
and thereafter coupled with the relative sub-indices of each heavy metal to construct fuzzy and 
neutrosophic entropy weighted heavy metal contamination indices (FHCI and NHCI). The 
maximum (or minimum) FHCI and NHCI score among each sampling spot is designated to the 
“most contaminated” or “least contaminated” sampling spot accordingly. The proposed 
entropy-based contamination indices are superior in providing a better insight in classifying the 
desired contaminated sampling spot in comparison with the existing Deluca-Termini fuzzy entropy- 
based contamination index which may indicate uncertainty in the quality analysis of heavy metal 
contamination in river water samples. 

Keywords: Neutrosophic Entropy, Deluca-Termini Entropy, Pharmaceutical Effluents, Heavy 


Metals Contamination. 


1. Introduction 


Heavy metals contamination in river water is a serious problem, not only in India, but also all over 
the world. The possible reasons behind this could be the increasing human population and excessive 
use of fertilizers in agriculture that causes pollution of fresh water resources with diverse and 
detrimental contaminants leading to the spread of water borne diseases. Contamination of water 
resources, available for domestic and drinking purposes with heavy metals and harmful bacteria, 
leads to health problems which, of course, may be life threatening. Waste water could be full of 
significant amounts of toxic heavy metals, that might not only pollute the soil, but also carries 
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deleterious effects on food quality after entering in to the food chain. All of the above issues reinforce 
the necessity of establishing an efficient methodology which can assess the impact of heavy metal 
concentration and enhance the quality analysis of heavy metal contamination in river water. Our 
main endeavor is to establish a novel entropy based heavy metal contamination evaluation 
methodology, the aftermaths of which can be utilized to control the spread of water borne deceases, 
reduce the risk of water and soil pollution, increase the ecological and aesthetical qualities of lakes 
and rivers, etc. The Baddi-Barotiwala region, better known as the industrial and commercial district 
of Himachal Pradesh, India, forms a part of the Shivalik’s and lies in the lap of outer Himalayas. It 
has become an industrial hub due to huge investments in Baddi, Barotiwala, Nalagarh and 
Parwanoo districts. The Sarsa River-a tributary of the Sutlej River of district Baddi (Himachal 
Pradesh, India)- has turned out to be a grave for aquatic life due to uncontrolled industrial growth of 
the area and alleged discharge of toxic effluents from pharmaceutical industries. Likewise, flora, 
fauna and the surrounding environment are adversely affected by the harmful chemicals released 
from pharmaceutical industries and from the improperly treated effluents from waste water 
treatment plants (WWTPs). Besides industrial pollution, drug pollution is a major contributor in 
killing of fish, amphibians and amphibian path morphology. The ongoing research has shown that 
continuing exposure of compound pharmaceutical effluents to rivulet biota may result in severe and 
persistent problems, behavioral issues, buildup in tissues, effect on reproductive system, impact on 
cell propagation & multiplication. Severely elevated chloride concentrations in the water bodies are 
unfavorable for aquatic life and can amplify metal toxicity and another bioactive composites. High 
levels of nitrogen and phosphorus appearing from sewage, animal wastes, fertilizer and agriculture 
may affect rivulet biota. Excess of phosphates cause stepped up eutrophication as they overfertilize 
the aquatic plants; choke the waterways due to excessive algal growth and other wild plants. In 
warm weather, fast growth of algae and floating aquatic weeds is stimulated by the nutrients 
resulting into deterioration of water quality. All these suffocated activities decline the ecological and 
aesthetic qualities of lakes, rivers etc. A systematic analysis of the river Nile in Egypt was computed 
to assess the water suitability for aquatic life and domestic purposes. Studies have shown that 
applications of electrochemical technologies like Electro-coagulation & electro-floatation, in 
wastewater treatment are very effective in recuperating toxic heavy metals from wastewater. These 
techniques perform better than the conventional techniques being used in removing colloidal 
particles as well as other organic pollutants. Electro-oxidation is also being used in treatment of 
wastewater by combining it with other contamination techniques. 

Recently, Alam et al. [1] deployed pollution indices and geographical accumulation index approach 
for evaluating heavy metal contamination in water resources of an open landfill area. The heavy 
metal accumulation in the samples was observed to be slightly higher than the standard one, 
indicating a danger to the humanity and environment. Vardhan et al. [2] discussed an environment 


friendly adsorption analysis approach for removing the toxicity among heavy metals available in the 
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aquatic system for the purpose of avoiding illness of human beings. Khangembam and 
Kshetrimayum [3] utilized some statistical measures including scatter diagrams, trilinear and Gibbs 
plots for evaluating the water quality index of ground water samples and indicated the unsuitability 
of ground water for drinking purposes because of the excessive availability of highly toxic heavy 
metals. Yang et al. [4] employed Information entropy and cloud model theory for assessing the 
complexity of heavy metal pollution in agriculture soils of mining zones. Huu et al. [5] investigated 
geo chemical and distribution factors to assess the contamination status of heavy metals in estuarine 
system, which indicated an increase of arsenic metal in the samples. Hussain et al. [6] experimented 
the heavy metal contamination through the analytical hierarchy process and validated that, among 
all heavy metals available in the river water samples of Godavari; the concentration of Zn was 
highest and of Cd was lowest. Sabbir et al. [7] calculated the concentration of arsenic, chromium, 
lead, mercury and cadmium available in freshwater fish muscles and sediments of the Rupsha river 
and evaluated the suitability of River water. Alidadi et al. [8] calculated the carcinogenic and 
non-carcinogenic risks of arsenic for adults and kids based on the LCR (life time cancer risk) factor, 
hazard index and hazard quotient by chemically analyzing and testing of toxicity of arsenic in water 
resources of north-east regions of Iran. 

Recently, Singh et al. [9] determined some entropy weighted heavy metal contamination indices 
(EHCI) of various sampling spots of the Brahmaputra River by quantifying Shannon’s probabilistic 
entropy and evaluated the impact of heavy metal contamination. Basset et al. [10] developed an 
aggregation operator based on neutrosophic numbers of type 2 and selected the best banking 
facilities. The authors also modified the existing TOPSIS method under neutrosophic environment 
and selected the best corporation importing supplier. In another work, Basset et al. [11] integrated 
the enduring ANP and VIKOR method by taking into consideration the triangular neutrosophic 
numbers and demonstrated a case study of selecting the best supplier for importing. Furthermore, 
Basset et al. [12] suggested a novel robust ranking procedure by integrating trapezoidal 
neutrosophic numbers with GSCM approach, intended to predict the environmental and economical 
practices to be implemented in industry. Also, Basset et al. [13] presented a hybrid model that could 
combine EDAS, DEMATEC and neutrosophic numbers for the purpose of classifying the most 
sustainable bioenergy technique under ambiguous and inconsistent situations. In addition, Basset et 
al. [14] utilized a hybrid approach by combining TOPSIS and VIKOR methods for classifying the 
most sustainable RESs under neutrosophic treatments. 

1.1 Motivation 

To represent the macroscopic state of heavy metal concentration in river water and to construct 
entropy weighted heavy metal contamination indices (EHCI) by deploying Shannon’s entropy, there 
may occur a problematic situation because this fascinating entropy is facing a major drawback 


because of its assumption Olog0=0. Due to this fancy assumption, Shannon’s entropy is facing 
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intrinsic conflicts and hence indicating lack of macroscopic view in the quality analysis of 
concentration and contamination of heavy metals in river water samples. Zadeh’s [15] fuzzy set 
theory has become an indispensable tool for reflecting the complexity of heavy metal contamination. 
A fuzzy entropy measure can represent the macroscopic state of heavy metal concentration in a 
broader way. Dubois and Prade [16] established many variants of fuzzy sets, one of which is related 
to the grade or membership degree of the underlying fuzzy set. Thereafter, many equivalents of 
fuzzy sets have been developed and utilized for dealing with assessment problems of heavy metal 
contamination in river water samples. A neutrosophic set (NS), which is hinged on three variants- 
truth, indeterminacy and falsity membership degrees of a fuzzy set, can represent the macroscopic 
state of heavy metal contamination in an efficient way. Smarandache’s neutrosophic set theory [17] 
can play a vital role in classifying the most contaminated sampling spots with respect to each heavy 
metal concentration in river water samples. Motivated by Zadeh’s fuzzy set theory and 
Smarandache’s neutrosophic set theory, an effort has been accomplished in this path way by 
construct trigonometric fuzzy and single valued neutrosophic entropy weighted heavy metal 
contamination indices. The desired goal is achieved by establishing a superior contamination 
evaluation methodology and its applicability which can provide a better insight in classifying the 
most contaminated sampling spot with respect to each heavy metal concentration in river water 


samples. 


1.2 Novelties 


The identification of the most contaminated sampling spot through the proposed methodology can 
help in reducing the risk of water and soil pollution. The following points have been addresses by 
the proposed research work. 


* To construct a novel trigonometric fuzzy entropy measure. 
* To construct a novel symmetric trigonometric fuzzy cross entropy (TFE) measure. 
* To establish a novel trigonometric single valued neutrosophic entropy (TNE) measure. 


« To assess the concentration of heavy metals in river water samples though the 
proposed TFE and TNE measures. 


* To construct fuzzy and single valued neutrosophic entropy weighted heavy metal 
contamination indices (FHCI and NHCI). 


«To identify the most contaminated sampling spot through the proposed FHCI and 
NHCI. 


The major contributions delivered in this study can be summarized as follows. 
e Because of the fancy assumption Olog0=0 deliberated to Shannon’s probabilistic entropy as it 
may represent macroscopic view of contamination in a narrow way, our TFE measure has 
been found efficient in assessing the accurate impact of heavy metal concentration and thus 


representing the macroscopic view of heavy metal concentration in a broader way. 
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e __ Because of the limitation deliberated to Deluca and Termini’s entropy measure as it may 
return meaningless results in certain mathematical treatments, especially, when the grade or 
degree of membership conceived by its membership function is zero or unity, our TFE 
measure can perform well under fuzzy environment and provide consistent and specified 
results in certain mathematical treatments. 

e To expand the applicability of Smarandache’s neutrosophic set theory [17] and to enhance 
the quality analysis of heavy metal contamination under neutrosophic environment, our 
TNE measure has been found capable in reckoning the most contaminated sampling spot 
with respect to each heavy metal concentration in river water samples. 

e The findings of the proposed study can be utilized for controlling the spread of water borne 
deceases, reducing the risk of water and soil pollution, increasing the ecological and 
aesthetical qualities of lakes and rivers, etc. The rest of the proposed research work is 
organized as follows: 

Section 2 introduces in brief the basic concepts of Information theory required for understanding 
the proposed heavy metal contamination evaluation methodology. Sections 3-4 are dedicated for 
the establishment of novel trigonometric fuzzy entropy and single valued neutrosophic entropy 
measures consecutively. Section 5 is devoted to assess the impact of heavy metal concentration 
through the experimental investigations and proposed trigonometric fuzzy entropy measure (TFE) 
and single valued neutrosophic entropy (TNE) measure consecutively. Section 6 introduces a novel 
entropy-based heavy metal contamination evaluation methodology by means of fuzzy and single 
valued neutrosophic entropy weighted heavy metal contamination indices (FHCI and NHCI). 
Section 7 validates the effectiveness of the proposed methodology by identifying the most 
contaminated sampling spot responsible for heavy metal contamination with respect to each heavy 
metal concentration in river water samples. Section 8 finally summarizes the concrete conclusions of 


this study. 


2. Preliminaries: 


This section deals with the introduction of basic prerequisites required for 


understanding the propounded study. 


Def. 2.1Fuzzy Set (FS) [18] A fuzzy set 4, U in a finite discourse of universe U = (aiedgce) 


is an object of the form: Az, =(<2%,,2 (x,) >| x, eU), where Hw (X):U [0,1] represents true 


i 
membership function and satisfy 0</,,(x,;)<1Further, the complement G(Ay} of 4;,; CUis an 
object of the form defined by C( 4's) = (< Xj1— fh w (%,) >| X; € U). 
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Def. 2.2 Fuzzy Entropy Measure [18] Suppose S(U) represents the collection of all fuzzy sets in 
US area) and 4p, =(< X55 fh yw (X;) >| X; eU) be any fuzzy set quantified by its truth 
membership functions =f, (x,): U [0,1] satisfying O<{f,,(%,)<l. Then a function 
T,, :S(U) — R* (set of positive reals) is called as fuzzy entropy measure if 
(iT, (4p, ) = OVAN, CU with equality if @,.(%,)=0 or 1 (i) T, (45; ) does not change whenever 
i,.(x,) is replaced by 1-Z,,(x;) (iti) T; ae ) is a concave function of {,,(x;) (iv) T; (4% ) possesses its 
maximum value which arises when ,, (%,) = » 

Def.2.3Symmetric Fuzzy Cross Entropy Measure [19] Let 4,, = (< X;5 ft w (%,) >| x, EU ) and 
Brs = (< X;s yw (;) >| x, € U) are any two fuzzy sets in U= (qeaita oe) quantified by their truth 


membership functions i, Ci ey. [0,1] satisfying 0 < fi ae (x,), Ly (x,) <1. Then a function 


T., :S(U)xS(U) — R’ (set of positive reals) is called as symmetric fuzzy cross entropy or 
discrimination information measure between two fuzzy sets 4%, and By, if 


(i) To: (Ats-Brs )2 OVA", By, €S(U) with equality if 4), = By. (ii) Ty (4ts.Brs)=Tor (Biss 4ys) and 
(iii) T., (45.37) does not change whenever 1,,(x;),f,.(x,) are replaced by their counterparts 
I~ ft, (x) 1A, (x). 

Def. 2.4 Single Valued Neutrosophic Set (SVNS) [17]. A SVNS 4,, CU is defined as 
AS, =(<X fp (ip )Fe ala, eU) where fia (Xin (%) fe (%):U >[0,1] satisfy 
0<H,.(%)si(%),f.(%,) <3 and respectively called as truth, indeterminacy and _ falsity 
membership functions. Further, the complement cC(4%,) of 43, CU is defined as 


Cue )= (< Xj Fo (%, sl -F (%,)sH yw (%,) >I x, € U). 


Simerjit Kaur, C. P. Gandhi and Nidhi Singal, Neutrosophic Entropy Based Heavy Metal Contamination Indices for 
Impact Assessment of Sarsa River Water Quality Within County of District Baddi, India 


Neutrosophic Sets and Systems, Vol. 48, 2022 197 
Def. 2.5 Single Valued Neutrosophic Entropy Measure [17] Let R(U) be a well-defined collection of 
all single valued neutrosophic sets 4;, CU ,then a function R, :R(U)—> R* is called as single 
valued neutrosophic entropy measure if 

(i) Ry (Ay) 20V4y,eR(U) with equality if either Z,.(x,)=L7,.(%)=0f,(%)=0 oF 


7%) =08 (4) =0.F (4) =1 (ii) Ry (C( 4, ))=Ry (4%) (iii) Ry (AS) exhibits its concavity 


property for each 7, (x;),/,.(%), Fi (x,) (W) Ry (4y, ) possesses its maximum value which arises 


when each fi ,,.(x;) =i). (%)) = Fy (%) 


Def. 2.6 Symmetric Single Valued Neutrosophic Cross Entropy Measure [17] 


A function R,,, :R(U)xR(U) > R is called as symmetric single valued neutrosophic cross entropy 


measure betweentwoSVNSs_ 4;, and By, if 
(i)Re, (Ay, BY, ) = OVA, BY, € R(U) with equality if and only if 4s, = Byy. 


(i) Ro, (A, BY) = Ro, (BY. Aw, ) (iii) Ro, (C( 4g, ),C(BY,)) = Re, (48, BY, VAS, BY, RU). 


3. A Novel Trigonometric Fuzzy Entropy Measure 

We shall, here, develop a novel trigonometric fuzzy entropy (TFE) measure (Theorems. 3.1) 
followed by trigonometric symmetric fuzzy cross entropy (FCE) measure hinged on two fuzzy sets 
(Theorems. 3.2), the outcomes of which will be utilized to establish the proposed single valued 


neutrosophic entropy (TNE) measure. 


Theorem.3.1 Let 4", =(<x,,,.(%,) >|x,¢U) be any fuzzy set in U with cardinality 7. 


Then, H,,(A%,) is an authentic trigonometric fuzzy entropy measure [Def. 2.2] defined as 


2 
n 242 +2 i. (x,)+ l-4 w(X;) <a 
H(A) =>.) tan aes Z 
i=l 


“si(l) 


2fi »(x,)(1- Ap (x,)) on( 4 i ’ 
5 


, ae . Dale +2 1 
with minimum zero and maximum as| tan - tan Nn. 


Here, the generic entity 'x,' represents the i” macroscopic level of heavy metal 


contamination and H,,(4;,) indicates the fuzzy entropy of heavy metal contamination 
indicated by the fuzzy set A;,. 
Proof In view of [Def. 2.2], 
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(i) Hy(4%s)20vi,.(%) €[01] with equality if 7,,(x,)=0 orl for eachi=1,2,...,n. 


(ii) H,,(Ars) remains unchanged whenever {/,,(x;) is replaced by !-{.,(x)). 


(iii) Concavity: The fact that H, (Ars ) is concave in nature can be seen from its three-dimensional 


rotational plot (Fig. 1). Also, the finite series of positive terms in (1) can be partially differentiated 


with respect to each ji,,(x,) because of its uniform and absolute convergence. Mathematica 


-H w 
( i) <0Vi,. (x;) €[0,1], which also justifies the concavity of 


ME 
oft’. (% ) 


(software from Wolfram) yields 


H, (47; ) with respect to each i, (x). 


(iv)With the aid of concavity property of H, (47, ) with respect toii,,(x,)., there exists its 
maximum value which arises when 
1-27, (x) 


0H, (Ar) 1 2ft ». (%;)(1- Hy. (%,)) (= +2 f@.,(x,) +(I- f(x) — 
es ee sec 


il (x;)(1- Hi » (%,)) 


Gin) 5] 24h (i) 


je. (x) +(I-H,.@)) 


which yields ji, (x,) = > In view of (1), 


Max.H,(47;)=He(473)), we(e2) wl Je) a) 


aw a) 


Ww 
H p( rs) Concavity of TFE Measure 


TFE Measure Values 


0 BX) 
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Fig.1 Concavity property exhibited by TFE measure H, (Ars ) with respect to / ,..(x;) 

Theorem.3.2 Let 4%, =(<x,,f,.(x%,)>|x,¢U) and Br, =(<x,,f,.(x,)>|x,¢U) be any two 

fuzzy sets with same cardinality n.Show that H¢@, (4), B;s ) is a valid trigonometric 

symmetric fuzzy cross entropy measure (Def. 2.3) between two fuzzy sets 4;; and 

Brs defined by 


He (Ars. Brs 


FS? 


242+ 24ff12. (x,)+ 2. (%,) - f 2 ye (2) ge (%; 
“0ton = +(4+Ay (x,) + Hye (x, )) tan Ly (x ! “ (x,) HL, (x. )a, (x,) 


8) 


Here, H?, (AR Be) indicates the amount of true membership degree of symmetric 
discrimination of the fuzzy set 4}, against By. 


Proof. It is easy to verify that (i)H?, (C( 4% ),C(Bx )) = HE, (av Be) and 


Hi, (Ars, Bry ) = Hes (By, Ais ) VAys,Bys €S(U).To establish the non-negativity of Hf, (4;,,Brs), 


FS? 


we first divert to develop the following Lemma 3.1. 


Lemma 3.1 Define 


it» (%) + Hye (%; AT i, &) + fa,.@) 
A, (it, (sity (%))) = os Ocoee, = 2 = i; 


2 


[7 +) + i, (x, 
S, (f a by (x;)) = [fe Od 2 (i) Then there exist the inequalities: S, = 4,2 N, with equality 


if and only if». (%,) = Hye (XV yw (Xs M gw (%;) € [0,1](i=1,2....,7) 


Proof. In view of our notations, 


i (%,) + Hye (%) (2: (x;) + fy. =) z (2 (%,)- iy (%) 


. 2 A _ 
Sr 2 2 2 


2 
>0>S/-A >S, 24 


(4) 
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(nap -w? = (Eee) lie ae =) -{ oe > 20> 4°-N? > 42N, 


2 
6) 
Combining the resulting inequalities (4) and (5) to obtain S, 24,2 N, with equality if and only if 
Bh ge 2%) = Hyw %)VA ye 0% )s Hye (%,) € [0,1]. 


Thus, in view of Lemma 3.1, the resulting inequality 5S, 2 4, 2 N, can be re-scheduled to give 


S, (Bp (%,)s gu (%)) 2M, (ye O%))o dye (2%) 


By Oi) + Ae OD) [Lis (x,) + fA. 0) } fig Xt Hye (,) fhe Go &) 
> ; 


2 4 2 


=D ~2 ~ 7 he z 
Ee) tee SD) = JH Cte (x;) xi Bw (%;) Se (x;) #4 


2 


2 2N2 +2, (x) +. (x) - 2H, Oly. @) <1 


= (6 
4+ jt. (%,)+ fy. (x) nD} (6) 


Employing the monotonicity property of tangent function over [0,1], the inequality (6) yields 


: : 22 + 2) i. (%,) + Hin (%;) — af 2H pi (%) ; ; 1 


7) 


Replacement of {,,(%;),H,.(x,) with (1 =f» (x;)),.(1 =e (x;)) into (7) yields 


(6 = fig (%,) — Bye (a) x 


1 fi %)) +(1-Ay @DY ~f2(0- ONES) pees opin] 
6 =f (x;) te (x;) 


.. (8) 
Simply adding the inequalities (7) & (8) and taking the sum over i=1 to i=n to obtain 


HE, (Ay. Bry ) 2 OVE». (%, odie (%,) € [0,1] with equality if fi. (%,) = fig. (X,)VM p(X, )s fig (x,) € [0,1]. 


We next divert to discuss the situation under which out TFE measure H¢, (47, By )admits its 


extreme values as shown in the following Theorem. 3.3. 


Theorem3.3 Let 4), and By, be any two fuzzy sets with same cardinality m. then there 


exists the inequality: 0 < H¢, (45, Bes ) < | an| 28 Z , tan [ alg 


Proof. In view of Def. 2.1, the resulting Theorem 3.2 yields 
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y =a, @;)(1-Z,.%)) 


meaty awe 1 
H4(4%.C(4%))=>, -10tan{ Fe }+101a 


i=l 


Il 
= 
iS 
oc 
ae. 
NO 
ry 
+ 
NO 
Noy 
— 
iS 
SS 
— 
aS 
: 4 
ee 
oO 


=10Max.H,,(A”, )-10H,.(A®, .. (9) 


Since H, (4%) 20 (Theorem. 3.1), therefore, the resulting expression (9) yields 


H,, (4y,) =Max.H, (4) Hes (45,.C(4%))20 .... (10) 


05 Hf 4.C(43)) 10 tn{ 2 |-rnl J) ... (11) 


2 


Inequality (11) suggests that H}#, (4% 


FS? 


c(4%)) is finite. Hence, it is easy to establish 


that Hi, (4},,B%, )is also finite and satisfy 0 < H ean) s10{ 2%2*2) tn) for 


a fixed n. This implies that Max.H#, (At Be Br :)=10f wo 2“*2} tn) and this value 


completely depends only on the cardinality of U. The fact that, Hi, (An By.) affirms its 


FS? 
minimum value zero can be seen from its three-dimensional plot as shown in Fig.2 (a). 


Furthermore, the three-dimensional plots represented in Fig. 2(b) depicts that H#, (4; By. ay 


FS? 


increases whenever 


Ans - Bs,| increases, attains its maximum _ value as 


10 an Ge 2-1 (z)h at the points (1, 0) and (0, 1) and minimum value zero whenever 


w _ w 
Ars =B FS* 
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The findings of resulting Theorems 3.1 & 3.2 will be utilized to establish one more important 
Theorem 4.1, the outcomes of which will play an eminent role in understanding the 
macroscopic state of heavy metal pollution as follows. 

4. A Trigonometric Single Valued Neutrosophic Cross Entropy Measure 

We shall now, equally will, extend the newly discovered trigonometric symmetric fuzzy 
cross entropy measure (Theorem 3.2) hinged on two fuzzy sets to this measure hinged on 


two single-valued neutrosophic sets. 


Def.4.1 Let 4j,cU and Bj, cU be any two single valued neutrosophic sets given by 
At =| ome Gd pd pO) Am EU Be = (Seely &). i) EU). The “amount 
of true membership degree between two fuzzy sets 4,, and B;,, represented by 


He (AR Be , is established in Theorem 3.2. Similarly, the amount of indeterminacy degree 


between two fuzzy sets 4;,and B;, can be represented by Ht, (4;,, Bs) and is defined as 


AN 
14 
J.2) 

Oy 


Minimum Value 1 > 


(a) 
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Maximum Value of TFE 
Measure 


Hos ( Ay, Bas 5 


a4\ 


19 
ee True Membership Degree 
(b) 


Fig.2 Minimum value of symmetric fuzzy cross entropy measure H¢,, (4; Ore ) 


Hi, | An, Bie 
r ; : 242 +2,f8?, (x,) +72, 
“in +(44%, Cae (% i yy aa 
>) 22 +2,|4(1-i, (x) +(1-i 
+(6-i (3) “i (4) Jom eit 


... (12) 


Furthermore, the amount of falsity membership degree between two fuzzy sets 4;, and B;. 
can be represented by H¢é, (Ax Bee) and is defined as 


He, (An, Br) 
L : , 242+ 2,172. (x.)+ f2, (x) —.f2f.. (x) f. (x, 
“ian +(4+ Fy Cana (x,))tan Sa Gi) Ss (x) oO) Fo (4) 


+(6- 


sac) 


Hence, the proclaimed single valued neutrosophic cross entropy measure hinged on two single- 
valued neutrosophic sets (SVNSs) 4;,and B;, can be obtained by simply adding the resulting 
equations (3), (12) and (13). Thus, 


Rey (Ay, Bo, ) = Hb, (AS, Bes ) (Eq-3) +H ee (Ars Br ) (Eq.12) +H ce (Ars, Brs) (Eq.13) ... (14) 
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Here, R 


sr ( 


Axy Bey ) satisfies all the conditions (i), (ii) and (iii) of Def. 2.6 and hence a valid single 


valued neutrosophic entropy measure hinged on two single-valued neutrosophic sets 43, and By, 


Theorem 4.1 Let 


Ae 


=(<X; Hp Cormcon se (x,) >|, €U); BS BY 7 =(<%pAy. Canmeo se (x,) >| x, €U) be any two 


single-valued neutrosophic sets with same cardinality n. There exist the inequality 


< Rey (Ay, Bey) S fof 2 | tn( J) 


Proof. In view of equations (3), (12) and (13) and replacement of Bj, with C( 4x, ) into (14) 


yields 


Ry (4y,.C( AN) 


soran( 2¥2+2) s0%an{ 


EB 2) Gene) 22 + afin (X)+ Fp (%) ~ 
3 tan - tan 


2h CO )T iG) 


5 


4+ fi. (X,)+ fy (%) 


[Se OIF (ran 2N2 + 2y\(1- fio (%)) +(I-Fo()) -f2(1-Z @)\(I-F,.)) 
5 


10 . 
6 = fig (%)— Fu (%) 
22 +24/72, (x,) + (1-7,.(x,)) — J2F (1-7) 
tan 5 
=10Max. Ry (4%, )—10 R, (4%, ); where ... (15) 
Ry (43) 


stan 22 2) eee 22 +24/f2. (+ F2.)— fo DF oH) 
5 


5 A+ Bi w(%,)+ Fo %) 


fe ~fi,.(x)-F a 22+2,|(1-f,.(x)) +(I-F,()) - 
) 


—tan 


6-H » (x) — fp (x,) 


2/2 + 2,72, (x) +(1-7, o) - Pi. (x,)(1-7,.(@,)) 


.. (16) 


The resulting mathematical expression (16) is the desired single valued neutrosophic 
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entropy measure since it satisfies all the necessary conditions (i), (ii) and (iii) as laid down 


in Def. 2.6. 
Since Ry (43) 20 (in view of Fig.3) for each Aj, R(U), the resulting inequality (15) 
yields 


Ry (4%) =Max.Ry (4i.)- Rov (Ai sC( 45) 20 stl) 


= 0S Rx (4y,C(4N)) < 0f nf 2 | snl J) ... (18) 


w 
Ry (Ay, ) 
Indeterminancy Membership True Membership 
Degree in. (x) R ol, ) Degree 


J 


Falsity Membership 
Degree f (x) 


Minimum Value 


Fig.3 Three -dimensional contour plot for non-negativity of Ry (4) 


Discussion The resulting inequality (18) justifies that R,, (aC Ae) is a finite quantity. 


Following the similar pattern as deploying to obtain (18), it is reasonable to establish that 


BR 


O<Ry (4B) < 0] | 2) ~tan{ ; ) n, where n is a fixed natural number. Thus, 


Max.Rey (ae ) = 0 aE = - wl 35] n and this value completely depends on the 


cardinality of U. 
The overhead discussion has put us in a conclusive position to deploy the newly discovered 


trigonometric fuzzy entropy (TFE) and single valued neutrosophic entropy (TNE) measures, 
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represented by (1) and (14), to assess the impact of heavy metal concentration in river water as 
follows. 

5. Impact Assessment of Heavy Metal 

The underlying research work is initiated by collecting Sarsa River water samples, before and after 
the amalgamation of pharmaceutical effluents (PE) treated in common effluent treatment plant 
(CETP). To reckon the quality of river water for drinking purposes, we have done a lot of 
experimenatation investigations, data comparsion and expressed the concentration of each 
heavy metal in terms of ug/mL (Fig. 4(a-b)). In this study, the impact of concentration of heavy 
metals like cadmium (Cd), manganese (Mn), cobalt (Co), lead (Pb), copper (Cu), zinc (Zn) and iron 
(Fe), have been done through experimental investigations as well as the proposed TFE and TNE 
measures. 

5.1 Assessment of Heavy Metal Concentration Based on Experimental Observations: The 
following observations were made before and after amalgamating pharmaceutical effluents (PE) 
treated in common effluent treatment plant (CETP) into river water samples. 


(a) Cadmium. Before amalgamation, the concentration of cadmium, depcited in Fig. 4(a), was 
0.002 (S,), followed by 0.001 (S,,55,5,) with an average concentration of 0.00125 wg /mL..After 


amalgamation, no cadmium was detected in the recorded observations as can be seen in Fig. 4 (b). 
(b) Manganese.Spatial variations were observed in the concentration of manganese, before and 


after amalgamation, as depicited in Fig. 4(a, b). Before amalgamation, the concentration of Mn was 


0.01(.S,),0.005 (S,), 0.002 (S,),and 0.001(S,) with an average concentration of 0.0045 wg/mL. 


After introducing pharmaceutical effluents into river water samples, Mnwas_ found to be absent. 
(c) Cobalt. The cobalt’s concentration varied spatially in Sarsa river water samples, taken before 


and after amalgamation, as shown in Fig. 4(a, b). The concentration of cobalt decreased 
from 0.225 to 0.143 (S,),0.214 to 0.0107(S,), 0.18 to 0.1(S,) and 0.147 to 0.1(S,) respectively 


and it was within permissible limits. 


(d) Lead. The water of Sarsa river recorded lead concentration of 0.36 before amalgamation and it 


decreased to 0.19 (S,) after amalgamation, as indicated by Fig.4(a, b). Similarly, the treatment was 
effective in reducing lead concentration from 0.28 to 0.158 (S,) , 0.04to 0.02 (S;) and 0.01 to 


0.005 (S,) respectively. 
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(b) 
Fig 4. Heavy metal concentration of (a) Cd, (b) Mn, (c) Co, (d) Pb, (e) Cu, (f) Zn and (g) Fe in Sarsa 
river water samples 


(e) Copper. The results depcited by Fig. 4 (a, b) indicate that before amalgamation of 


pharmaceutical effluents into river water samples, the concentration of Cu was 0.027 (S,) which 
reduced to 0.016 (S,) after amalgamation. The concentration further decreased from 0.018 to nil 


(5, } , 0.008 to nil ((S;) ) and 0.004 to nil (S;,) respectively. Dilution of the effluents with river 


water could be the factor responsible for complete copper removal in the river water. 


(f) Zinc. The results of Fig. 4(a, b) clearly indicate that before and after amalgamation, the 
concentration of zinc decreased from 0.002 to 0.001 (S,), from 0.001 to nil (S,,5;) and no zinc 


was detected in S, before and after amalgamation. 
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(g) Iron. While comparing the concentration of iron (Fe) represented by Fig. 4(a, b), it was found 


that, before and after amalgamation, the concentration of Fe decreased from0.195 to 0.012 (S,), 


0.155 to 0.01 S,, 0.104 tonil (S,) and0.09 to nil(S,) consecutively. 


The overhead discussion concludes that the concentration of heavy metals in Sarsa river water 
samples, which were within the permissible limits before amalgamation, dwindled gradually after 
the amalgamation of pharmaceutical effluents into river water samples (Fig.4a, 4b). The 
effectiveness of the proposed TFE and TNE measures can be confirmed only if these entropy 
measures can be proven capable in justifying the similar ressutls as obtained through experimental 
investigations. 


5.2Assessment of Heavy Metal Concentration Based on TFE and TNE Measures 


To evaluate the impact of heavy metals concentration in river water samples through our proposed 
trigonometric fuzzy and single valued neutrosophic entropy measures, we have represented each 
heavy metal by the set B =(B,,B,,B,,B, ,B;,B,,B,) where B, = Cadmium (Cd), B, = Manganese 
(Mn), B, = Cobalt (Co), B, =Lead (Pb), B; = Copper (Cu), B; = Zinc (Zn) and 8B, = Iron (Fe) 
consecutively. After doing a lot of data comparison and experimental investigations, we have, 
equally well, extracted the lower (minimum) and upper (maximum) bounds for each monitored 
heavy metal concentration reading. Let Ay. (%) and Ue: (x,) respectively be the lower and upper 
bounds extracted from K" heavy metal concentration. In this study, we have constructed the 
concentration intervals | Fay (x),U,, (x) |, before and after amalgamation, for each heavy metal 
concentration represented by B,(K =1,2,3,4,5,6,7) and the results are displayed in Table. 1(a). 


Let fs (x)= 1-U,, (x), Less (x) =1- ts (x)-U,, (x) denote the amount of fuzziness based on the 


falsity and indeterminacy membership degree of K“ heavy metal concentration. If we restrict the 


value(s) of i, By (x) to 0-0001 if it is less than or equal to zero, then the set B, can be extended into 
the forms of single valued neutrosophic set (SVNS) represented by | Hy» (eons ap (X)> os - (x)| and the 


results are displayed in Table. 1(b). Let H,(B,) and Ry(Bx) denote the trigonometric fuzzy 


entropy and single valued neutrosophic entropy measures value of K™ heavy metal concentration. 


Simerjit Kaur, C. P. Gandhi and Nidhi Singal, Neutrosophic Entropy Based Heavy Metal Contamination Indices for 
Impact Assessment of Sarsa River Water Quality Within County of District Baddi, India 


Neutrosophic Sets and Systems, Vol. 48, 2022 209 


Taking i=1 and replacing f,,(x;) with Hy (x) into the (1), Then, H, (B, )(K =1, 2,3,4,5,6,7), 


after modification, takes the form as shown in (17). The results are displayed in Table 1(a). Thus, 


a2-+2,/a2, (x) +(1—Zp (x)) — 42a 09(1— Aye (2D 
H1,(B, )= tan + an m{ 28222) tan Pg ( M pe Pi ( M pe 


...(19) 
Similarly, Ry(By) ; (K=1,2,..,7) can also be modified by taking i=l and_ replacing 
Fra Ca eee s ie (x,) with Hey (3 By (a). tie (x) into the resulting equation (16). The results 


are displayed in Table 1(b). Thus, 


By (2,)=aten{ M222) {Baga || OP Aol ale aa 


5 4+ fi, (x)+ ii (x) 


psc fa) 23 +2,\(1- 7 pO) +(I-F. 0) - (1-H, @)(1- F,. 0) 
“ x tan 


5 t H gy (x) — : » (x) 


(20) 


2N2+2,fi2 (x) + (1-7, 09) - f2i,.@(I-#, @) 


tan 


The trigonometric fuzzy entropy (TFE) measure values H,(B,) as well as single valued 
neutrosophic entropy (TNE) measure values R, (B,) for each heavy metal 5, can be evaluated 


employing equations (17) and (18). A comparative analysis of the results depicted in Table. 1)a) and 
Table. 1(b) reveal that, before amalgamation, the heavy metal concentration was found to be more 
macroscopic (owing to high TFE and TNE values as shown in Fig. 5) which became less macroscopic 
after amalgamation (owing to low TFE and TNE values as shown in Fig. 5). In other words, the 
concentration of each heavy metal, which was within the permissible limits before amalgamation, 
dwindled gradually (owing to negative change in TFE and TNE values) after amalgamating 


pharmaceutical effluents into River water samples. 


Table 1(a). Concentration intervals and TFE values of each B, before and after amalgamation of 


pharmaceutical effluents 
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Heavy Concentration Concentration TFE Value TFE Value Change 
Metal Interval Before Interval After Before After in TFE 
Amalgamation Amalgamation Amalgamation Amalgamation Values 
Cadmium [0.001,0.002] [0.000,0.000] 0.0073 0.0000 -0.0073 
Manganese [0.001,0.010] [0.000,0.000] 0.0073 0.0000 -0.0073 
Cobalt [0.147,0.225] [0.100,0.143] 0.1000 0.0825 -0.0174 
Lead [0.010,0.360] [0.005,0.190] 0.0073 0.0000 -0.0073 
Copper [0.004,0.027] [0.000,0.016] 0.0073 0.0168 0.0095 
Zinc [0.000,0.002] [0.000,0.001] 0.0000 0.0000 0.0000 
Iron [0.090,0.195] [0.000,0.012] 0.0073 0.0000 -0.0073 


210 


Table 1(b). Conversion of concentration intervals into the forms of SVNSs TNE values of each 


B, before and after amalgamation of pharmaceutical effluents 


Heavy SVNSs Before SVNSs After TNE Values TNE Values Change 
Metal Amalgamation Amalgamation Before After in TNE 
Amalgamation Amalgamation Values 

Cadmium — [0.0010,0.0010,0.9980] — [0.0010,0.0001,0.9999] 0.0249 0.0045 -0.0204 
Manganese —_ [0.0010,0.0090,0.9900] — [0.0010,0.0001,0.9999] 0.0546 0.0045 -0.0500 
Cobalt [0.1470,0.0780,0.7750] — [0.1000,0.0430,0.8570] 0.2953 0.2347 -0.0606 
Lead [0.0010,0.3590,0.6400] — [0.0050,0.1850,0.8100] 0.3334 0.2541 -0.0793 
Copper [0.0010,0.0017,0.9973]  [0.0000,0.0160,0.9840] 0.0290 0.0628 0.0338 
Zinc [0.0000,0.0020,0.9980] — [0.0000,0.0010,0.9990] 0.0208 0.0146 0.0063 
Iron [0.0010,0.1940,0.8050] — [0.0000,0.0120,0.9880] 0.2508 0.0537 -0.1971 


Discussion After amalgamation, the concentration of cadmium and manganese was found to be 


negligible (Fig.4). The possible reasons for absence of these heavy metals in river water samples 


could be the use of physico-chemical processes-adsorption, membrane filtration, electro dialysis 


etc., which further diluted the river water after amalgamation and made heavy metal presence 


almost negligible in the river. 
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Change in Entropy Values of Heavy Metals 


TFE Values After Amalgamation 
% Fe E Values Before Amalgamation 


Fig.5 TFE and TNE values of each heavy metal concentration before and after amalgamat- 


ing pharmaceutical effluents into river water samples 

The similar observations were experienced from the experimental investigations. Hence, 

the effectiveness and validity of our proposed TFE and TNE measures have been justified. 

We next switch to establish the proclaimed heavy metal contamination evaluation methodology, 
intended to identify the most contaminated sampling spot responsible for heavy metal 
contamination in Sarsa river water. 

6. Heavy Metal Contamination Evaluation Methodology 

To reckon the most contaminated sampling spot by the proposed methodology, we proceed 

as follows. 

Step: -1 Collection of River Water Samples 

The water samples were collected from Sarsa river by covering a stretch of 20 km from four 
sampling spo S,, before and after the amalgamation of CETP treated pharmaceutical effluents (PE) 
into river water samples. The samples were stored in high-grade polythene bottles of one-liter 
capacity. Representative water sample from selected sites was collected and transported to the 
laboratory for experimentation investigations by keeping in mind that the comparative 
concentrations of all related components were same in all the samples. All precautions were taken to 
avoid any significant alteration in sample composition before experiments were performed. 
Analytical studies were carried out by the methods of American Public Health Association [20]. 
Step: -2 Normalization of Monitored Heavy Metal Concentration 


Suppose the number of parameters (heavy metals) to be studied is denoted by "n".Let the number 


of sampling spots under study is denoted by"m".Let /,,denotes the monitored concentration 


«th 


reading of j” heavy metal at 7” sampling spot. To ensure the quality of various quantity grades, 
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it becomes essential, before fuzzification, to normalize each monitored heavy metal concentration 


reading. Let p,, denotes the normalization concentration function for the concentration of j” 

heavy metal at i” sampling spot. Then 

_ Oj, -Mind,;, 
Max, —MinJ;, 


Pi 57 =1,2,3,4...,237 = 1,2,3,4...,m. mi 21) 


Step: 3 Determination of Fuzzy and Neutrosophic Entropy Weights 

After the introduction of fuzzy sets theory by Zadeh [15], Information theory started receiving 
recognition from different quarters. In the existing literature, many fuzzy entropy measures have 
been investigated and characterized by researchers, but with some demerits and limitations. De 


Luca and Termini [19] suggested the first non-additive measure of fuzzy entropy: 

1 n 
H(A) = ree EB (x,)log u, (x,)+(I- a, (x,))log(1- x, (x,))] ... (22) 
where A=(<x,,“,(x;)>|x,¢€U) is the corresponding fuzzy set satisfying ,(x,):X [0,1] and 


"m"is any fixed natural number. The fuzzy entropy measure (22) has been found capable for 
analyzing the macroscopic view of heavy metal pollution in river water samples. Unfortunately, the 
entropy measure (22) is facing a major drawback as it is unknowingly based on the fancy 
assumption 0x/og0=0 and hence indicates less macroscopic view of heavy metal contamination. 
To represent macroscopic view of heavy metal contamination in a broader way and to meet the 
exigency, we have successfully deployed our proposed TFE and TNE measures to construct fuzzy 
and single valued neutrosophic entropy weights for various sampling spot with respect to each 


heavy metal concentration as follows. 


Let 7,, denotes the amount of fuzziness based on true membership degree of i heavy metal 


concentration at i” sampling spot. Then, 


r= 7 5J =1,2,...,2,0=12,..,m --. (23) 


(a) The weights w‘” for j” heavy metal concentration at i” sampling spot employing Deluca and 
Termini (22) can be evaluated as follows. Let "m" be the number of sampling spots, then 
w =“, where ... (24) 


if n 
EY ree logT, +(1-T, )log(1-T,) | ... (25) 
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(b) The weights w‘? for heavy metal concentration ati" sampling spot employing the proposed 


trigonometric fuzzy entropy (TFE) measure (1) can be evaluated as follows: Let "m"be the number 


of sampling spots, then 


1-E, 
w, =——,, where ... (26) 


2 22 +2,/7? +(1-7,) -,/27, (1-7, 
E) =-tan(m")>"| tan ial i) (IT) wm 2222) 7) 
jal 


(c)The weights w‘ for / “ heavy metal concentration ati” sampling spot employing the proposed 
single valued neutrosophic entropy (TNE) measure (16) can be evaluated as follows. 

Let Fi, =1-T,, and /,,=1-T,,—F;, denote the amount of fuzziness based on the indeterminacy 
and falsity membership degree of j” heavy metal concentration ati” sampling spot. Here, the 
values of /,, are restricted to 0-001if it is less than or equal to zero and "m" is the number of 
sampling spots. Then, 


1-E. 
w.’ =——*— , where ... (28) 


sian 222) (Stn 22+ 240i + Fi JOE F 
5 


5 td pe, 


... (29) 


4c 627 aE 2242/07.) +(1 
Ey = tan(m') > {th tan ( ’ i 


i 


a 
I 


= eee ) - 21, (I-Z, ) 


Step: -4 Calculations of Relative Sub-Indices 
The quality of river water parameters (heavy metals) can be well described by means of two types of 
sub-indices-absolute and relative-which are being used by the eminent researchers. Since absolute 


(or relative) sub-indexing approaches are fully independent (or dependent) on water quality 


standards, the relative sub-indexing approach has been empowered in this study. Let Q,, = Relative 
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sub-index, s,, = Maximum permissible concentration limit and 7,, = Monitored concentration 


reading of the j” heavy metal at i” sampling spot respectively. Then, the relative sub-indices of 


each heavy metal with respect to various sampling spots are assigned as 


Ts 
OQ, = 100; j = 1,2,3,4..0,/=1,2,3,4..m. --- (30) 


ji 


Step: -5 Constructions of FHCI and NHCI 

The enduring Deluca and Termini entropy ([19], proposed trigonometric fuzzy entropy weighted 
and single valued neutrosophic entropy weighted heavy metal contamination indices (EHCI, FHCI 
and NHCN), before and after the amalgamation of pharmaceutical effluents into river water samples, 


can be constructed as follows: 


EHCI at i” Sampling Spot =) w?O,, ... (31) 
il 

FHCI at i” Sampling Spot =)" wd, ... (32) 
il 

NHCI at i” Sampling Spot =) wd, ... (33) 


jal 
Step: -6 Identifying the Most Contaminated Sampling Spot 

The maximum(or minimum) EHCI, FHCI or NHCI score among each sampling spot is designated to 
the“most (or least) contaminated sampling spot” accordingly. 

We finally deploy the proclaimed fuzzy entropy weighted heavy metal contamination index (EHCI) 
and single valued neutrosophic entropy weighted heavy metal contamination index (NHCI) to 
identify the most contaminated sampling spot responsible for heavy metal contamination in Sarsa 
river water. 

7. Application of TFE and TNE Based Heavy Metal Contamination Evaluation Methodology 

To reckon the most contaminated sampling spot, responsible for heavy metal contamination in Sarsa 
river water, we have computed the enduring Deluca and Termini entropy [19], proposed 
trigonometric fuzzy entropy and single valued neutrosophic entropy weighted heavy metal 
contamination indices (FHCI, EHCI and NHCI) through the proposed methodology as explained in 
Section. 6 and the results are displayed in Tables.2-4(a, b). 

7.1 Identification of Most Contaminated Sampling Spot Through EHCI 

The Deluca and Termini fuzzy entropy weighted heavy metal contamination index (EHCI) at each 
sampling spot S,,S,,S,,S,, before and after the amalgamation of pharmaceutical effluents into river 
water samples, is computed by deploying (31) and the results are depicted in Table.2(a, b). The 
monitored concentration reading of each heavy metal is expressed in terms of mg/L. In this study, 


the number of parameters (heavy metals) is seven(n =7) and the number of sampling spots is 


four (m = 4). The normalization concentration function Pi ( FAA, 265730 =), 2, 3,4) for each heavy 
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metal at various sampling spots and the results are depicted in Table.2(a, b). As per W.H.O. [20], the 
maximum permissible limits S,, (j =1,2,..7,i=1,2,3,4) of each heavy metal at various sampling spots 


are considered as 0.005(Cd), 0.1(Mn), 2(Co), 0.05(Pb), 1(Cu), 5(Zn), 0.1(Fe) (mg/L). 


Observations. The results depicted in Table 2(a, b) and Fig. 5 indicate that the trend of EHCI scores 


reduced gradually, from 0.3623 to0.1673 (S,), from 0.2816 to0.1559 (S,), from 0.1067 to 0.0440 


(S;) and from 0.0766 to 0.0468 (S;,) consecutively. 


7.2 Identification of Most Contaminated Sampling Spot Through FHCI 
The trigonometric fuzzy entropy weighted heavy metal contamination index (EHCI) at each 
sampling spot S,,S,,S,,S,, before and after the amalgamation of pharmaceutical effluents into river 
water samples, is computed by deploying (32) and the results are depicted in Table.3(a, b). 
Observations. The results depicted in Table 3(a, b) and Fig. 5 reveal that the proposed EHCI 
exhibited the similar trend as returned by Deluca and Termini entropy weighted heavy metal 


contamination index (FHCI). The FHCI scores at each sampling spot S,,S,,S,,S, reduced 


gradually, from 1.6865 to0.8343 (S,), from 1.3276 to0.8237(S,), from 0.4186 to 0.1895 (S,) and 


from 0.3064 to 0.1266 (S,) consecutively. 


7.3 Identification of Most Contaminated Sampling Spot Through NHCI 

The single valued neutrosophic entropy weighted heavy metal contamination index (NHCI) at each 
sampling spot S,,S,,5S;,S,, before and after the amalgamation of pharmaceutical effluents into river 
water samples, is computed by deploying (33) and the results are depicted in Table.4(a, b). 


Observations The results depicted in Table 4(a, b) and Fig. 5 reveal that NHCI scores at each 


sampling spot S,,S,,S,,S, reduced gradually, from 0.7093 to 0.3216 (8.5 from 0.5575 to 


0.3031 (5, ), from 0.1841 to 0.0673 (S,) and from 0.1342 to 0.0481 (S, ) consecutively. 


Results and Discussions The accumulated trend of EHCI, FHCI and NHCI scores depcited by 
Table. 2-4(a, b) and Fig 6 leads to wind-up the conclusion that, before amalgamation, the EHCI, 
FHCI and NHCI scores, which were on higher side, dwindled gradually after amalgamation. In 


other words, before amalgamation, the quality of river water was imperfect” or “unfavourable” 
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“ 


but after amalgamation, resulted into impeccable” and “ favourable” (still not suitable for 
drinking purposes and could be owed to dilution of the river water). In view of and Fig 6, the 
sampling spot S,was found to be most contaminated owing to its maximum EHCI (before 
amalgamation: 0.3623, after amalgamation: 0.1673) scores, FHCI (before amalgamation: 1.6865, after 


amalgamation: 0.8343) scores and NHCI (before amalgamation: 0.7093, after amalgamation: 0.3216) 


scores. 


ig Spot 1 


Highest Score Highest Score 


A, 
40.50 


70.10 


10.06 

NHCI Scores 
/FHCI Scores 
EHCI Scores 


Fig.6 Trend of EHCI, FHCI and NHCI at four sampling spots before andafter amalgamating 
pharmaceutical effluents 


Table 2(a): Calculation of EHCI scores employing Deluca and Termini entropy [19] 


before amalgamation 


Heavy Construction Fuzziness Entropy Assigned Relative EHCI 
Metals Function Values Values Weights Sub-Indices Score 
Sampling Spot 1 

Cd 0.0050 0.0024 0.0123 0.6629 0.0400 
Mn 0.0250 0.0122 0.0475 0.6393 0.0100 
Co 0.5625 0.2741 0.4236 0.3868 0.0113 
Pb 0.9000 0.4385 0.4945 0.3392 0.7200 0.3623 
Cu 0.0675 0.0329 0.1043 0.6011 0.0027 
Zn 0.0050 0.0024. 0.0123 0.6629 0.0000 
Fe 0.4875 0.2375 0.3954 0.4057 0.1950 
Sampling Spot 2 
Cd 0.0003 0.0015 0.0080 0.6767 0.0200 
Mn 0.0017 0.0074. 0.0316 0.6606 0.0050 
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Co 0.0713 0.3175 0.4508 0.3746 0.0107 
Pb 0.0933 0.4154 0.4896 0.3482 0.5600 0.2816 
Cu 0.0060 0.0267 0.0888 0.6216 0.0018 
Zn 0.0003 0.0015 0.0080 0.6767 0.0000 
Fe 0.0517 0.2300 0.3890 0.4168 0.1550 
Sampling Spot 3 
Cd 0.0005 0.0030 0.0146 0.7329 0.0200 
Mn 0.0010 0.0060 0.0263 0.7242 0.0020 
Co 0.0900 0.5357 0.4982 0.3733 0.0090 
Pb 0.0200 0.1190 0.2633 0.5479 0.0800 0.1067 
Cu 0.0040 0.0238 0.0812 0.6834 0.0008 
Zn 0.0005 0.0030 0.0146 0.7329 0.0000 
Fe 0.0520 0.3095 0.4463 0.4118 0.1040 
Sample Spot 4 
Cd 0.0100 0.0040 0.0186 0.8346 0.0200 
Mn 0.0100 0.0040 0.0186 0.8346 0.0010 
Co 1.4700 0.5810 0.4905 0.4333 0.0074 
Pb 0.1000 0.0395 0.1201 0.7483 0.0200 0.0766 
Cu 0.0400 0.0158 0.0586 0.8006 0.0004 
Zn 0.0000 0.0000 0.0000* 0.8504* 0.0000 
Fe 0.9000 0.3557 0.4695 0.4511 0.0900 


*At S,, the entropy value 0.8504 of Zinc is based on the assumption: 0xlog0=0. 


Table 2(b): Calculation of EHCI scores employing Deluca and Termini [19] entropy 


after amalgamation 


Heavy Monitored Fuzziness Entropy Assigned Relative EHCI 
Metals Values Values Values Weights Sub-Indices — Score 
Sampling Spot 1 
Cd 0.0000 0.0000 0.0000* 0.8114* 0.0000 
Mn 0.0000 0.0000 0.0000* 0.8114* 0.0000 
Co 0.7150 0.3950 0.4840 0.4187 0.0072 
Pb 0.9500 0.5249 0.4991 0.4064 0.3800 0.1673 
Cu 0.0800 0.0442 0.1306 0.7054. 0.0016 
Zn 0.0050 0.0028 0.0137 0.8003 0.0000 
Fe 0.0600 0.0331 0.1050 0.7262 0.0120 
Sampling Spot 2 
Cd 0.0000 0.0000 0.0000* 0.9060* 0.0000 
Mn 0.0000 0.0000 0.0000* 0.9060* 0.0000 
Co 0.5350 0.3877 0.4816 0.4697 0.0054 
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Pb 0.7900 0.5725 0.4924 0.4599 0.3160 0.1559 
Cu 0.0000 0.0000 0.0000 0.9060* 0.0000 
Zn 0.0000 0.0036 0.0173 0.8904 0.0000 
Fe 0.0500 0.0362 0.1124 0.8042 0.0100 
Sampling Spot 3 
Cd 0.0000 0.0000 0.0000* 1.4476* 0.0000 
Mn 0.0000 0.0000 0.0000* 1.4476* 0.0000 
Co 1.0000 0.8264 0.3329 0.9657 0.0050 
Pb 0.2000 0.1653 0.3234 0.9794 0.0400 0.0440 
Cu 0.0000 0.0000 0.0000* 1.4476* 0.0000 
Zn 0.0000 0.0083 0.0345 1.3976 0.0000 
Fe 0.0000 0.0000 0.0000* 1.4476* 0.0000 
Sampling Spot 4 
Cd 0.0000 0.0000 0.0000* 3.6206* 0.0000 
Mn 0.0000 0.0000 0.0000* 3.6206* 0.0000 
Co 1.0000 0.9524 0.1381 3.1206 0.0050 
Pb 0.0500 0.0476 0.1381 3.1206 0.0100 0.0468 
Cu 0.0000 0.0000 0.0000* 3.6206* 0.0000 
Zn 0.0000 0.0000 0.0000* 3.6206* 0.0000 
Fe 0.0000 0.0000 0.0000* 3.6206* 0.0000 


* Values are based on the assumption: 0xlog0=0 during calculation of Ee, 


Heavy Construction Fuzziness Entropy Assigned Relative FHCI 
Metals Function Values Values Weights Sub-Indices Score 
Sampling Spot 1 

Cd 0.0050 0.0024 0.0115 1.9734 0.0400 

Mn 0.0250 0.0122 0.0269 1.9427 0.0100 

Co 0.5625 0.2741 0.1313 1.7342 0.0113 

Pb 0.9000 0.4385 0.1496 1.6978 0.7200 1.6865 

Cu 0.0675 0.0329 0.0459 1.9048 0.0027 

Zn 0.0050 0.0024 0.0115 1.9734 0.0000 

Fe 0.4875 0.2375 0.1242 1.7485 0.1950 

Sampling Spot 2 
Cd 0.0003 0.0015 0.0089 2.0284 0.0200 
Mn 0.0017 0.0074 0.0207 2.0043 0.0050 
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Co 0.0713 0.3175 0.1383 1.7636 0.0107 
Pb 0.0933 0.4154 0.1483 1.7432 0.5600 1.3276 
Cu 0.0060 0.0267 0.0410 1.9627 0.0018 
Zn 0.0003 0.0015 0.0089 2.0284 0.0000 
Fe 0.0517 0.2300 0.1225 1.7959 0.1550 
Sampling Spot 3 
Cd 0.0005 0.0030 0.0128 2.1447 0.0200 
Mn 0.0010 0.0060 0.0184 2.1325 0.0020 
Co 0.0900 0.5357 0.1505 1.8455 0.0090 
Pb 0.0200 0.1190 0.0902 1.9766 0.0800 0.4186 
Cu 0.0040 0.0238 0.0386 2.0887 0.0008 
Zn 0.0005 0.0030 0.0128 2.1447 0.0000 
Fe 0.0520 0.3095 0.1371 1.8746 0.1040 
Sampling Spot 4 
Cd 0.0100 0.0040 0.0148 2.4452 0.0200 
Mn 0.0100 0.0040 0.0148 2.4452 0.0010 
a 1.4700 0.5810 0.1485 2.1134 0.0074 
Pb 0.1000 0.0395 0.0506 2.3564 0.0200 0.3064 
Cu 0.0400 0.0158 0.0309 2.4052 0.0004 
Zn 0.0000 0.0000 0.0000 2.4820 0.0000 
Fe 0.9000 0.3557 0.1431 2.1268 0.0900 
Table 3(a): Calculation of FHCI scores employing the proposed trigonometric fuzzy 


entropy (TFE) measure before amalgamation 


Table 3(b): 


Calculation of FHCI 


entropy (TFE) measure after amalgamation 


Heavy Construction  Fuzziness Entropy Assigned Relative FHCI 
Metals Function Values Values Weights Sub-Indices Score 
Sampling Spot 1 
Cd 0.0000 0.0000 0.0000 2.4408 0.0400 
Mn 0.0000 0.0000 0.0000 2.4408 0.0100 
Co 0.7150 0.3950 0.1468 2.0824 0.0113 
Pb 0.9500 0.5249 0.1507 2.0729 0.7200 0.8343 
Cu 0.0800 0.0442 0.0537 2.3096 0.0027 
Zn 0.0050 0.0028 0.0123 2.4108 0.0000 
Fe 0.0600 0.0331 0.0461 2.3284 0.1950 
Sampling Spot 2 
Cd 0.0000 0.0000 0.0000 2.7956 0.0200 


score employing the proposed trigonometric fuzzy 
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Mn 0.0000 0.0000 0.0000 2.7956 0.0050 
Co 0.5350 0.3877 0.1462 2.3869 0.0107 
Pb 0.7900 0.5725 0.1490 2.3791 0.5600 0.8237 
Cu 0.0000 0.0000 0.0000 2.7956 0.0018 
Zn 0.0000 0.0036 0.0142 2.7560 0.0000 
Fe 0.0500 0.0362 0.0483 2.6606 0.1550 
Sampling Spot 3 
Cd 0.0000 0.0000 0.0000 4.2409 0.0200 
Mn 0.0000 0.0000 0.0000 4.2409 0.0020 
Co 1.0000 0.8264 0.1082 3.7821 0.0090 
Pb 0.2000 0.1653 0.1057 3.7925 0.0800 0.1895 
Cu 0.0000 0.0000 0.0000 4.2409 0.0008 
Zn 0.0000 0.0083 0.0219 4.1480 0.0000 
Fe 0.0000 0.0000 0.0000 4.2409 0.1040 
Sampling Spot 4 
Cd 0.0000 0.0000 0.0000 8.9366 0.0200 
Mn 0.0000 0.0000 0.0000 8.9366 0.0010 
Co 1.0000 0.9524 0.0559 8.4368 0.0074 
Pb 0.0500 0.0476 0.0559 8.4368 0.0200 0.1266 
Cu 0.0000 0.0000 0.0000 8.9366 0.0004 
Zn 0.0000 0.0000 0.0000 8.9366 0.0000 
Fe 0.0000 0.0000 0.0000 8.9366 0.0900 
Table 4(a) calculation of NHCI score employing the proposed single valued 
neutrosophic entropy (TNE) measure before amalgamation 
Heavy Construction Fuzziness Entropy Assigned Relative NHCI 
Metals Function Values Values Weights Sub-Indices Score 
Sampling Spot 1 
Cd 0.0050 0.0024 0.0230 0.9753 0.0400 
Mn 0.0250 0.0122 0.0538 0.9446 0.0100 
Co 0.5625 0.2741 0.2627 0.7361 0.0113 
Pb 0.9000 0.4385 0.2991 0.6997 0.7200 0.7093 
Cu 0.0675 0.0329 0.0917 0.9067 0.0027 
Zn 0.0050 0.0024 0.0230 0.9753 0.0000 
Fe 0.4875 0.2375 0.2483 0.7504 0.1950 
Sampling Spot 2 
Cd 0.0003 0.0015 0.0178 1.0051 0.0200 
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Mn 0.0017 0.0074 0.0414 0.9810 0.0050 
Co 0.0713 0.3175 0.2766 0.7403 0.0107 
Pb 0.0933 0.4154 0.2966 0.7198 0.5600 0.5575 
Cu 0.0060 0.0267 0.0820 0.9394 0.0018 
Zn 0.0003 0.0015 0.0178 1.0051 0.0000 
Fe 0.0517 0.2300 0.2450 0.7726 0.1550 
Sampling Spot 3 
Cd 0.0005 0.0030 0.0256 1.0583 0.0200 
Mn 0.0010 0.0060 0.0368 1.0462 0.0020 
Co 0.0900 0.5357 0.3010 0.7592 0.0090 0.1841 
Pb 0.0200 0.1190 0.1803 0.8903 0.0800 
Cu 0.0040 0.0238 0.0771 1.0024 0.0008 
Zn 0.0005 0.0030 0.0256 1.0583 0.0000 
Fe 0.0520 0.3095 0.2743 0.7882 0.1040 
Sampling Spot 4 
Cd 0.0100 0.0040 0.0297 1.2043 0.0200 
Mn 0.0100 0.0040 0.0297 1.2043 0.0010 
Co 1.4700 0.5810 0.2970 0.8725 0.0074 
Pb 0.1000 0.0395 0.1012 1.1155 0.0200 0.1342 
Cu 0.0400 0.0158 0.0619 1.1643 0.0004 
Zn 0.0000 0.0000 0.0000 1.2412 0.0000 
Fe 0.9000 0.3557 0.2862 0.8859 0.0900 


Table4(b): Calculation of NHCI score employing the proposed single valued neutrosophic 


Heavy Construction Fuzziness Entropy Assigned Relative NHCI 
Metals Function Values Values Weights Sub-Indices Score 
Sampling Spot 1 

Cd 0.0000 0.0000 0.0073 1.1407 0.0400 

Mn 0.0000 0.0000 0.0073 1.1407 0.0100 

Co 0.7150 0.3950 0.3009 0.8033 0.0113 

Pb 0.9500 0.5249 0.3088 0.7943 0.7200 0.3216 

Cu 0.0800 0.0442 0.1148 1.0172 0.0027 

Zn 0.0050 0.0028 0.0319 1.1124 0.0000 

Fe 0.0600 0.0331 0.0994 1.0348 0.1950 
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Sampling Spot 2 
Cd 0.0000 0.0000 0.0073 1.2955 0.0200 
Mn 0.0000 0.0000 0.0073 1.2955 0.0050 
Co 0.5350 0.3877 0.2997 0.9138 0.0107 
Pb 0.7900 0.5725 0.3053 0.9066 0.5600 0.3031 
Cu 0.0000 0.0000 0.0073 1.2955 0.0018 
Zn 0.0000 0.0036 0.0356 1.2585 0.0000 
Fe 0.0500 0.0362 0.1039 1.1694 0.1550 
Sampling Spot 3 
Cd 0.0000 0.0000 0.0073 1.9000 0.0200 
Mn 0.0000 0.0000 0.0073 1.9000 0.0020 
Co 1.0000 0.8264 0.2236 1.4859 0.0090 
Pb 0.2000 0.1653 0.2187 1.4952 0.0800 0.0673 
Cu 0.0000 0.0000 0.0073 1.9000 0.0008 
Zn 0.0000 0.0083 0.0511 1.8162 0.0000 
Fe 0.0000 0.0000 0.0073 1.9000 0.1040 
Sampling Spot 4 
Cd 0.0000 0.0000 0.0073 3.6152 0.0200 
Mn 0.0000 0.0000 0.0073 3.6152 0.0010 
Co 1.0000 0.9524 0.1191 3.2078 0.0074 
Pb 0.0500 0.0476 0.1191 3.2078 0.0200 0.0481 
Cu 0.0000 0.0000 0.0073 3.6152 0.0004 
Zn 0.0000 0.0000 0.0073 3.6152 0.0000 
Fe 0.0000 0.0000 0.0073 3.6152 0.0900 


entropy (TNE) measure after amalgamation 


222. 


It is informative to note that while calculating EHCI score, as depcited in Table.2 (a, b), the values 


E ES at sampling spots S,,S,,5,,S,; ES at S,,8,,S,; EO at S,,S,and E at S$, are based on 


the fancy assumption 0xlog0=0. This indicates major conflicts and lack of macroscopic view in 


the quality analysis of heavy metal contamination in river water samples. However, our 


trigonometric fuzzy entropy (TFE) and single valued neutrosophic entropy (TNE) measures have 


been proven capable for providing a superior contamination evaluation methodology. 
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To assess the impact of concentration of heavy metals (cadmium, manganese, cobalt, lead, copper, 
zinc and iron) and to identify the most contaminated sampling spot responsible for heavy metal 
contamination in river water samples, a novel trigonometric fuzzy entropy as well as single valued 
neutrosophic entropy measures are established and thereafter deployed to construct fuzzy and 
neutrosophic entropy weighted heavy metal contamination indices (FHCI and NHCI). The novelty 
of our contaminated sampling spot identification methodology lies in the fact that our heavy metal 
contamination indices are superior and capable in classifying the most contaminated sampling spot, 
whereas the existing Deluca-Termini fuzzy entropy weighted heavy metal contamination index 
(EHCI) exhibits assumption-based results which can affect the identification accuracy of the selected 
contaminated sampling spot with respect to each heavy metal concentration in river water samples. 


It is concluded that 


> The concentration of each heavy metal, which was within the permissible limits before 
amalgamation, dwindled gradually (owing to negative change in TFE and TNE values), 


after amalgamating pharmaceutical effluents into the river water samples. 


>» The concentration of cadmium and manganese is found to be negligible. The possible 
reasons could be the use of physico-chemical processes which further diluted the river 
water after amalgamation. 
> The sampling spot S,was found to be the most contaminated, owing to its maximum 
EHCI (before amalgamation: 0.3623, after amalgamation: 0.1673) score, FHCI (before 
amalgamation: 1.6865, after amalgamation: 0.8343) score and NHCI (before amalgamation: 
0.7093, after amalgamation: 0.3216) scores. 
Moreover, the findings of the underlying study can be utilized for controlling the spread of water 
borne deceases, reducing the risk of water and soil pollution, increasing the ecological and 


aesthetical qualities of lakes and rivers, etc. 
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Abstract: Hypersoft set(HSS) is one of the recent topics developed by Smarandache in 2018 to be presented by 
replacing the single attribute function, used in soft set(SS), with a multi attribute function i.e a function can be 
further bifurcated using HSS. So, HSS provides more options to the decision-makers than SS to make precise 
and valid decisions. Also, the interval-valued intuitionistic fuzzy set (IVIFS) is developed to counter a kind of 
uncertain complex decision-making problem where the membership and non-membership values of a certain 
element are not precise. Basically, the IVIFS is the generalization of a fuzzy set(FS), interval-valued fuzzy 
set(IVFS), and intuitionistic fuzzy set(IFS). Therefore, the mixture of HSS and IVIFS will surely give a new 
field of study for the decision-makers to enhance their critical thinking ability to make a conclusive decisions. 
The main aim of the paper is to present the notion of interval-valued intuitionistic fuzzy hypersoft sets 
(IVIFHSSs) and study some fundamental operations on them which are worthy in critical decision making. The 
IVIFHSSs can be viewed as a hybrid structure that can be formed by combining interval-valued intuitionistic 
fuzzy sets (IVIFSs) and hypersoft sets (HSSs). On the idea of IVIFHSSs and their kinds, different operators 
such as complement, union, intersection, OR, AND etc have been introduced, and by using these operators we 
can encounter real-life-based problems that contain incomplete and parameterized information or data. A new 
algorithm based on IVIFHSSs has been initiated. Finally, a numerical example is employed to check the 
reliability and validity of the algorithm. In the future, we use the proposed concept practically in medical 
diagnosis, personality selection, weather forecasting, data clustering, parameter reduction, decision making, etc. 
Keywords: Interval-valued intuitionistic fuzzy set; Hypersoft set; Interval-valued intuitionistic hypersoft set; 


Decision making. 


1. Introduction 


In most real-life problems, there is an existence of a considerable amount of ambiguity and it is due to the 
uncertainty involved in the information. That is uncertainty arises when the information is not precise and 
accurate. The classical mathematical tools can’t measure such kinds of data. So, there is a serious need to 
introduce a powerful tool that is capable to measure uncertainty without any fail. Finally, the invention of the 


fuzzy set(FS) by Zadeh[1] in 1965 helped us to deal with uncertainty in a structured manner. In FS, each 


element of the universe has a membership degree /, (x ) E [0,1]. After the introduction of FS, it has been 
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developed rapidly and it has an extensive application in various fields of knowledge. Some of the recent works 
and applications associated with FS are discussed in the literature given in [2-5]. The FS theory captures the 
attention of the researchers over the decades and they are motivated a lot which gives rise to other mathematical 
tools namely rough set[6], fuzzy logic[7], vague set[8], etc. We know that hesitancy is an integral part of human 
thinking and FS theory does not measure hesitancy due to its inbuilt difficulties. Such difficulties were removed 
with the creation of an intuitionistic fuzzy set( IFS) by Atanassov[9]. The IFS is formed by adding a 
non-membership degree to the FS in such a manner that the sum of the membership and the non-membership 
degree can’t exceed one. Decision-making is a scientific approach to select the best alternative among the set of 
attributes and the approach of the decision-making process by the decision-makers depends upon the nature of 
the fuzzy environment. This leads to the introduction of the interval-valued fuzzy set(IVFS)[10], 
interval-valued intuitionistic fuzzy set(IVIFS)[11], hesitant fuzzy set(HFS)[12], picture fuzzy set(PFS)[13], 
Pythagorean fuzzy set(PFS)[14], etc. 


To work under fuzzy environment, there is always a challenge to construct membership function and there exist 
some issues in real-world that can’t be solved with an aid of membership function because recently we are 
encountered the kind of data that are parametric and there is an inadequacy in FSs and their variants to 
parameterize data. To overcome such difficulties, in 1999, Molodtsov[15] introduced the soft set(SS) theory. 
There is a lot of instances in a real-life situation where SS theory proved to be more functional than FS theory to 
describe uncertain parametric information without any effort. The SS theory removes the difficulty of 
constructing membership function in each event. So, we claim that SS is a more functional general framework 
than FS to model uncertainty without assigning membership function. Later on, Maji et al.[16] presented 
several assertions on SS, Cagman et al.[17] used SS in decision-making, Ali et al.[18] introduced some new 
operations on SS etc. An amalgamation of two or more concepts provides more information to the 
decision-makers to make their decisions more vulnerable. Because of this, some new hybrid structures such as 
fuzzy soft sets (FSSs), intuitionistic fuzzy soft sets(IFSSs),interval-valued fuzzy soft 
sets(IVFSSs), interval-valued intuitionistic fuzzy soft sets(IVIFSSs),etc. are introduced. Some of the works 
related to these are the following: Agarwal et al.[19] introduced generalized IFSSs and their applications in 
decision-making, FSS theory and its application given in[20], Cagman et al.[21] applied IFSS in 
decision-making, Chetia et al.[22] presented an application based on IVFSS, Jiang et al.[23] discussed IVIFSSs 
and their related properties, entropy on IFSSs and IVFSSs are proposed in [24], Ma et al.[25] introduced the 
parameter reduction of IVFSSs and its related algorithms, Majumder et al.[26] presented generalized FSSs, 
Maji et al.[27] initiated more on IFSSs, algorithms for IVFSSs in emergency decision-making shown in [28], a 
complete model for evaluation system based on IVFSS given in [29], Roy et al.[30] introduced an FSS theoretic 
approach to decision-making problems, Tripathy et al.[31] given a new approach to IVFSSs and its application 
in decision-making, Yang et al.[32] studied combination of IVFS and SS, a novel approach to IVIFSS is 
initiated by Zhang et al. in [33]. 


In 2018, Smarandache[34] has extended SS to the hypersoft set(HSS) and pilthogenic hypersoft set(PHSS). The 
HSS is introduced by transforming the single attribute function F to a multi attribute 
function Ff, xf, x....... xf, where each attribute has some preference values such 
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that OF, = ©, for i # 7 . However, HSS provides more options to the decision-makers than SS to make 


their decisions more constructive and meaningful. Some recent works based on HSSs are given in [35-40]. In 
HSS, the belongingness of an element is denoted by | and non- belongingness is denoted by 0 i.e. values are 
crisp. To deal with uncertainty under the hypersoft environment, a fuzzy hypersoft set (FHSS)[41,42] is 
introduced, and to handle hesitancy under the hypersoft environment, an intuitionistic fuzzy hypersoft 
set(IFHSS)[43] is introduced. Some more recent works based on HSSs are given in [44-51]. 


In 2010, Jiang et al.[23] introduced IVIFSSs and their properties and in 2021, Yolcu et al.[43] introduced 
IFHSS. In IVIFSS, there is only one attribute function, but there is some urgency to solve certain types of 
problems where there is more than one attribute or an attribute is further bifurcated. To address such issues there 
is a demand to introduce IVIFHSSs. On the other hand, in IFHSS, the membership and non-membership values 
are precise, but in real-life decision-making problems, we find the existence of the environment where the 
membership and non-membership degrees are uncertain i.e they are subjective. This situation also [VIFHSSs 
solve the purpose which cannot be handled by IFHSS. Therefore, there are two aspects of introducing IVIFHSS 


in the proposed study. Moreover, the following diagrammatic illustration will give an insight into the proposed 


= 
> 


Fig 1 Diagrammatic representation of the soft set and its generalization for the proposed study 


There is no research work yet to be done on IVIFHSS. This gives us the motivation to present the paper. 


The rest of the paper is organized as follows: 
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Section 2 provides an overview of the earlier research works that are useful for the present study. In section 3, 
we establish the I[VIFHSSs and obtain some properties and important results on them. In section 4, an algorithm 
is being constructed for multi-criteria decision-making problems using the notion of membership score 
function, non-membership score function, and the total score function under the IVIFHSS environment. 
Conclusion and future work are added in section 5. 


2. Literature Review 
In this section, we give some basic definitions and results that are useful for the rest of the paper. 


Definition 2.1 [11] An interval-valued intuitionistic fuzzy set(IVIFS) H_ over the universe of discourse X is 


an object of the form {(x, fles (x) SNe (x)) xe x} where, Ly, , ¥j;,:X > Int ([0,1]) , where 
Int ([0, 1}) stands for the set of all close subintervals of [0, 1] satisfying the following condition: 
Vx eX, sup (44, (x)) + sup(7;, (x)) <1. Further, 4, (x) and Vy (3) can be written as 


My (X) =| in (2) fe (2) | and 4, (2) =[ 7 (2) 277" (x) |. The class of all IVIFS is denoted 
by IVIFS(X). 


Definition 2.2 [15] Let U be an initial universe and EF bea set of parameters. Also, P (U ) denotes the power 


set of U and AC E. Then the pair (F, A) where F': A > P(U)is called the soft set overU. ASSisa 


parameterized family of subsets over the universe U . 


Definition 2.3 [23] Let U be the universe of discourse and E be the set of parameters and [VIF‘S(U ) denote 
the set of all IVIFSs over U . Also, let ACE. Then the pair (F , A) is called an IVIFSS over 
U where F: A IVIFS(U). 


Example 2.3.1 Let U= Ven GC CisCy be a set of cars under consideration and 
E= {e, = size ,e, =color, e, = fuel efficiency,e, = expensive, e, = Style, e, = comfortable} be 
a set of parameters and A= {e,,€,€,e,} CE. Under the advice of a decision-maker, Mr. X wants to 
purchase a car. The IVIFSS is denoted by (F 5 A) which describes the “attractiveness of the cars” to the 


decision-maker. Then, the tabular representation of (F : A) is given in Table 1. 
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(F,A) | ¢ G G a G, 

e, | ([0.4,0.6],[0.2,0.3]) | ([0.5,0.6],[0.1,0.2]) | ((0.3,0.5],[0.2,0.5]} | ({0.3,0.4],[0.4,0.5]) | ([0.2,0.4],[0.3,0.5]) 
e, | ([0.5,0.6],[0.2,0.3]) | ([0.2,0.3],[0.3,0.5]) | ([0.4,0.5],[0.3,0.4]) | ([0.6,0.7],[0.1,0.2]) | ([0.1,0.3],[0.6,0.7]) 
e, | ([0.2,0.3],[0.4,0.5]) | ([0.2,0.3],[0.4,0.5]) | ([0.1,0.3],[0.5,0.6]) | ([0.3,0.6],[0.3,0.4]) | ([0.5,0.6],[0.3,0.4]} 
e | ([0.4,0.5],[0.3,0.4]) | ([0.2,0.4],[0.3,0.5]) | ([0.7,0.8],[0.1,0.2]) | ([0.5,0.7],[0.1,0.2]) | ([0.4,0.5],[0.2,0.3]} 


Table1. Tabular representation of IVIFSS (F : A) 


The above representation is very useful for storage such big data in a computer as it consumes less memory and 


it is handy for numerical calculation which solves the purpose of the decision maker to make a precise decision. 


Definition 2.4 [34, 39] Let S denotes the set of the universe and P (S ) is the power set of S . Let 


Cire niads 


séts Hy iE yscci5 


(Q, E, x Ey x....x 


(Q, E) where E = Ex E,%x.... 


E,) where (1: E, XE, x... 


é, be n distinct attributes, where 1 = 1, whose corresponding attribute values are respectively the 
E, with E, VE, =9,i# jand i,j ¢N. Then the hypersoft set(HSS) is denoted by 
x E, —> P(S). For simplicity, we represent the HSS by 


x E.. Thus, in HSS, the attribute function can be further split until it is not 


suitable for the decision-maker in a certain environment. Therefore, HSS qualitatively enhanced the 


decision-making process. 


Example 2.4.1 Let S= Keveneuey) be a set of journals and the set of attributes are FE, =citation style, 


E,, =indexing and abstracting, E, =article processing charge(APC), EF, = 


respective attribute values are given by: 
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FE, =citation — style= { APA(e,), MLA(e,), Har var d(e;), Bibtex(e,)\ , E, =indexing and 
abstracting= {SCI (e;), Scopus (e,),Web of Science(e,), Taylor and Francis(e,)\ , E, =article 
processing charge= { Nil(e, )} , E,= impact factor= {high(eo), low(e;, ) , medium (e, )} ; 

Let A CE,, wherei=1,2,3,4 and suppose A, ={e,e,} : A, ={e,,¢,,e,} , A, = {e,} and 
A, ={@),@,}. Then the HSS (Q, A, x A, x A, x A, ) defined as 

(Q, A, x A, x A, x A,) = 
((€,5€53€ 510) > {S153} eK C15 €55€y5€19 Vleet) (eyes eaveia)s 1oGuSal): 

((é, Ci essen Gs \, ((4, eB eee (4 €79&9€12 eee): 

((e, ) { } eK (Queeecen)s {oneee})3 

(( ). ( 


51253954 )(( Cyseaseneiy)s ene Sa} 
€49 69 €os€9 )> SasG4\)3 (CRA CA | $2953 i ( €49€75€95€ 12 ViGaee)) 


C4955 €y5LiQ J > 
Therefore, the HSS (Q, A, x A, x A, x A, ) is not a normal set, it is a multiple parameterized family of sets 


over S . It is a new scientific approach of representing bifurcated parametric representation and it’s a very 
useful model that provides sufficient information to the decision-maker to make their decisions elegantly. It is a 


more powerful and sophisticated tool than SS to deal with a wide range of problems related to various fields. 


Definition 2.5 [41, 42] Let F * be the set of all fuzzy subsets of the universe set S and let 


E,xE,x....xE, be the set of parameters where £, OE, =O,i# 7 ,and i,jEN . For 
every€ €E, x E,x....xE, , the pair (Q, EL By Rives XE, ) is called the fuzzy hypersoft set(FHSS) over 


S, where O: Ex E,x....xE, —» F’° and the FHSS defined as 


(OBE eek aoe a Leek, XE, xX anckEBoand xe8 >, where 


or (x)) 


Hore) (x) denotes the membership value such that ,,,.) (x) E [0, 1] ; 


Example 2.5.1 If we take the same sets of attributes proposed in example 2.4.1, then the representation of 


FHSS (Q, A, x A, x A; x A, ) in the following form: 
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(Q, A, x A, x A, x A,) = 


(cvereren){ ggg} (eveneres){ gga (ote) {ap-gres |) 
((cotsnerco){ Seve, St}, (ene eréal{ St Et}), (entetrto){ SSeS 
((coteereah{ SE} ((entrntrtn)| St Sts (enentntn) Sl) 

By FHSS we represent the multi-parameterized family of uncertain data. 


Definition 2.6 [43] Let JF° be the set of all intuitionistic fuzzy subsets of the universe set § and let 


E,xE,x...xE, be the set of parameters where EF, OE, = O,ixj nd i,jeN . For 
every€ €E, x E,x....xE_, the pair (Q, | yg! Jae aeeere XE, ) is called the intuitionistic fuzzy hypersoft 


set(IFHSS) over S, where Q: E, x E,x...x E> IF* and the FHSS defined as, 


(Q,E, x E, x haehe XE) = E, ud :€ € E|XE,x.....xE, and x eS > wh 


Baie (x). %eye) (x)) 


ere oy ,) (x) and Vole) (x) respectively denotes the membership and the non-membership values where 
Heya) (%)> Yaye) () € [0.1] such that OS poy.) (*) + Yaya) (x) S1 . The hesitancy is determined 


by Toc.) (x)=1 ~ Hoye) (x)- Ya) (x). 


Example 2.6.1 Revisiting example 2.4.1, we address the IFHSS (Q, A, x A, x A, x A, )in the following 


manner: 
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(Q, A, x A, x A, x A,) 2 


(4,€5,¢.419) 


Brees 0.3, 0.6) Ten 5| (ostoaa athe eet 
( ers 0.2, 0.3) Tn 5)" pg} Mloosulte ta etta}) 
(evens) tue 0.7,0.2)’ (0. Gaal) lena p 2a eital 
((sos40) [a tea i)’ petal (corsa) gta a tah) 
(coe) 


(4.654519) 0.4,0.5) .°Toa0ay was] (ooo) gape] 


(€,¢65€9>¢19) 


(e4. S189 a9): Laz 2 | (wersn) 3 | 
(0.2,0.7)’ (0.5, 0.4) (0.5,0.3) (0.6,0.3) 
By IFHSS, we represent the multi-parameterized family of hesitant data. 
3. Interval-Valued Intuitionistic Fuzzy Hypersoft Sets (IVIFHSSs) 
In this section, first, we give the basic definition of IVIFHSS and its associated sets with real-life-based 


examples. Then, we defined different operators such as union, intersection, complement, OR, AND,etc on 


IVIFHSSs and investigated their properties. 


Definition 3.1 Let X be the universal set and /VIF'™~ denote the collection of all interval-valued intuitionistic 


fuzzy (IVIF) subsets of X. Again, let C,,C,,...,C, for n21be n well-defined attributes, whose 
corresponding preferences are denoted by the sets F, P,,....,P, with PVP, =0,i# jandi, je N. Let 
P. be non-empty subsets of C, for each i€ N . Then the IVIFHSS is denoted as the pair 


(Y,P KE x....x P.) where VeP XP Xaieh — IVIF~ and defined as 


Xx 


” (x9) (2)-Voun (9) 


V(BXE xack P= 


ixEX,NQeEeBXP,x....xP CO XxC,x....xC, 


, where 
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Py (n) (x) = | oven (x) : P" vn) (x) | , and Yin) (x) = cao (x) W" vin) (x) are the membership and 
non-membership intervals such that 0 < P* y(n) (x) + V" vin) (x) <1 and Py(y) Wyn) * x-> D([0,1]) 
Here D((0, 1}) denotes the set of all closed subintervals of [0, 1] 


For simplification, we write the symbol & forC,xC,x....xC,, T for Ph xP,x....xP and 7 for any 
element of the set I’. 


Thus, (Y 5b Ee lee, ) represent a multi-parameterized family whose universe of discourse is IVIF* . 
Example 3.1.1 Let X = {X, X, 5X3 \ be the set of cars under consideration and the sets of attribute are 
C, = Quality = { good (c,), very good iS ) , excellent (e )} 


C, = Reliability = {satisfactory(c,)} 


C, = Color = {red(c,), black (c, ), blue(c,), yellow(c,)} ,C, = Fuel Efficiency = {economical(c,), high(c, )} 


Suppose, Pand Q,are subsets of C, (i = 1,2,3, 4) such that 


ra ={€),¢,},P, ={c,},P, ={6.5C, | 2 ={c,}, and Q, ={c,},0, ={c,},0, = {c5,€.}50, ={c,} 


Then the IVIFHSSs with respect to P and Q, denoted as (¥ fi ) , and (Z , r,) respectively and defined in 


the following: 


(cy,¢4s¢5>¢9); 


“3 
(0.3.0. nt [0.5,0.6]) Exit} 


(cy ,¢45¢93¢9 )> 


([0.4,0. an [0.3,0.4])’ way) 


(cy ,¢42¢7509). 


| 
(V.1,)= | 
| 
| 


(631426506) i [0.45, 055 0.23,0.35)) ‘post foxaay) 


(0.6, 0. al 0.1,0.2])’ ([0.3,0.5] taal} 
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(cs.<42¢55¢9); 1 ; 
({0.6,0.7],[0.1,0.3])  ({0.35, 0.45], [0.45,0.5]} 


(ZL3 = 
(o.¢4>¢6>¢). ona], (oa0ap ’ ([0.6,0.7] cERES| 


Note: By adding HSS with IVIFS, a new structure called IVIFHSS is introduced and it is viable to increase the 
features of selecting an object which a decision-maker could not imagine with an aid of multi-attribute function. 
Every IVIFHSS is IVIFSS and in IVIFHSS, when the lower and upper membership and lower and upper 
non-membership coincide then IVIFHSS is reduced to IFHSS. However, the IVIFHSS is preferable for the 
environment where there is no precise membership and non-membership value i.e vagueness involved in 
assigning the membership and non-membership values. For example, suppose if we want to describe the 
attractiveness of a house by IVIFHSS, then by membership interval, we can measure its minimum attractiveness 
and maximum attractiveness, on the other hand, the non-membership interval tells the minimum 
non-attractiveness and maximum non-attractiveness. So, [VIFHSS is more functional than IFHSS to represent 


parameterized hesitant information. 


Definition 3.2 An IVIFHSS (Y,Z) over X is said to be null IVIFHSS if for all xe X andy ed, 
Py(n) (x) =[0, 0] and Wyn) (*) =(1,1] and it is denoted byD, 5): 
On the other hand, (Y 2) over X is called a universal IVIFHSS if for 


allx € X andy eX Py(n) (x) = [1, 1] and W(,) (x) = [0, 0] and it is denoted by A 


(¥.2)° 


Definition 3.3 Let X be the set of universe and (YT, ) and (Zr; ) be two IVIFHSSs over X . Then, we 
say that (YT; ) is an IVIFHS subset of (27355) if 

@ Ter; 

(ii) For any €T,, Y(7) ec Z(n) and it is denoted by and denoted by (er )(Z,I,) : 


That is, for all x ¢ X and7 ET ,, 


1 


Prin) (x) S Pry) (x). Ph) (x) = Pry) (x) sand Wvin) (x) 2V 71) (x) Wim) (x) 2 Von) (x). 
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Definition 3.4 Let X be the set of universe and LE, ) and (2.55 ) be two IVIFHSSs over X . Then, we 


say that (Y, T, ) is said to be equal to (Z,T, ) if (Ys 1B ) is an IVIFHS subset of (Z,T,) and conversely 


a 


and it is denoted by(Y,T, ) (2,7). 


Otherwise, (Y, Ly ) and (2.0; ) are said to be equal if for allx € X ,and 7 €d, 


u 


Py(n) (x)= Pz(n) (x)=> P' vn) (x)=9 Z(n) (x) .and P* v(n) (x)=9 Z() (x) 


And W y(n) (2) = VW 2¢q) (%) > Vy) (¥) = Way () and Yvon (2) = YM 20m (2) 


Theorem 3.5 Let X be an initial universe and (¥,T;) ; (W,T,) and (Z,T) be three IVIHSSs over 


X andl’,,0,,0,; C2. Then 


O 


@ (YT, )cAy sy 
o 

(i) ® (VT) 

Git) (Y,T,) C(W.T,).and (W.T,) ¢ (ZT) => (YT) € (ZT). 

Proof: All proofs are straightforward. 


Definition 3.6 The Complement of IVIFHSS (Y ,2) over X is denoted by (Y 2): and defined as 


(Y a) = (Y *,=2) , where Y° : 5 — IVIF~ and the set-theoretic presentation is given by 


Theorem 3.7 Let (Y ; 2) be any IVIFHSS over the initial universe X . Then 


@ ((v.2)") =(%2) 
(ii) OF) =A 


(Y.2) 
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(iii) Avs) = Dy) 


Proof: Proofs are obvious. 


Definition 3.8 If (i) and (4,75) be two IVIFHSSs over a common universe X , then 


“(Y,T,) AND(Z,I-, )” is denoted by (Y,T, yA (Z,I-, ) and is defined by 
a 


(Y,0,)a (Z,0,)=(W.0, xT, ), where W (a, 8)=Y(a)OZ(B),V(a,B) eT, xP,such a way 


that, 


| inf Pr (X)> Poy q(x) ) inf ( p(x), ey 4 (x)) |, 
W (a, B)(x)= a | i) inl ) | i) ink ))h :V(a,B)eT,xI,,xeX 


Rees (Viva) (x), Vr8) (x)) » Sup (Vice) (x), Yop) (x)) 


Definition 3.9 If (V1) and (2.05) be two IVIFHSSs over a common universe X , then 


0 


a) or(Z,T,)” is denoted by (Y,T,)v (Z,T°, ) and is defined by 


a 


(Y,,)v (Z,,)=(W.0, xT,), where W (a, 8)=Y(a)UZ(B),V(a,B) eT, xP,such a way 


that, 


sup (94, .) (x), P29) (x)),sup(¥2) (x), Op) (x)] , 
— ):W(a,B)el,xl,,xeX 


1 


W (a, B)(x)= 


Hint (V4.0 (a); Voce) (x)).inf (v4, (x). Worn) (x) 


Theorem 3.10 Let (Y,0,).(Z.0,)and (W,T,) be three IVIFHSSs over X , then we have the following: 
a a 

(i) (rsa) =(150,) ¥(Z.1,) 
a a 

(ii) crnyiar) =(L AZ) 
a a a a 

(iii) (V0, )a[ (2.02) 4.05) ]=[ (Ur JAZ) }UPES) 
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o(¥ar)¥{ (Z.P2)¥"ES) J=[ (KN) v(ZP2) JVW.ES) 
Proof: (i) (V0, )a(ZF,)=(W.0, xP) 


Then, Ce) =(W.T,xT,) =(W°,-(T, xT,)) 


Similarly, (Y,T,) =(¥°,A1, )and (Z,0,)° =(Z°, 1) 
Then, or vary =(¥°,I, ) v (Z°,T’,) =(4,-1, x1) =(H,A(1, xT, )) where 


Vv ( ia, B)e I, x—T,, x ¢X . Then we have, 


Then, 


1 


Pret a (x)= Yy(a) (x) Prec) (x)= Vip) (x), Prer_a) (x)= Yy(a) (x), Prep) (x)= V7(B) (x) 


Therefore, we have the following, 


V (cp) () = | inf (P),2) (x). 2. (x), sup( 9. (x). Pip) (x))| 

We have, (=a,—f) € (T, xT, ). Since, (W,T, xT, = (w°-(T, xT, )) , then we can write 
W* (70,8) = (x, Wor(a,p) (=), Por(a,p) (x)) 

Thus, Pye ap) (x)= Y(a.f) (x) and Yr (-0,-) (x)= Pw (af) (x). 


Since (YI A(Zal's) =(W,T,xI,), then 
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if I : u u 
Pra) (x). Pr.) (x)).inf (9%... (x), G25) (x)) |, 
Vice) (*) Wop) (2)) SUP (Vay (2). —) (2) 
1 i . u u 
Thus, Pi(q,p) (x)=| Inf (Gi. (x), Pr.) (x)).inf (9%,,, (x), Pip) (x))| and 
Y it(a.p) (x)= | sup (Vi. (x), Yop) (x)), PUP (vi) (x), V7) (x)) | 


So, we can say that operators W“ and H are same. 


Therefore, centers) Soha) v(Z0;, y 


Proofs of (ii) to (iv) are left as an exercise for the readers. 


Definition 3.11 Let X be the universe of discourse andI’,,[, CX. Let (Y,T,) and (Z,T’, ) be two 


IVIFHSSs over X . Then the union(relative) of (Y : l,) and (2.553 is denoted by 
o 
(Y,T, ) U (2.75) = (WT, ) where I’, =I, UT, and defined as follows: 


Py(n) (x) ifn € r, -T, 
Py (7) (x)= Pz(n) (x),ifm eT, -T, 


 sup(o', (x), (x)),sup(o%, (x),o%, (x))] HEL exex 


Yy(n) (x) ifn € r, =T5 
Wir(ny (X) = Wan) (x) if7 eT, -T, 


ine (y/, (x).v',(x)),ine(y" (x).w", (x)) | nel, A0,.xeX 


Definition 3.12 Let X be the universe of discourse andI’,,[, C2. Let (Y,T,) and (Z,T,) be two 

IVIFHSSs over X . Then the intersection of (y i) and (Z,T,) is denoted by 
o 

(Yer in (ZF) = (WT, )where I’, =I, UT, and defined as follows: 
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Py(n) (x) fn € r, =F; 
Pry (n) (x)= P7(n) (x).if7eT,-T, 


[ine (o,,(2)-0%,,(@) int, (2)-0%,, (9) at 7 er NP xe x 


V y(n) (x) if I, -F, 


Yiv(n) (x) = Yon) (x) ifnel,—-T, 
sup(v., (2). (x)).sup(v", (7) .¥ 2 (x))] eT Maes 


Z| 


Theorem 3.13 Let X be the set of the universe andI’,,,,0,c2. Let (YP) ,(Z,P,) and 
(W,T, ) be three IVIFHSSs over X , then we have the following properties 

(i) (vr, )U(Y,r,)=(%0,) 

(ii) ®y UT) =(%0) 


0 
Gi) (VT JU Ags) =Aysy 


a 


(iv) (YF, )U(Z.T,)=(Z.0,)U(¥.F,) 


(v) [Cr JO(Z.r2) OWE) = (EE JU[(ZPs)OWES)) 


Proof: Proofs are obvious. 
Theorem 3.14 Let X be the set of the universe andI’,,T,,P; C2. Let(Y, T, ) , (Z Tr, ) and (W, Tr, ) be 
three IVIFHSSs over X , then we have the following properties 


(i) (V0, )A(¥.0,)=(%.0,) 


O 
(i) By y A(Y.T,)=® 


(v2) 


(iii) (Y.0,)AA =(1 5) 


(Y.2) 


g 0 
dv) (Y,0,)A(Z.0,)=(Z,T2)(¥.T,) 
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(v) [(an)a(Zar2) WP) =F )A[(Z0s) WS) 
(vi) (Van )o[ (Zr OU".Ts) | -((analzr) O(n yawns) | 


o o o O g 
(vi (Vr )U[(Z.r,)AW".s)}=(WnU(Zr2) J[ OO.) 
Proof: All are straightforward. 


Definition 3.15 Let X be the universal set, [,,P, C2 and(Y,.,), (Z,T, ) be two IVIFHSSs over X . 


Then, the difference between (Y ws ) and (Z, Ls ) is denoted by 


(Y,T,)0 (Z,0,)=(W,0,)where(¥,0,)0 (Z,0,)'=(Z.0,) =(W.05). 


Theorem 3.16 Let X be the universal set, I’,,[., C2 and (Y.T,) and (Z,T,) be two IVIFHSSs 


over X . Then we have the following properties: 


o (@rjo@r,)) =n) Ary 


(ii) Canaan) a8 Fula 


u 
Proof: (1) Let (Y,T,)U(ZT,) =(W,T,) , where T'; =I, UT, and for all 7 €I,, we have the 


following 


Py(n) (x) ifn € r, -T, 
Pu(ny (x) = Pz(n) (x),ifn eT, -T, 


 sup(o', (x), (x)),sup(o, (x),@! (x)) | neT,(\P,,xeX 


Z| 
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Yy(n) (x) fn € r, ay 
Woon) (X) = Won) (x) if7 eT, -T, 


Now, [an jo(r, ) = (WT) =(W°,-I;) ‘ where 


Ww (=77) = (%,Vx(q) (*) Pray (*)) for all xe X and =H e€—-IT, =(T, Ur,)=-r, U-l, ; 


Then we have, 


Yy(n) (x) ifn € r, =F, 
P Wan) (x) = Y7(n) (x) ifn e r,-T, 


int(v), ow, (2) ine (ms, ous) pit MeN AM a»re x 


Pyq) (x) tf9 eT, -T, 
Ww om (2) = Pry) (x) ifn eT, -T, 
 sup(o',, (x), (x)) int (o",, (x),0%, (2)) | fer MPa xe X 
since, (Y,P,) =(¥°,I, )and (Z,0,)° =(Z°,A9, ) then 
(y,r,) AZTY =(Y°,—T,,) a (Z°, I, ) =(H,1,) Gay), where P, =P, =P, uP, and 


forall an el, 
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Pye(an) (x) fan E ID, -I, 
P (an) (x) = Pr (n) (x) fan €E il; Sali 


jine( 9! (x).0/(x)}.ine(o" (x),0" (x)) pfon eat NT, xeX 


Yq) (X) ifnel,—-T, 
= Van (x) ifn el, -T, 


fine (y', (x).w!,, (x))pine(v", (x).w", (2) oer NT xeX 


¥(n) 


Yye(an) (x) if an E I, ale, 


Yi(an) (x)= Y 7240) (x),ifan eI, --1, 
[sup (x). (x)},int(y* (x).yi (x)) fit neal, Q-l,,xeX 


Py(n) (x) ifn € r, als 
= Pxq) (x) ifn eT, -T, 


| sup(o,,, (x). (x)).sup( 9%, (x).9%,, (3)) puter MTs. xeX 


ao e ao 
Therefore, W° and H are the same operators. Thus, Cay JU(Z,T, ) = (V0; y OZ E i . 
(11) Similar to that of (i) 


4. An Algorithmic Approach for Multi-criteria Decision Making Based on IVIFHSSs 
A variety of real-based decision-making problems in different fields such as engineering, social science, 
economics, weather forecasting, risk management, medical science, etc. contains imprecise fuzzy data and it is 


due to diverse types of uncertainties present in the system. Day to day the problem becomes more and more 
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complicated. There is a requirement to introduce another new tool that can handle a large amount of imprecision 
involved in a system. The introduction of IVIFHSSs is capable enough to encounter such problems. So, we 
present an algorithm to handle fuzzy decision-making problems based on IVIFHSSs, which is very much 
helpful for the decision-makers to obtain the optimal choice. Firstly, we give some definitions that are related to 


the proposed algorithm in the following: 


Definition 4.1 Let (y ; x) be an  IVIFHSS~ over the set of the universe 
Vere ee where L= EXE, xX... XE : For any nex p 
! 


Prim (x,) - (2 ee (Bo (x,)]) denotes the degree of membership of an element x, via Y(77) . 


Then the score of membership degree of x; for each 77 is denoted and defined as 


SY (x )=Dp] (01, (2) +¢%, ())-(4),, Od) +9%,, (%0))| 


Definition 4.2 Let (Y ? x) be an  IVIFHSS~ over the set of the universe 
eee ore where DSB XE, hn® Be : For any 4, €% , 


Vn) (%)=(| Oy) D2" 49 ()) denotes the degree of non-membership of an element 


X, viaY L7] . Then the score of non-membership degree of X; for each 77; is denoted and defined as 


8* (5)=-Dil (yi, +My, Ga) +H, 0) 


¥(nj 


Definition 4.3 Let Y. 2) be an IVIFHSS'~ over the set of the universe 


X= VX Gis Seats He where & = E, x E, X...... x E.,. For any 1,€ %, the score of the membership and 


non-membership degree of each x, denoted by S id ) (x, ) and S* (x; ) respectively. Then the total score of 


Y(nj (nj 
xX, is denoted by T ee ) and is defined as 
Vy 


Ij 


7 (x)=S! (x)+8™ (x) 


¥(nj) Yj 
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The steps of the algorithms, based on these definitions are discussed below: 


Algorithm: 


Step1: Input an IVIFHSS ty, x) over X 


Step2: Compute the score of membership degrees Si) and the score of non-membership 
y| 


1j 


degrees si (x;,) for every €d. 
Yn; 


Step3: Compute the total score 7’ (x;) . 


Yn 
Step4: Obtain 2 , for which 7), = max, -y @ AG )| . Thus, x, €¢ X is the optimal choice for the 
: nj 


decision-maker. 


Example 4.4 Considering example 3.1.1, we have 


Step1: 
(coseess) | pesataaaay ; (Coa aay) 
(co,¢4,¢ as ). | 4 : 4ly’ 7 1,0.2 } 
ia ( 7°97") ([0.4,0.6],[0.3,0.4]) ’ ([0.7,0.8], [0.1, 0.2]) 
leveoee) le 45,0.55] 16 23,0.35]) foros) ie =a) 
(eae ¢9): 63 0. ANC 1,0.2]) guinea) 
Step2: 


Sin) 24) = [ (0.3+ 0.4)-(0.5+0.7) ]+| (0.4 +0.6)-(0.7 + 0.8) ]+| (0.6 + 0.8)—(0.3 +0.5) ] 
~0.5-0.5+0.6) =-0.4 


ae 
Sin) C2) = [ (0.7 + 0.8) -(0.4+ 0.6) ]+| (0.45 + 0.55) —(0.35 + 0.55) ]+| (0.3+0.5)-(0.6+ 0.8) | 
=(0.5+0.1-0.6) =0.0 
zl 


(0.5+0.7)—-(0.3+0.4) |+| (0.35+0.55)—(0.45+0.55) | 
ee 0.1)=0.4 
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Sy) (1) = ~{[(0.5 + 0.6) - ee [(0.3+0.4)—(0.1+0.2) ]+[(0.1+0.2)—(0.25+0.45) ]} 


( 

—(0.8+0.4—0.4) =- 

[ (0.1+0.2) a cages eassaan aes estate 
—0.4-0.07+0.4) = 0.07 


7 
ic 
=—{[(0.1+0.2)-(0.5+0.6) |+[ (0.25 +0.4)-(0.23 +0.35) || 
=—(-0.8+ 0.07) =0.73 

Step3: 


T (x,)=-1.2, Ps (x, ) =0.07, a (x,)=1.13 


¥(n) 


Step4: 


T,=Max {—1.2,0.07,1.13}=1.13 


Thus, xX; is the optimal choice for the decision-maker. If there is a tie, then we reassess all the attributes and 


repeat all the steps. 


5. Conclusion and Future Scope 

In this work, a new mathematical model called IVIFHSSs has been introduced. The IVIFHSSs are the 
extensions of IVIFSSs, HSSs, FHSSs, IFHSSs etc. We also studied some basic operations such as union, 
intersection, complement, difference, AND, OR on them. Further, some properties of IVIFHSSs are 
investigated. We present an algorithm based on IVIFHSSs to solve real-world problems. In the end, to check the 
feasibility of the proposed algorithm a numerical example is employed. 

For future direction, there is a scope to introduce parameterized reduction method, TOPSIS method, Similarity 
measures, weight operators, entropy method, cluster analysis method,etc. on IVIFHSSs to solve vivid types of 
decision making problems. 
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Abstract. The overarching structures like intuitionistic fuzzy sets, Pythagorean fuzzy sets, m-polar fuzzy sets, 
and neutrosophic fuzzy sets etc. have their own inadequacies and impediments. These models are unable 
to do work because of their impediments in many real life situations. To overcome these deficiencies, in this 
paper, we introduce a set entitled Pythagorean m-polar fuzzy neutrosophic set (PmFNS), as a hybrid model of 
Pythagorean fuzzy set, m-polar fuzzy set and single-valued neutrosophic set. We define some notions related to 
PmFNS with the help of illustrations. We also present some concept of Pythagorean m-polar fuzzy neutrosophic 
topology alongside its leading characteristics. We render two applications of PmFNS of scarcity of water and 
uplifting economy ruined due to COVID-19 using TOPSIS. 


Keywords: Pythagorean m-polar fuzzy neutrosophic set; Pythagorean m-polar fuzzy neutrosophic topology; 
TOPSIS; COVID-19 


1. Introduction 


The methods usually working in classical mathematics are not generally advantageous for the 
reason that uncertainties and unclearness being there, to tackle real world difficulties. There 
are numerous methods to handle such circumstances. Unfortunately, all these models have 


their own restrictions and drawbacks. In 1965, the thought of fuzzy sets as an augmentation 
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of the conventional crisp set was inaugurated by Zadeh [18], to overcome these deficiencies, 
by associating the membership function 14 : X — [0,1]. Hence, in this new outline, we face 
the problems relating to topology, the study on them form the subjects of fuzzy topology. In 
1968, Chang explained fuzzy topology, as a branch merging ordered structure with topological 
structure, on fuzzy set. Pao-Ming and Ying-Ming [10] defined the formation of neighborhood 
of fuzzy-point. In 1983, Atanassov [2,3] provided the idea of intuitionistic fuzzy sets (IFSs). 
Later, intuitionistic fuzzy topological spaces via intuitionistic fuzzy sets were obtained by 
Coker et al. [5]. Lee and Lee [7] gave the outlook of intuitionistic fuzzy points accompanied 
by the notion of intuitionistic fuzzy neighborhoods. They discovered the characteristics of 
continuous, open and closed maps in the intuitionistic fuzzy topological spaces. In 2018, 
Yager [15]- [17] presented Pythagorean fuzzy sets as an expansion of intuitionistic fuzzy sets 
with a wider scope of applications and presented Pythagorean membership grades with their 
practical implementations to the multi-criteria decision making (MCDM). Olgun et al. [9] 
introduced the idea of Pythagorean fuzzy topological space. 

In 2005, the model of neutrosophic sets, which is the broad view of intuitionistic fuzzy sets, for 
handling with difficulties involving exaggeration, indeterminacy and irregularity was explored 
by Smarandache [13]. The notion of fuzzy neutrosophic sets was presented by Arockiarani et 
al. [1]. Recently, Jansi and Mohana [6] coined the notion of pairwise Pythagorean neutrosophic 
bitopological spaces treating truth and falsity membership functions as dependent neutrosophic 
components. Neutrosophic set was protracted to Plithogenic set [14] by Smarandache, which 
is a collection whose each element is regarded as by many attribute values and every attribute 
value has either a fuzzy, intuitionistic fuzzy or neutrosophic degree of appurtenance to the set. 
Chen et al. [4] expanded the view of bipolar fuzzy sets to m-polar fuzzy sets and provided some 
of its practical implementations in day-to-day situations. In 2019, Naeem et al. [8] explored 
the notions of Pythagorean m-polar fuzzy sets (PmFSs) along with some of their foremost 
features. They also gave an application of PmFSs in decision making difficulty of selection of 
most suitable manner of the advertisement using the conventional tool TOPSIS (Technique 
based on Order Preference by Similarity to Ideal Solution). Later, Riaz et al. [11] extended 
the notion to corresponding soft sets. 

The main aspiration behind this article is to study some features of Pythagorean m-polar 
fuzzy neutrosophic sets and construct topology on it. There appear several circumstances 
where data contains multi-polar facts and figures. Pythagorean m-polar fuzzy neutrosophic 
sets (PmFNSs) is one of the utmost suitable tools for managing such conditions. It can be 
used to illustrate the ambiguous facts further satisfactorily and exactly. It has been used in 
many areas for example in aggregation operators, information measures, and decision making. 


Because of such an evolution, we present an outline on Pythagorean m-polar fuzzy neutrosophic 
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sets with goal of offering a clear outlook on the different tools, concepts and trends related to 
their extensions. The rest of the paper is systemized as: Elementary notions are dealt with in 
Section 2. Section 3 presents some notions of Pythagorean m-polar fuzzy neutrosophic sets. 
The topological structure on our proposed model along with its prime attributes is presented 


in Section 4. Two applications of decision making are rendered in Section 5. 


2. Preliminaries 


Definition 2.1. [18] A collection of orderly pairs (h,T7(h)), h being an element of the 
underlying universe X and TF (the affiliation, association or membership function) is a well- 
defined map, that drives members of X to [0,1], is entitled as a fuzzy set (FS) F over X. In 
other words 

1, ifhe F 

Lays <0; ifhgé F 

]0,1[, if # is partially in F 

Definition 2.2. [2,3] An intuitionistic fuzzy set IFS) G in X is an object having the form 
G = {(h,T(h), F(R) : he X} 


where the membership function T(h) : X — [0,1] and the non-membership function F(h) : 
X — [0,1] for every x € X obey the constraint 


0< T(h) + F(h) <1. 
Definition 2.3. [15,16] A Pythagorean fuzzy set, shortened as PFS, is a collection defined by 
P={ <h,Tp(h), Fp(h) >: he X} 


where Tp and Fp are mappings from a set X to [0, 1] obeying the restriction 0 < T2(h) + 
F2(h) < 1, representing correspondingly the affiliation and dissociation grades of h € X to P. 
The ordered pair p = (T), Fp) is accredited as Pythagorean fuzzy number (PFN). The quantity 


4d(h) = \/1 — {T?(h) + F?(h)} is famous as the hesitation margin. 
Definition 2.4. [12,13] A neutrosophic set N on the underlying set X is defined as 
N= t< h, Ty (h), In(h), Fn(h) > he xX} 


where T,/, F : X +3]~0,1*[ accompanied by the constraint ~0 < Ty(h) + In(h) + Fy(h) < 3°. 
Here Ty(h), In(h) and Fy(h) are the degrees of membership, indeterminacy and falsity (non- 
membership) of members of the given set, respectively. T, J and F are acknowledged as the 


neutrosophic components. 
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Definition 2.5. [1] A fuzzy neutrosophic set (fn-set) over X is delineated as 

A= {< h,T4(h), La(h), Fa(h) >: he X} 
where T,J, fF: X + [0,1] in such a way that 0 < Ty(h) + La(h) + Fa(h) < 3. 


Definition 2.6. [8] Suppose that m € N. A Pythagorean m-polar fuzzy set (PmFS) P 
over X is regarded as by the mappings TS) : X ++ [0,1] (the membership functions) and 
Fe aS ae [0, 1] (the non-membership functions) with the limitation that 


0< (x(n) 4. (FO (nH) <1 


for integral values of 7 ranging from 1 to m. 


A PmFS may be articulated as 


P ={ (i, ((Tp (Rh), Fp (A)),-++ ,(Tp”(h), FS" (f)))) she X} 
or more conveniently as 


ps 


h 
= 4 RE X38 =1,2,--- 
(eratra) 


The tabular materialization of P is 


P 
he (Tp? (Na), Fp (fz) «++ (Lp” (lia), Fe” (Ra)) 
and in matrix format as 
(Tp? (fa), Fp? (Mn) (Lp” (a), Fp” (tn) 
(Tp? (fiz), Fp (ha) +» (Lp" (ha), Fp" (hha) 
(F(t), FE UH)) + (LU), FS” Ca) 


This matrix of order k x m is reckoned as PmF-matriz. 


Definition 2.7. Let X 4 ¢ be a crisp set. A family 7 of subsets of X is called a topology on 
Xie 

(i) ¢ and X itself belong to rT. 

(ii) The union of any number of members of 7 is again in T. 


(iii) The intersection of any finite number of members of 7 belong to 7. 


If r is a topology on X, then (X,7) is known as a topological space. 
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Example 2.8. Let X = {s, f}, then 1 = {¢,X}, 2 = {6,{s},X}, 73 = {0,{f}, X} and 
Ts = {¢, {5}, {f}, X} are topologies on X. 
Likewise, if 7 is the union of all open intervals in the set R of reals, then 7 is a topology (called 


real topology) on R. R with this topology is called the real line. 


3. Pythagorean m-Polar Fuzzy Neutrosophic Sets 


In this section, we introduce the notion of Pythagorean m-polar fuzzy neutrosophic set along 


with its prime characteristics and illustrations. 


Definition 3.1. A Pythagorean m-polar fuzzy neutrosophic set (PmFNS) & over a basic set 
X is marked by three mappings To :X — [0,1], 1 : X — [0,1] and FO :X — [0,1], 


where m is a natural number, Vi = 1,2,--- ,m, with the limitation that 


0< (TO)? + (Ow)? + (FO) <2 


<S 


for all he xX. 
A PmFNS may be expressed as 


g = { (7, (TS? (H), 1D (0), FY (A), , TS” (8), 18” (H), FY (H))) ste XI 


h 
(TY) (a), 12 (h), FY () 


If cardinality of X is J, then tabular structure of S is as in Table 1: 


TABLE 1. Tabular representation of PmFNS S$ 


cs 
fa (TY? (ia), TQ? (ha), FQ? (a) (TY? (i), TQ? a), FY (a) (TY) (hia), LY (a), FY” (hn) 
io (TS? (fia), IL? (ha), FQ (tia) (TY? (Hin), LY (ta), FP (hin) (TY (ia), LY” (Ha), FY” (iia) 
fy (TS (ty), TP (ta), FL (a) (TE? (), TD? (ta), FP (a) (TE (a), LL? (ta), FS” (tu) 
The corresponding matrix format is 
(TY a), 1D a), FY (a) (TO a), TP a), FP (a) (TE (7a), 1” a), FL” (fa) 
a (TE? (fia), AY? (tia), FY (ti)) (TY? (hia), AD? (tia), FL (fia) + (TE (hia), AY” (tin), FL” (lia) 
SO = c 3 ; $ 
(TS? (my), IP (a), FOP (ma) (TE (ur), TP), FP’ (a) (TE (hy), IL (a), FE (in)) 


This 1 x m matrix is known as PmF'N matrix. The assortment of each PmFNS characterized 


over universe would be designated by PmFNS(X). 
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Example 3.2. If X={e, f} be a crisp set, then 


9 = ERREEET a 
(0.57, 0.52, 0.91), (0.09, 0.37, 0.47), (0.00, 0.49, 0.81)’ (0.79, 0.33, 0.67), (1.00, 0.00, 0.07), (0.77, 0.99, 1.00) 


is a P3FNS defined over X. The tabular form of this set is as in Table 2: 


TABLE 2. Tabular representation of P3FNS S 


Ge 


e (0.57, 0.52, 0.91) (0.09, 0.37, 0.47) (0.00, 0.49, 0.81) 
f (0.79, 0.33, 0.67) (1.00, 0.00, 0.07) (0.77, 0.39, 1.00) 


The matrix form of this set is 


& (0.57,0.52,0.91) (0.09, 0.37,0.47) (0.00, 0.49, 0.81) 
Ss = 
(0.79, 0.33,0.67) (1.00, 0.00,0.07) (0.77, 0.39, 1.00) 


Definition 3.3. Let 3; and So be PmFNSs over X. Sj is acknowledged as a subset of So, 


written as Sy C So, VS € X and each values of 7 ranging from 1 to m, if 


2) 2) 
1) TSA) S TS20) 
>) Fay (W) 2 Ha 


$1, and So are said to be equal if S31 C Seg C Sy and is written as Sy = So. 
Example 3.4. Let 


(0.41, 0.29, 1.00) (0.71,0.09, 0.88) (0.49, 0.23, 0.00) 


31 = | (0.39,0.76,0.97) (0.00, 1.00,0.66) (0.01, 0.59, 0.77) 
(0.5, 0.02,0.03)  (0.04,0.43,0.61) (0.82, 0.03, 0.2) 
and 
(0.58, 0.06, 0.00) (0.89,0.04,0.19) (1.00, 0.21, 0.00) 
So = | (0.92,0.04,0.11) (0.17,0.00,0.29) (1.00, 0.33, 0.23) 


(0.73, 0.02,0.01) (0.64, 0.22,0.03) (0.91, 0.01, 0.06) 


be PmFNSs over some set X, then 94 C So. 


Definition 3.5. A PmFNS S over X is known as null PmFNS if TO (8) =". 1 (h) = land 
FO (h) = 1, Vi € X and all acceptable values of i. It is designated by ®. 
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Thus, 


(0,1,1) (0,1,1) vee (0,1,1) 


Definition 3.6. A PmFNS S over X is called an absolute PmFNS if To (A) =I, 1 (h) = 0; 
and FO (h) = 0, Vh € X. It is denoted by y. 


Thus, 
(1,0; 0) (1,0, 0) . an ) 
bj oY) ae) ee (i ’ 
x == 
(1, 0,0) (1, 0,0) re (1,0, 0) 


Definition 3.7. The complement of a PmFNS 


a res, ee 
(TS (nr), 1), FO) 


over X is defined as 


Sf = — $<" she Xi= dye ym . 
(Fy (h),1 — Ig (A), Ts (h)) 


Example 3.8. The complement of the PmFNS GS given in example 3.2 is 
ae te (0.47, 0.63, 0.09) eee | 


(0.67, 0.67,0.79) (0.07, 1.00,1.00) (1.00, 0.01, 0.77) 


Remark 3.9. It may be observed from the entry at (2,2) position of the matrix given in 
Example 3.8 that 0.072 + 1.00? + 1.00? ¢ 2. Thus, we may infer that the complement of a 
PmFNS is not always a PmFNS. Further, the complement of a PmFNS will be a PmFNS 
iff the sum of squares of the three neutrosophic components does not exceed 21 + 1 ice. 
(TO)2 + (1)? + (FO)? < 279 4-1. 


Definition 3.10. The union of any PmFNSs S31 and Sg expressed over the same universe X 
is represented as 
h 
SU 82 = | yg yo I BE ESL vm 
(max(Ty; (2), Too (h)), ming; (2), Zg9(@)), min( Fg; (h), Fogo (fh) 
Definition 3.11. The intersection of any PmFNSs 91 and Sg expressed over the same universe 


X is represented as 
h 


Sy Nor So = —_ ae, BS Ne ee a Se ee Lee. 
(min(T{) (A), TY (A), max( 1 (A), 19 (A), max( FY (A), FY (h) 


:heEe X,i=1,--- sm} 
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Example 3.12. If 


(0.57, 0.61,0.19) (0.74,0.61,0.00) (0.00, 0.55, 0.22) 


$1 = | (0.11,0.88,1.00) (0.49,0.99,0.10) (0.92, 0.67, 0.80) 
(0.00, 0.36, 0.29) (0.70,0.20,1.00) (1.00, 0.00, 0.46) 
and 
(1.00, 0.59, 0.32) (0.50,0.72,1.00) (0.33, 1.00, 0.70) 
Sq = | (0.78,0.09,0.50) (0.00,0.66,0.11) (0.54, 0.61, 0.00) 


(0.60, 0.00,0.85) (0.28,0.43,0.90) (0.83, 0.40, 0.14) 
are two PmFNSs defined over the same universe of discourse X, then 


(1.00,0.59,0.19) (0.74,0.61,0.00) (0.33, 0.55, 0.22) 
31 Usp So = | (0.78,0.09,0.50) (0.49, 0.66,0.10) (0.92, 0.61, 0.00) 
(0.60, 0.00,0.29) (0.70,0.20,0.90) (1.00, 0.00, 0.14) 


and 


(0.57, 0.61,0.32) (0.50,0.72, 1.00) (0.00, 1.00, 0.70) 
31 Ayn So = | (0.11,0.88, 1.00) (0.00,0.99,0.11) (0.54, 0.67, 0.80) 
(0.00, 0.36,0.85) (0.28, 0.43, 1.00) (0.83, 0.40, 0.46) 


Proposition 3.13. If S,S1, 92, S3 are PmFNSs over X, then 


(1) PUm S=3 

(2) @Nmn S = @ 

(3) X Um S = X 

(4) XAm S=3 

(5) Um SF =F 

(6) FA F = 

(7) Sy Usn Sg = So Uny S41 

(8) S41 Ag So = So Nor S14 

(9) S1 Um (Sq Uo $3) = (S1 Uon So) Umm Ss 
(10) Sy Noy (So Nox S3) = (G1 Nox So) Non Ss 
(11) Sy Upy (So Agy G3) = (G1 Um Sa) Non (G1 Usy S's) 
(12) Sy Non (So Um S3) = (Si Nor Sa) Uon (G1 Nor Ss) 


258 


Proof. Here, we prove only (11). We may assume, without losing the generality, that 


max(T (h), TO (a) = TY (h), max(1 (A), 19 (h)) = 19) (h) and max(FY) (A), FY 


SQ S41 Sr SQ SQ 


(f)) = 
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Fe Gi). Then, VA € X andi =1,2,--- ,m. 


or Sey Se h 
S2fm Ss = | (min(T (nh), TO (h)), max( 1 (A), © (A), max( FY (A), FO (A) j 
h 
(TY (h), 19) (h), FQ) 
g Saree ies! fees es 
ares (meee! aa De! 
h 
a (max( 79 (7), TS) (A), min(ZY (A), 19 (A), min( FQ) (hi), FY (h))) 
h 
(12 (A), 19 (0), FY (0) 
and 
Si Um S20 = { Op 7o ; — @ Omase) \ 
(max(Ty" (h), Ty. (h)), min(Ig, (A), 1g; (h)), min( Fg, (h), Fs, (h)) 

h 

= (TY) (A), 12 (A), FY (A) 

Si Us Ss = { G @ — @ SHOT EO \ 
(max(7)(h), TO (7), min (LO (A), 1 (®), min FO (), FO) 

h 

=i (TY) (A), 12 (A), FL (A) 

h 
eS SE CRO EERO HE (f)), max( FS CEE. 

h 

(TS (ni), 19 (A), FY (A) 


O.1lemO 


Corollary 3.14. (1) BUm X¥ = X 
(2) Pom XxX = & 


Proposition 3.15. [f S, and Sq are PmFNSs over X, then 
(1) S1 Ag Se C Sy C By Ugn Se 


(2) S1 Nm Se C So C By Um Se 


Proof. The results are easy consequences of properties of max and min. 0.1cemO 


Proposition 3.16. Let S,, So be PmFNSs over universe set X, then De Morgan laws hold 


1.€. 
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Proof. : Here, we demonstrate only (1). The verification of (2) perhaps provided in the same 


way. We may assume, without losing the generality, that max(T. (7) TO (K)) =ne (h), 


Sy Se S41 
max(IS? (A), 192 (h)) = 19)(h) and max( FS? (h), FQ (h)) = FQ (h). Then, VA € X and i = 


Se Sy Se Ss 


1 O25 


(34 Us S2)° 


and 
ST Nm S50 = 


ee \ Aon { — if 
10H), OHO)!” Mal, Qi, FLW) 


h 
(nh) pram (FO (a),1 — 1 (m), TO (A) 


O.1emO 


Remark 3.17. Let S is a PmFNS over universe set X. Then 


(1) SUm S° # X 
(2) Sigg S° 4 ® 


Proposition 3.18. (LjvO? = % 


Proof. Straight forward. 0.lemO 


Definition 3.19. The difference of two PmFNS 9S and Sg expressed over the same universe 


X is represented as 


Ce CO. h * —_— eee 
ie =| Fa I aT I mT TO ee 


S1 $2 
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Example 3.20. For 9; and S2 given in Example 3.12, we have 


Definition 3.21. The symmetric difference of two PmFNSs 3S and So is set of elements 


(0.32, 0.59, 1.00) 
(0.11, 0.09, 1.00) 
(0.00, 0.00, 0.60) 


31 \ So = 


(0.74, 0.61, 0.50) 
(0.11, 0.66, 0.10) 
(0.70, 0.20, 1.00) 


which are either in Sj or in Sg but not in both i.e. 


Example 3.22. 


and 


so that 


and 


Definition 3.23. 


(0.00, 0.55, 0.33) 
(0.00, 0.61, 0.80) 
(0.14, 0.00, 0.83) 


SASe = (Sy er So) Usr (Sq x 34) 


Let 


(0.57, 0.61, 0.19) 
(0.11, 0.88, 1.00) 
(0.00, 0.36, 0.29) 


(1.00, 0.59, 0.32) 
(0.78, 0.09, 0.50) 
(0.60, 0.00, 0.85) 


(0.32, 0.59, 1.00) 
(0.11, 0.09, 1.00) 
(0.00, 0.00, 0.60) 


(0.19, 0.59, 0.57) 
(0.78, 0.09, 0.50) 
(0.29, 0.00, 0.85) 


(0.32, 0.59, 0.57) 
32\S1) = | (0.78, 0.09, 0.91) 
(0.29, 0.00, 0.60) 


(0.74, 0.61, 0.00) 
(0.49, 0.99, 0.10) 
(0.70, 0.20, 1.00) 


(0.50, 0.72, 1.00) 
(0.00, 0.66, 0.11) 
(0.28, 0.43, 0.90) 


(0.74, 0.61, 0.50) 
(0.11, 0.66, 0.10) 
(0.70, 0.20, 1.00) 


(0.00, 0.61, 1.00) 
(0.00, 0.66, 0.49) 
(0.28, 0.20, 0.90) 


= SAS 


The sum 


represented as 


$1 @ 92 = { 


S1 


where h € X and? runs from 1 to m. 


(/ (TO (ay? + (TL (Hy? - 


h 


S1 


(0.74, 0.61, 0.50) 
(0.11, 0.66, 0.10) 
(0.70, 0.20, 0.90) 


(TY (HTL (Mm)? 


(0.00, 0.55, 0.22) 
(0.92, 0.67, 0.80) 
(1.00, 0.00, 0.46) 


(0.33, 1.00, 0.70) 
(0.54, 0.61, 0.00) 
(0.83, 0.40, 0.14) 


(0.00, 0.55, 0.33) 
(0.00, 0.61, 0.80) 
(0.14, 0.00, 0.83) 


(0.22, 0.55, 0.70) 
(0.54, 0.61, 0.92) 
(0.46, 0.00, 1.00) 


of two PmFNSs S; and & 9 chosen from same universe X is 


‘) (py 1 (i) 
(ils, (h), BF. 


S 
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Example 3.24. For 9; and So given in Example 3.12, we have 
(1.00, 0.36,0.06) (0.81,0.44,0.00) (0.33, 0.55, 0.15) 
31 B So = | (0.78,0.08,0.50) (0.49,0.65,0.01) (0.94, 0.41, 0.00) 
(0.60, 0.00, 0.25) (0.73, 0.09,0.90) (1.00, 0.00, 0.06) 
Definition 3.25. The product of two PmFNSs 9, & So take off the same universe X is 


explained as 


h 
$1 @ B25 § 
a SO OO 19 (hi), LESION 


for A € X andi runs from 1 to m. 


Example 3.26. For 9; and S2 given in Example 3.12, we have 


(0.57, 0.36,0.37) (0.37,0.44, 1.00) (0.00, 0.55, 0.72) 
31 @ Se = | (0.09,0.08, 1.00) (0.00, 0.65,0.15) (0.49, 0.41, 0.8) 
(0.00, 0.00,0.86) (0.19,0.09, 1.00) (0.83, 0.00, 0.48) 


Definition 3.27. If $1 = Se in Definition 3.25, then we express 3; @ 91 by 97. Thus, 


g2 = SS MEMS, sm} 
(Ty (#))?, (Lg (h))?, / 2Fy’ (hy)? — (Fg? (A))4) 


= —————EEE He Dat sm} 
(72) (m))2, TE (A)? \/1 — A — (EY ()?)?)) 


The set 9? is called as concentration of S, written as con(S). If k € [0, 00), in general, then 


gt = fe x8 =1,2,---,m} 
(72 (A), UD ()*, y/1 — 2 — (EY ()?)4)) 
The set 
gl/2 — noes 


(\/T. (/7900,./20p,f1— faa) h), 1 (f), 4/1 — Ja-(Fo@y) Ja-(Fo@y) 


is called as dilation of 3, denoted as dil(S 


Example 3.28. For PmFNS 9; given in Example 3.12, we have 


(0.32, 0.37,0.27) (0.55, 0.37,0.00) (0.00, 0.30, 0.31) 
con($) = | (0.01,0.77, 1.00) (0.24,0.98,0.14) (0.85, 0.45, 0.93) 
(0.00, 0.13,0.40) (0.49,0.04, 1.00) (1.00, 0.00, 0.62) 


and 
(0.75, 0.78,0.13) (0.86,0.78,0.00) (0.00, 0.74, 0.16) 
dil(S) = | (0.33,0.94,1.00) (0.70,0.99,0.07) (0.96, 0.67, 0.63) 
(0.00, 0.60,0.21) (0.84,0.45,1.00) (1.00, 0.00, 0.33) 
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Definition 3.29. The Cartesian product of two PmFNSs 9; and Sg over X is characterized 


as 
x Sre ee 0) Me ee Cr eine eee sm} 
(7S) (TS) (A), 15) (AIS) (h), FS) (FS) () 
Example 3.30. For 9; and S2 given in Example 3.12, we have 
(0.57, 0.36,0.06) (0.37,0.44,0.00) (0.00, 0.55, 0.15) 
(0.44, 0.05,0.10) (0.00,0.40,0.00) (0.00, 0.34, 0.00) 
(0.34, 0.00,0.16) (0.21,0.26,0.00) (0.00, 0.22, 0.03) 
(0.11, 0.52,0.32) (0.25,0.71,0.10) (0.30, 0.67, 0.56) 
$1 x So = | (0.09, 0.08,0.50) (0.00, 0.65,0.01) (0.50, 0.41, 0.00) 
(0.07, 0.00,0.85) (0.14,0.43,0.09) (0.76, 0.27, 0.11) 
(0.00, 0.21,0.09) (0.35,0.14,1.00) (0.33, 0.00, 0.32) 
(0.00, 0.03,0.15) (0.00,0.13,0.11) (0.54, 0.00, 0.00) 
(0.00, 0.00, 0.25) (0.20,0.09,0.90) (0.83, 0.00, 0.06) 


3.1. Superiority of the proposed work 


The superiority of our suggested work is exhibited in Table 3, which is self explanatory. The 


same applies for the corresponding topology. 


TABLE 3. Concise comparison of PmFNS set with some prevailing structures 


Set Membership Indeterminacy Non-membership Multiple 

function function membership function 
Fuzzy set [18] v x x x 
Intuitionistic fuzzy set [2] v x v x 
Pythagorean fuzzy set [15, 16] v x v x 
m-polar fuzzy set [4] v x x v 
Pythagorean m-polar fuzzy set [8] v x v v 
PmENS (proposed) v Vv v v 


4. Pythagorean m-polar fuzzy neutrosophic topology 


In this section, we present Pythagorean m-polar fuzzy neutrosophic topology on Pythagorean 
m-polar fuzzy neutrosophic set and elongate numerous characteristics of crisp topology towards 
Pythagorean m-polar fuzzy neutrosophic topology. Separation axioms in PmFNSs are also 


discussed. 


Definition 4.1. Let PmFNS(X) be the collection of all PmFN-subsets of the absolute PmFNS 
X,4. For S, T C A, a subcollection ee of PmFNS(X) is known as Pythagorean m-polar fuzzy 
neutrosophic topology (PmFNT) on X if the following needs are satisfied: 

(i) Oy ean 
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(iii) 32 € Jon, Vi € I, then U;-y 34 € Jpn: 
The doublet (X, J 


X, dyn) or simply J,,,, Where X is a non-empty PmFNS and Ai is a Pythagorean 


pn 
m-polar fuzzy neutrosophic topology on X, is known as Pythagorean m-polar fuzzy neutrosophic 


topological space (PmF NTS). 


Example 4.2. Let X = {1,2} be a universal P3FNS with S and T be as shown in table 4 
and table 5 below: 


TABLE 4. P3FNS S 


hy (0.401, 0.210, 0.216) (0.221, 0.100, 0.363) (0.632, 0.029, 0.216) 
hg (0.626, 0.111, 0.162) (0.432, 0.000, 0.163) (0.221, 0.012, 0.108) 


TABLE 5. P3FNS T 


hy (0.126, 0.621, 0.623) (0.063, 0.920, 0.706) (0.276, 0.636, 0.591) 
ha (0.168, 0.702, 0.668) (0.165, 0.761, 0.726) (0.149, 0.712, 0.561) 


Then dee = {9,S,T,X,} is a P3FNT on X. 


Definition 4.3. The members of J 


don are called Pythagorean m-polar fuzzy neutrosophic open 


sets (PmFN-open sets). The complements of Pythagorean m-polar fuzzy neutrosophic open 
sets are called Pythagorean m-polar fuzzy neutrosophic closed sets (PmFN-closed sets) and 
PmFN-open set as well as PmFN-closed set is called Pythagorean m-polar fuzzy neutrosophic 


clopen sets (PmFN-clopen sets). 


Example 4.4. For the P3FNTS J,,,5 given in Example 4.2, we have 0,8,T,X,4 are P3FN- 
open sets because they are members of J,,,5,(X4)° = Ye J,,, is a P3FN-closed set and 0,X 4 
are P3FN—clopen sets as 0° = X, —@ = X,4 and X4 = X,—-—X,=90 


Example 4.5. Consider the P3FNSs X,$ and T given in Example 4.2 and 
TABLE 6. P3FNS U 
U 


hy (0.221, 0.561, 0.524) (0.172, 0.603, 0.367) (0.307, 0.633, 0.336) 
ha (0.267, 0.623, 0.201) (0.380, 0.529, 0.419) (0.162, 0.560, 0.333) 
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We have, 


dont = (0,Xa} 

donz = {0,8, Xa} 
dings = {0,T, Xa} 
dona = {9,U, Xa} 


Ae = {0, 5, T,X} 


dons = 10,T,U,X4} 


don7 = {0,5,U,X4} 
Inns = {0,8,T,U,X4} 


are Pythagorean 3-polar fuzzy neutrosophic topologies over X. Here, both @ & X,4 are P3FN- 
open set as well as P3FN-closed set so it is a P3FN-clopen set. 


Definition 4.6. Let (X,J,,1) and (X,J,n2) be two PmFNTSs on X. J,,,2 is contained in J,,1 
Le Iino S don if & € dyn for every & € Iyno. In such case, J,,2 is known as Pythagorean 
m—polar fuzzy neutrosophic coarser or weaker (PmFN-coaser/weaker) than J,,,, and J,,.; is 
called Pythagorean m—polar fuzzy neutrosophic finer or stronger PmFN-finer/stronger than 
Jona Jpni and J,n2 in such a case are known as comparable. In Example 4.5, Jjn9 is PmFN- 


coarser than J,,,5 and J,,,5 is PmFN-stronger than J,,,,2. Hence J,,,. and J,,,5 are comparable. 


Definition 4.7. The PmFNT J,,.(indiscrete) = {8,X4} is known as indiscrete Pythagorean 


m-polar fuzzy neutrosophic topology (indiscrete-PmFNT) & ee 


X,) is known as discrete Pythagorean m-polar fuzzy neutrosophic topology (discrete-PmFNT) 


(discrete) — P(Xy) (power set of 


over X. 


Remark 4.8. On X, the smallest PmFNT is J,,, 
J 


“pn(discrete): 


whereas the largest PmFNT is 


indiscrete) 


Definition 4.9. Suppose that (X,J,,x) be a PmFNTS. A few Y C X and PmFN-open sets 
are Si, = 8,0Y 4 of PmFNT J,,y on Y where S,, are PmFN-open sets of J,,,.. & Y 4 is absolute 
PmFNS on Y then Eg is reserved as the Pythagorean m-polar fuzzy neutrosophic subspace 


(PmFN-subspace) of J,,,,x. It can be written as: 


Jny = {8% : 88 = 8.0% 41 8n6Ipnx} 


Example 4.10. Let J,,. = {0,8,T, X,}, then J,,,x is a P3FNT on X. P3FNS on Y = {S} C 
X is 
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TABLE 7. P3FNS Y, 


Ya 


hy (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) 


Since 
Y,00 = 0 
Y,qos = § 
Yeo) =f 
Y4OX, = Ya 
So, Jony = {0,8,T,Y4} is a Pythagorean 3-polar fuzzy neutrosophic subtopology (P3FN- 


subtopology) of J,nx (i-¢ Iony © donx): 


Remark 4.11. (1) A PmFN-subtopology ie. J,,z of a PmFN-subtopology J,ny of a 
PmFNTS J,,,x is also a PmFN-subtopology of J,nx- 

(2) Every PmFN-subspace of a discrete-PmF NTS is always discrete-PmFNTS. Similarly, every 
PmFN-subspace of indiscrete-PmFNTS ia also an indiscrete-PmFNTS. 


Definition 4.12. Let (X,J 


Jon) be a PmFNTS and V C PmF'NS(X). The Pythagorean m- 


polar fuzzy neutrosophic interior (PmFN-interior) V of V is PmFNS which is the union of all 


PmFNS-open subsets (i.e that are contained in V) of X. 
Example 4.13. If 


TABLE 8. P3FNS V 


hy (0.233, 0.449, 0.496) (0.276, 0.507, 0.365) (0.332, 0.501, 0.312) 
ha (0.314, 0.416, 0.308) (0.389, 0.501, 0.402) (0.267, 0.517, 0.223) 


and se — {0, 5, iE, U, Xa}, then Vv — TUU = U 


TABLE 9. P3FN-interior Vv 


Vv 
hy (0.221, 0.561, 0.524) (0.172, 0.603, 0.367) (0.307, 0.633, 0.336) 
ha (0.267, 0.623, 0.401) (0.380, 0.529, 0.419) (0.162, 0.560, 0.333) 
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Definition 4.14. Let (X, AA) be a PmFNTS and V C PmFN(X). Then the Pythagorean 


m-polar fuzzy neutrosophic closure (PmFN-closure) V of V is the PmFNS which is intersection 


of all PmF'N-closed supersets (i.e that contain V) of V. 


Example 4.15. Let J,,,3 = {0,8,T,U, X4}, then first of all we’ve to find 0°,S°, T°, US, 
Xe 
0° = X,, 8° = 8,, T° = T,, US = U,, X4 = @ where 


TABLE 10. P3FNS S°/S, 


hy (0.216, 0.790, 0.401) (0.363, 0.900, 0.221) (0.216, 0.971, 0.632) 
ha (0.162, 0.889, 0.626) (0.163, 1.000, 0.432) (0.108, 0.988, 0.221) 


TABLE 11. P3FNS T°/T, 


hy (0.623, 0.379, 0.126) (0.706, 0.080, 0.063) (0.591, 0.364, 0.276) 
ho (0.368, 0.298, 0.368) (0.726, 0.239, 0.165) (0.561, 0.288, 0.149) 
and 


TABLE 12. P3FNS US/U, 


hy (0.524, 0.439, 0.221) (0.367, 0.397, 0.172) (0.336, 0.367, 0.307) 
fa (0.401, 0.377, 0.267) (0.419, 0.471, 0.380) (0.333, 0.440, 0.162) 


As X 4 is the only P3FN-closed supersets of V i.e V is contained only in X,. Thus, V= xX, 


Remark 4.16. Largest PmFN-open subset of V is V whereas the smallest PmE'N-closed 
superset of V is Ve 


Definition 4.17. Let (X,J,,,) be a PmFNTS and V C PmFN(X). Then the Pythagorean 


m-polar fuzzy neutrosophic frontier or boundary (PmFN-frontier/boundary) F°(V) of V is 
defined as: 


“2. 


F°(Vv) = Vav 


Example 4.18. For the P3FNS V given in Example 4.13, we have 
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TABLE 13. P3FNS V° 


Ve 


hy (0.496, 0.551, 0.233) (0.365, 0.493, 0.276) (0.312, 0.499, 0.332) 
hia (0.308, 0.584, 0.314) (0.402, 0.499, 0.389) (0.223, 0.483, 0.267) 


Definition 4.19. Let (X,J,,,) be a PmFNTS and V C PmFN(X). Then the Pythagorean 


m-polar fuzzy neutrosophic exterior (PmFN-exterior) E°(V) of V is defined as: 
E*(V) = ve 


From Example 4.5 and 4.15, we get V° = Sul 5° = 8) 


Example 4.20. For the P3FNSs S$, T, U, V given in Examples 4.5,4.13, and 
TABLE 14. P3FNS W 


W 


hy (0.721, 0.110, 0.116) (0.662, 0.100, 0.265) (0.621, 0.010, 0.116) 
hg (0.765, 0.011, 0.062) (0.571, 0.000, 0.006) (0.795, 0.002, 0.008) 


TABLE 15. P3FNS X 


hy (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) 
hg (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) 


(i) V=V 

V =TUU =U 

V=U 

From above equations we get, Nv = a 
(iii) V=V 


V=XandV=X 
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(iv) X=X 
X= SUTUUUX = X 
(v) b=0 


As § is superset of itself only. 
(vi) VOoW>VCWandVCW 
We know that, V = U and W = SUTUU =S3VC We. U CS) 


Now, V = X aloo W=X SVC W(X CX) 
(vii) (VOW) = Vow 


TABLE 16. P3FNS VOW 


hy (0.233, 0.449, 0.496) (0.276, 0.507, 0.365) (0.332, 0.501, 0.312) 
ha (0.314, 0.416, 0.308) (0.389, 0.501, 0.402) (0.267, 0.517, 0.223) 


(VaW) = TUU =U and yaw = SoU =U 


From above equations, we get the result, (VQW) = VOW 


Proposition 4.21. Let (X,1,,,) be a PmFNTS and QC X, then 


Cc 


@) (Q° =a 
Gi) (Q°=¢ 
Pe jos Jaro ‘SX i= 1,2,--- 4m 


Let PmF'N-open sets contained in Q be indexed by the collection 


hy 
ae | OES CE : hyeX,i a 125°" sms jea}, 
Leen Pian Ay 


By definition, 


Q= {| : fy EX,¢ = 1,2,--- vm: jes} 
(max T7;'"(%),min I;’(f,),min F; (hy) 
and 
h 
(Q)° = {mpg ne :fyEX,i=1,2,--- vm: jeu} 
; (min F}’(h1),1—min I; "(hy),max T;’(h1)) 


-Q°= hy : 

7 (FO (fa), 1 — 19 (%), TOR) 
Also, T!? (fx) < T (fix), 1 — (1 (fa) = 1 - (a), FY (a) = F (fix), V values of 
i & j €J, so it develops that 


Cra REE ICSI hy eX,i =1,2,--- vm: ea} 
(Fy (hi), 1 (M1), 75’ (fx) 
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is the entire of PmFN-closed sets contained contained ale i.e. 
hy 


ae FO (fy), — (min I! (f1)),max T! (f)) 


.C 


:AyeX,i = 1,2,--- vm: jes} 


which completes the proof. 
oe — h 4 a 
@) Q= | Gomme FOmy MES E= 12-4 
Let PmF'N-closed supersets of Q be indexed by the collection 
hy 


(1 (hi), 2 (ha), 


F\ (fi) 
By definition, 


; hy ; 
Q= = T (hy) ae 1 (hy) ee FO (hy) t hpeKyt = 1, 255+ vm: jeu} 
j : j : j 

and 

; h 
(Qs [oo a “MEX,1= 1,2, vm: jes} 
(max F"(hy), 1 — (max I;"(h1)), min T;"(h1)) 
Now, 
eo) - hy : MEX i= 1,2,-++ mh 
* FOG), 1-1), TO) 


and T!) (iy) < TO (fi), 1 — (1 (fa) = 1 - (1 (i), FY (a) = FO (ha), V values of i 
and 7€J so it follows that 
Q°=- { hy 
© Umar F! (1), 1 (mae 1. (1), min T (Fi) 


AyEX,t = 1,2,--- vmsjea} 


which completes the proof. 


O.1lemO 


Proposition 4.22. 
(i) Q4Q-Q 
(ii) E°(Q) = Q 

(iii) E°(Q) = & 

(iv) E°(Q)UF*(QUQ# Xa 
(v) F°(Q) = F°(®) 

(vi) QUF?(Q) #0 

(vii) Q# QUF*(Q) 

(viii) Q# QUF*(Q) 


Proof. Follows directly from definition. 0.1emO 
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Proposition 4.23. Let (X,1,,) be a PmFNTS and Q C X, then F°(Q)=F° (Q°) 


Oy 2pn 


Proof. By definition; F°(Q) = Qng® = QnQ = Q*n(Q’) = F°(Q*°) 0.1emO 


Remark 4.24. The intersection of two or more PmFNTSs is always a PmF NTS but it is not 


necessary that their union is also a PmFNTS. 
Example 4.25. Let X = {f1, 2} be a universal non-empty P3FNS and let 


TABLE 17. P3FNS O, 


hy (0.211, 0.301, 0.451) (0.251, 0.321, 0.420) (0.021, 0.567, 0.481) 
fy (0.100, 0.500, 0.256) (0.257, 0.421, 0.000) (0.424, 0.567, 0.291) 


TABLE 18. P3FNS Oo 


fy (0.312, 0.217, 0.111) (0.171, 0.367, 0.582) (0.361, 0.272, 0.391) 
fi (0.111, 0.421, 0.156) (0.167, 0.568, 0.721) (0.321, 0.666, 0.382) 


be P3FNSs over X, then Jyno1 = {0,01, X4} and Jno. = {0, Oo, X4} are two P3FNTs over X. 
However, Jnno1VIpnoz = {0,01, O2,X4} fails to be P3FNT on X and intersection of P3FNT 


over X, Ipno1Adpno2 = {2, Xa} is also a P3FNT. 


Theorem 4.26. Let (X,J,,,) be a PmFNTS then the following conditions are satisfied: 


(1) 0, X,4 are PmFN-open sets. 

(2) Union of any number of PmFN—open sets is PmF'N—open set. 

(3) Intersection of any number of PmF'N—closed sets is PmF'N—closed set. 

(4) The intersection of any two PmF'N—open sets (and hence of any finite number of 

PmF N-open sets) is PmFN-—open set. 

(5) The union of any two PmFN-—closed sets (and hence of any finite number of 
PmFN-—closed sets) is PmF'N—closed set. 


(6) 0, X,4 are PmF'N—closed set. 


Proof. (1) The proof is obvious. 
(2) Let {< h, (3 (7), 1 (7), F(A) >: h €X} be a collection of PmFN-open sets. 


Also, Y= U {<h, (1,1), £m) >} 
hEX 
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(6 


SS 


) 


Let hA'EY implies that ae h, (WOK h),1 iG hi), PORK (h)) al for some h €X and 
oY? 


Bly,r)  {< A, (10 (A), 10 (A), E© () >} U {<' (m), 0? (), E(B) >} = Y 
a= 
= Y is PmFN-open set. 


Let {< A, (10 (nm), 1 (A), EO (f)) >: he 
We shall show that [] {< h, (a wtp y 


h EX 
proving that its complement is PmFN-open set. 


X} be any number of PmF'N-closed sets. 
1% fs FOR h)) >}, is PmFN-closed set, by 


By De Morgan’s law, 
LN (<4, 0°, £m) sHe= U {< 4,09), 1 (, £m) > 
nh EX 


nex 
Since each < h, (3 (7%), 1 (1), F(A) > is PmFN-closed set, each {< h, (30 (A), 
1 (n), F(A) >}° is a PmFN-open set ( by definition of PmFN-closed set). 
So, U {< Af, (3 (7), 1 (n), F(A) >}° is PmFN-open set. 
nex 


Hence [) {< fh, (30 (A), 1 1 (n), ay (h)) >} is PmFN-closed set. 
heX 
(4) and (5) may be established in the similar way. 


The complement of X 4 is the PmFN-open set ( and the complement of @ is the PmFN- 
open set X4. So, X4 and J are PmF'N-closed sets. 


0.1emO 


Definition 4.27. Let (X,J,,,) be a PmFNTS and let h be a PmFN-point of X. XN! C X is 


5 <0n 


called a neighborhood of h iff there exists a PmFN-open set L' s.t. AhEL' and Lient (or, for 
short, f EL! C N1). In other words, N' is a neighborhood of h, iff it contains some PmFN-open 


set to which h belongs. 


Example 4.28. Let X = {e,f,g} be a universal P3FNS and J,,, = {0,D1,D2,X4} where, 


and, 


TABLE 19. P3FNS Dj, 


(0.672, 0.421, 0.221) (0.567, 0.420, 0.111) (0.242, 0.121, 0.199) 
(0.211, 0.467, 0.520) (0.562, 0.721, 0.221) (0.444, 0.333, 0.111) 
g (0.167, 0.437, 0.561) (0.466, 0.167, 0.321) (0.252, 0.467, 0.490) 


In IO 
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TABLE 20. P3FNS Do 


No 


f (0.115, 0.226, 0.421) (0.462, 0.621, 0.221) (0.555, 0.222, 0.001) 
g (0.267, 0.337, 0.461) (0.366, 0.017, 0.421) (0.452, 0.376, 0.241) 
X, is the only P3FN—open set of 
TABLE 21. P3FNS hj 


hy 
e (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) (1.000, 0.000, 0.000) 


So, X4 is the only neighborhood of hj. 
The P3FN—point 


TABLE 22. P3FNS hj 


hy 
f (0.111, 0.562, 0.621) (0.461, 0.921, 0.178) (0.321, 0.642, 0.316) 


has three neighborhoods, namely, D ;, D2 and X4. 
Similarly, the P3FN—point 


TABLE 23. P3FNS h3 


hy 
e (0.462, 0.562, 0.398) (0.367, 0.572, 0.192) (0.120, 0.499, 0.400) 


has two neighborhoods D; and Xy. 


Remark 4.29. In an indiscrete—PmFNTS, each PmF N-point has a single neighborhood which 
is the ground PmFNS itself. 


The following example illustrate the PmFN-point that a neighborhood of a PmF N-point may 
not be PmFN-open set. 


Example 4.30. Let X = {e,f,g} be an universal non-empty P3FNS and J,,, = {0,D4, Xa} 


where, 
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TABLE 24. P3FNS Da 


4 


f (0.315, 0.226, 0.421) (0.162, 0.621, 0.221) (0.555, 0.222, 0.001) 
g (0.267, 0.337, 0.461) (0.366, 0.017, 0.421) (0.452, 0.376, 0.241) 


clearly the P3FNS 


TABLE 25. P3FNS Ds 


w 


e (0.672, 0.421, 0.221) (0.567, 0.420, 0.111) (0.242, 0.121, 0.199) 
f (1.000, 0.000, 0.000) (0.715, 0.421, 0.226) (1.000, 0.000, 0.000) 
g (0.452, 0.421, 0.324) (1.000, 0.210, 0.000) (0.667, 0.210, 0.140) 


is a neighborhood of D4, but it is not P3FN-open set because it is not an element of J,,, 


274 


The following theorem enables us to recognize PmFN-open sets by knowing all the neigh- 


borhoods of a point and conversely. Thus, knowledge about PmFN-open sets enables us to 


determine the neighborhood of a point and conversely. 


Theorem 4.31. If (X,1,,,) is a PmFNTS, then a PmFN-subset A of X is PmFN-open set, 


iff A is a neighborhood of each of its PmFN-points. 


Proof. Assume that A is PmFN-open set. We shall show that A is a neighborhood of each of 
its PmFN-points. Let x be any PmF N-point of A, then A itself can play the role of the PmFN- 


open set, whose existence qualifies A to be a neighborhood of x. Symbolically, #¢€A C A where 


A is PmFN-open set. It follows that A is neighborhood of each of its PmFN-points. 


Conversely, if A is a neighborhood of every PmF N-point belonging to it, then for each x € A 


there exists a PmFN-open set y such that xE€xy C A. Then 


A =Uf< f, (1) (m), 19) (0), EQ (f) >: BEA} 
CUL< A, (19,0), 130), £9,(@)) >: EAP CA 


The simultaneous validity of 
A CUL< h, (19H), 1018), EQ (A) >: EA} 


and 
Ul< fh, (19,(), 13.8), cu) >: REA} CA 
= A=uUf< hi, (19,(8), 190), £9,(0) >: EA} 
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Since the union of PmFN-open sets is also PmFN-open set, it follows that A is PmFN-open 
set. 0.lcmO 


The most important properties of neighborhoods in a PmFNTS are established in the following: 


Definition 4.32. Let # be a PmFN-point in a PmFNTS (X,],,,). Then the set of all neigh- 


borhoods of % is called the neighborhood system of the PmFN-point x and is denoted by 
NT (2). 


Definition 4.33. Let (X,J,,,) be a PmFNTS and A is a PmFN—subset of X. A point 
x € X is known as Pythagorean m-polar fuzzy neutrosophic limit point (PmFN-limit point) or 
Pythagorean m-polar fuzzy neutrosophic cluster point or Pythagorean m—polar fuzzy neutro- 
sophic accumulation point A if every PmFN-open set,containing x contains a PmFN-point of 


A different from x. 


Example 4.34. Let (X,J,,) is a P3FNTS, X = {e,f,g} be an universal non-empty P3FNS 


and 


TABLE 26. P3FNS C 


o) 


(0.000, 1.000, 1.000) (0.000, 1.000, 1.000) (0.000, 1.000, 1.000) 
(0.511, 0.062, 0.211) (0.312, 0.270, 0.137) (0.921, 0.266, 0.152) 
(0.232, 0.101, 0.431) (0.466, 0.352, 0.121) (0.368, 0.572, 0.400) 


lg IR ID 


TABLE 27. P3FNS hj 


(0.417, 0.312, 0.356) (0.312, 0.270, 0.137) (0.012, 0.374, 0.436) 
(0.412, 0.117, 0.362) (0.333, 0.672, 0.491) (0.068, 0.772, 0.221) 


In ID 


and, 
TABLE 28. P3FNS hs 


hs 
e (0.324, 0.467, 0.576) (0.247, 0.657, 0.421) (0.001, 0.476, 0.891) 


ID 


then, 
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TABLE 29. P3FNS hy — hs 


hg — hs 
e (0.417, 0.312, 0.356) (0.312, 0.270, 0.247) (0.012, 0.374, 0.436) 
f (0.000, 0.117, 1.000) (0.000, 0.672, 1.000) (0.000, 0.772, 1.000) 


TABLE 30. P3FNS (hj — hf) AC 


(Ag — 5) AC 
e (0.000, 1.000, 1.000) (0.000, 1.000, 1.000) (0.000, 1.000, 1.000) 
f (0.000, 0.117, 1.000) (0.000, 0.672, 1.000) (0.000, 0.772, 1.000) 


As (hi —ht) AC #9. So, hé is the P3FN-limit point of C. 
‘A 5 5 


Definition 4.35. Let (X,J,,,) be a PmFNTS then Pythagorean m-polar fuzzy neutrosophic 


5 20n 
basis (PmFN-basis) B® C Ae for J,,, if for each ¥el i: 4 € Bsuch that ¥=U. 


=pn 


4.1. Separation Axioms in Pythagorean m-Polar Fuzzy Neutrosophic Sets 


Definition 4.36. A PmFNTS (X,]J,,,,) is known as a Pythagorean m-polar fuzzy neutrosophic 


&) Aon 


To space (PmFNT)S) if for every pair of distinct PmFN-points 61,625 at any rate 1 PmFN- 
open set 0 including precisely one of the PmNF-points. 


Example 4.37. Each discrete PmFNTS is a PmFNT0S for 4 a PmFN-open set {0,} that 


clearly contains 0, but not 02. 


Remark 4.38. Each PmFN-subspace of a PmFN79S is PmFNToS means property of being 
a PmFN7)S of any PmFNTS (X,J,,,) is innate. 


Definition 4.39. A PmFNTS (X; Jon) is Pythagorean m-polar fuzzy neutrosophic T, space 
(PmFNT;S), Pythagorean m-polar fuzzy Tychonoff space or Pythagorean m-polar fuzzy acces- 


sible space if for any two unique PmFN-points 61, 02 of (X,J,,,,), J two PmFN-open sets 0 and 
YT s.t. 01€0,62¢6 and d2€T,01¢ YT. 


Example 4.40. Every discrete PmFNTS is a PmFN7\S if 6; and 02 are two distinct PmFN- 
points then there are PmFN-open points {0;} and {62} in (X,J,,) s.t. 6,¢{61} whereas 
O2€{01}. 


Theorem 4.41. The following assertions about a PmFNTS (X, J,,,) are equivalent: 
(1) (Gs a) 8 @ PENT |S. 
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(2) Every PmFN singleton subset of X is PmFN-closed. 
(3) Every PmFN-subset 0 of X is the intersection of all its PmFN-open supersets. 


Proof. The proof is obvious. 0.lemO 


Remark 4.42. Every subspace of a PmFNT{S is PmFNT,S means property of being a 
PmFN7\S of any PmFNTS (X,J,,,) is innate. 


yon 


Definition 4.43. A PmFNTS (Xie) is called a Pythagorean m-polar fuzzy neutrosophic T» 
space (PmFNT2S), Pythagorean m-polar fuzzy neutrosophic Hausdorff space or Pythagorean 
m-polar fuzzy neutrosophic separated space if for any two unique PmFN-points 6, & 62 of 


CX, de2)s 4 two PmFN-open sets 0 & YT in such a way 0,€0,02€YT anddn T=9. 


Example 4.44. Consider the discrete PmFNTS (X,J,,,,). If and 62 are two distinct PmFN- 


points in X, then clearly {0,} and {02} are disjoint PmFN-open sets such that 6,€{6,} and 
d2€ {52}. Thus, (X, J,,,) is a PmFNIS. 


Theorem 4.45. A PmFNTS (X,J,,,) is a PMFNTS iff for any two distinct PmFN-points 01 
and 02, there are PmF'N-closed sets 0 and Y such that 6,€0,02€¢0,0,¢T,02ET andd U T= 
AG 


Proof. Assume that (X,J 


Ji) is a PmFNT>S and let 6); and 02 be two distinct PmFN- 


points of Co Then, by definition, there must exists two PmFN-open sets 0 and YT 
such that 0,€0,02¢0 and 0,¢T,d2€T and d 9 YT = @. But then, 0° U Y° = X,y and 
01 €0°, 02€0°, 0, EY, d2¢ T°. 

Conversely, assume that for any two distinct PmFN-points 0}, 62€(X, Jon); there are PmF'N- 
closed sets 0 and YT such that 6,€0,02¢0,01¢YT,02€Y and 0 U Y = Xy. Then 0° and Y° are 
PmFN-open sets such that 0, ¢0°, 02€0°, d,ET*, d2¢T* and 0° O T° = X4° = 0. So, (XK, J) 


is a PmFNZ)S. 0.1lemO 


Remark 4.46. Each PmFN-subspace of a PmFN75S is also a PmFNT2S means property of 


being a PmFN72S of any PmFNTS (X,J 


Jy) is innate. 


Definition 4.47. A PmFNTS (X,],,,) is called a Pythagorean m-polar fuzzy neutrosophic 
regular space (PmFN-regular space) if unspecified PmFN-closed set 0 & any PmF N-point 
01¢0 and here PmFN-open sets T & Y* such that 6, € T,d C Y* and TOY* = @. 


Definition 4.48. A PmFNTS (X,],,,) is called Pythagorean m-polar fuzzy neutrosophic T3 


&)2pn 


space (PmFNT3S) if it is a PmFN regular T; space. 
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Definition 4.49. A PmFNTS (X,],,,) is called Pythagorean m-polar fuzzy neutrosophic nor- 
mal space if unspecified two PmFN-closed disjoint subsets 6 & YT of (X,J,,,) and here PmFN- 
open sets Y* and T° such that 6 C Y*,Y C T° and Y*QY°® = 9. A PmFN-normal T; space is 


called a Pythagorean m-polar fuzzy neutrosophic Ty, space (PmMFNT\S). 


Remark 4.50. We have the following chain for different PmFNTSs studied above: 
Te ~) Te+1 


for 0 < e < 3. The reverse chain, however, may not hold. The forthcoming Example 4.51 


supports our claim. 


Example 4.51. Let (X,J,,,) be a PmFNTS, where X = {hy, ho},J 


> =pn “pn 


= {0, B, Kat Then 


TABLE 31. P3FNS B 


hy (0.000, 0.423, 0.801) (0.167, 0.210, 0.562) (0.472, 0.421, 0.301) 
ha (0.162, 0.423, 0.004) (0.000, 0.409, 0.210) (0.100, 0.432, 0.720) 


is a P3FN70S but it is not a P3FN7}S. 


Theorem 4.52. Each PmF'NT,S is a PmFN regular means each PmFN normal T, space is 
PmFN regular. 


Proof. Let (X,J,,,) be a PmFNT,S. Let 6; be a PmFN-point in X. Then, by Theorem 4.41, 


&)24on 


{01} is a closed PmFNS in (X,J,,,). Suppose that 0 be a PmFN-closed set not contain- 
ing 6;. Since (X,J,,,) is PmFN normal, there are PmFN-open set namely YT, Y* such that 
{di} € T,d € T* and YOY* = @. But then, {0,}€T,d C Y* and TOYO. So, (X,],,) is a 


Pythagorean m-polar fuzzy neutrosophic regular topological space. 0.1cm0 


5. Intelligent Decision Making using PmFNS TOPSIS 


In this section, we present an application of PmFNS in decision making. 
Case Study: 
A desert is a desolate region of land with hardly any rainfall and, as a result, unhealthy living 
conditions for flora and fauna. The absence of habitat reveals the ground’s vulnerable surface 
to geomorphic activities. Around 33% of the world’s land surface is sandy or semi-arid. The 
piece of land that attains fewer than 25 cm of rainfall per annum is considered a desert. Deserts 


are part of a broader class of regions named dry lands. Pakistan has five significant deserts 
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comprising Cholistan, Katpana, Thar, Thal and Kharan deserts. 


& Thar Desert 
® Cholistan Desert 
@® Thail Desert 


Afghanistan 


®& Kharan Desert 


India 


FIGURE 1. Deserts of Pakistan 


About 85% of the Thar desert, also called the Great Indian Desert, is situated inside India, 
with the excess 15% in Pakistan. It covers around 170,000 km?, and the leftover 30,000 km? 
of the desert is inside Pakistan. Thar desert is the world’s seventeenth biggest desert, and 
the world’s ninth biggest subtropical desert. During different periods of predominant breeze 
is the dry northeast storm. May and June are the most sweltering a long time of the year, 
with mercury ascending to 50° C. In January, considered to be the coldest month there, the 
average minimum temperature drops down to 10° C, and frost is frequent. Dust storms and 
dust-raising winds, often blow with a speed of 140 to 150 km per hour, are frequent in the 
months of May and June. The amount of annual rainfall in the desert is generally low, ranging 
from about less in the west to about 20 inches (500 mm) in the east or 4 inches (100 mm), 
mostly decreasing from July to September. 

The desert of Kharan is situated in Balochistan. It makes a nature limit among Pakistan, Iran 
and Afghanistan. It is situated in Kharan region. The Kharan desert is a sandiest desert in 
Pakistan. It is particular from the remainder of the province’s landscape because of its sandy 
nature and all the more even ter. The desert was utilized for atomic testing by the Pakistan 


military, making it the most renowned of the five deserts. In altitude these central deserts 


A. Siraj, T. Fatima, D. Afzal, K. Naeem and F.Karaaslan, PmFN Topology with Applications 


Neutrosophic Sets and Systems, Vol. 48, 2022 280 


slope from about 1,000 m in the north to about 250 m on in the southwest. Maximum, average 
and minimum temperatures of kharan desert are 42° C, 38° C and 26° C respectively. Average 
annual rainfall throughout these deserts is well under 100 mm. The desert includes areas of 
inland drainage and dry lakes. 

The Cold Desert, otherwise called the Katpana Desert or Biama Nakpo, is a high-elevation 
desert situated close Skardu, northern Gilgit-Baltistan area of Pakistan controlled Jammu and 
Kashmir. The desert contains costs of huge sand rises that are once in a while shrouded in 
snow during winter. Situated at an elevation of 2,226 m (7,303 feet) above ocean level, the 
Katpana Desert is one of the most noteworthy deserts in the world. The desert actually ex- 
tends from the Khaplu Valley to Nubra in Ladakh, yet the biggest desert area is found in 
Skardu and Shigar Valley. The part most visited is situated close Skardu Airport. Temper- 
atures range from a maximum of 27° C and a minimum (in October) 8° C which can drop 
further to beneath —17° C in December and January. The temperature infrequently drops as 
low as —25° C. 

The Thal Desert is situated in Bhakkar area of Pakistan between the Indus and Jhelum rivers. 
A huge canal-building venture is in progress to flood the land. Water system will make a large 
portion of the desert appropriate for cultivating. In the north of the Thal Desert there are salt 
reaches, in the east the Jhelum and Chenab streams and toward the west the Indus waterway. 
The maximum temperature is 34° C and minimum temperature is 25° C in Thal desert. The 
average annual temperature for Thal is 29° C. It is dry for 207 days a year with an average 
humidity of 36%. The average annual rainfall varies from 385 mm in the north-east to 170 
mm in the south. Approximately three-fourth of annual rainfall is received during monsoon. 
Cholistan Desert is locally known as Rohi. It abuts the Thar Desert, stretching out over to 
Sindh and into India. Cholistan desert hosts an yearly Jeep rally, known as Cholistan Desert 
Jeep Rally which is the greatest engine game in Pakistan. Cholistan’s atmosphere is described 
as a bone-dry and semi-dry Tropical desert, with exceptionally low yearly dampness. The 
mean temperature in Cholistan is 28.339 C, with most smoking month being July with a mean 
temperature of 38.5° C. Summer temperatures can outperform 46° C and now and then as- 
cents more than 50° C during times of dry season. Winter temperatures infrequently dip to 
0° C. Normal precipitation in Cholistan is up to 180mm, with July and August being the 
wettest months, despite the fact that dry seasons are normal. Water is gathered occasionally 
in an arrangement of normal pools called Toba, or man made pools called Kund. Earth water 
is found at a profundity of 30-40 meters, yet is commonly bitter, and unacceptable for most 


plant development. 
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Temperature of Deserts of Pakistan 


Kharan Katpana Cholistan 
Max Temp | 42 | 27 50 
Min Temp 26 -25 i) 


Max Temp Min Temp 


FIGURE 2. Temperature of Deserts of Pakistan 


These deserts contains an extremely dry part, the Marusthali area in the west, and a semi 
desert locale in the east with less sand hills and somewhat more precipitation. For the most 
vital problem and the main hinderance, in the way of progress. Government considers that 
issue of lack of water in desert has to solve as early as possible. 

The basic need-water, has greatly affected the lives of residents of desert. It can be said that 
water has not only changed their social life style but also economy has affected badly. Inade- 
quate sanitary conditions have invited many diseases which can be said epidemic like cholera, 
typhoid etc. These disaster ruin the human race as well as their cattle. 

Cultivation also wiped away due to scarcity of water. Indirectly water is the primary source 
of food also people face the horrible face of famine. Specially children, represent the reflection 
of poor humanity. Their body, without any health, you may say their skeletons cry for help 
or for water. 

Scarcity of water has also a deep impact on the psyche of residents of desert. Their temper- 
ament, attitudes and behaviors indirectly affected by this vital problem. Tolerance, courtesy, 
desire, for progress, achievements, dreams and all ways leading to bright future are cover in 
mist. They cannot see or even have the eagerness for better living style. Their struggle only 
moves around the availability of water. So it is the need of the time that all the possible steps 
should be taken at all levels for the sake of humanity. 

A city named Nagarparkar in Thar is consist upon 1 lac population people use under ground 
clean and clear water for the necessities of life but it is very hard to get it in summer. 

In summary the level of underground water decreases at the lowest level and to get water be- 
comes impossible by hand pump. For the last many years no proper planning has been made 


to provide water. In city water is brought far from areas. In this age of dearness to getting 
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water is difficult. The fare of a cane is 20 to 25 rupees. The people are compelled to drink 
that kind of water which is jot acceptable to the animals of Lahore. Animals and human drink 
water from the same place there is no distinguish of camel, goat and the king of all races. 

It is a hot issue, so a commission has established in which all the concerning problem experts 
were included. This commission visited the desert and collected all eye bared witness. 

First of all they prepare a report in which they point out the problems facing towards water 
supply. 

Poor decision making: The commission strongly condemned that decision making policies 
are not harmonized to the circumstances. 

Economically costs: In Thar with boring a place of water is served 8 to 9 villages approxi- 
mately water is available to 7 km distance. Government do not take solid steps only visits are 
arranged and due to lack of budgets, no attention is given for this reason people are deprived 
of water. It has also observed that which projects had passes in past they were very costly. 
Government could not afford them. 

Environmental and social problem: Desert environment needs something special which 
can appropriate to its hottest environment and social settlement. 

Encouragement of local persons: A reason which is also very important is that people 
do not have much facilities that they can bore or drill the land and can make it easily to get 
water because they are illiterate and cannot drive correct solution by correct strategy. It is 
also necessary to take help from the local persons and encouraged them to solve this problem 


with the help of government. 


FIGURE 3. Environmental and social problem 


For all these issues, they suggested some positive and skilled opinions. 
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(i) Government should take solid decisions. And the motto of these decisions should be 
welfare and progress because if the start is good then the end will be best. 
(ii) Those projects should be of low cost and much beneficial. 
(iii) It should be keep in mind that the trust of local persons is very necessary for their 
welfare because the negativity of being ignore has been kept its place in their minds. 
(iv) Government should start small projects as they would be called tribal units or tribal 


beneficiary projects. 


FIGURE 4. Lack of water 


We clarify the procedure bit by bit as follows: 


Algorithm: 


Stage 1: Firstly analyze the issue to see that what we have and actually what we have need to 
do: Suppose that R = {o; :7 = 1,2,--- ,n} is the finite aggregate of alternatives under 
consideration and G = {g; : 7 = 1,2,--- ,m} is the family of captains. So the (i,j) 


entry of the PmFNS matrix represents weight given by j*” Captains to i*” options. 
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Stage 2: Develop weighted parameter matrix P as 


Wi11 «W112 Wim 

W21 W222 °°° Wam 
P= [tag leases 

Wil Wi2 Wim 

Wnl Wn2 *** Wnm 


where w,; is the fuzzy weight given by the Captains g; to the options o; by thinking 


about the phonetic entitle are given (for example) in Table 32. 


TABLE 32. Phonetic terms for benefits of projects 


Phonetic Terms Fuzzy Weights 


Not fruitful (NF) (0.00, 0.25} 
Fruitful (F) (0.25, 0.50] 

More or less fruitful (MF) — (0.50, 0.75] 
Extremely fruitful (EF) (0.75, 1.00} 


Stage 3: Develop normalized weighted matrix 


Wir Wig +++ Wim 
Wa Wo. +++ Wom 
N= [Wij]nxm = mn - 7 
Wil Wig *** Wim 
Wn Wn2 Sea Wnm 
A Wiz oe . S 
where Wj; = Tur and obtaining the weighted vector W = (w;:j =1,2,--- ,m), 
i=l Vij 
a Si Wij 
where w; = aye 
Step 4: Develop PmFNS decision matrix G; = [Sjalnxms where i, = (Tr Vik Gk): Then 


obtain the mean proportional matrix 


X= V GiGo nee Gn = [Sage raseon = ( 


Stage 5: Compute weighted PmFNS decision matrix Y = [Gjg]nxm, where Gjp = We X Ge = 


Cer tee ee oe 
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Stage 6: Get PmFNSV-PIS (PmFNS- valued positive ideal solution) and PmFNSV-NIS 
(PmFNS- valued negative ideal solution), by using 


PmFNS — PIS fer aeeget 


= {(max 7}, min vjz, min wx) :k=1,2,---,m} 


= 1G uw, ) Sa, 2 ,m} 


and 


PmFNS—NIS 


= {(min Ty, max vj,, Max WK) :k=1,2,--- ,m} 


= te oe ee = Lee a 


respectively. 
Stage 7: Find PmFNS-Euclidean separations of every other option from PmFNS-PIS and 
PmFNS-NIS respectively, by making use of 


for 7 =1,2,--- ,n. 


Step 8: Compute the relative closeness using 


95 
C= > 
9; +9; 


Stage 9: So as to get the inclination request of the other options, rank the options in descending 
(or ascending) order. 


The procedural steps of above Algorithm are portrayed in Figure 5: 
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alent as 


Obtam PmFNS-valued 
positive idealsoiution and 
PMmFNS -valued'negative ideal 


286 


Compute PmENS-Euchdean 
distances ofeach alternative 
fram PmENS-valued positive 

idéal solution and PmFNS- 


solution valued negativeidéal 
solution 


Determine the clase ness 
Construct weighted PmENS cosfficient of each 
matrix alternative withideal 
solution 


Rank the alternatives in 
descending or ascending: 
Order 


Construct nomalkzed Construct PmENS decision 
weighted matrix matrix 


FIGURE 5. Flow chart of Algorithm 


Example 5.1. Assume that experts wishes to determine the most vital problems and the 


main hinderance facing by desert. The experts establish a committee of four members. 


Stage 1: Analyze the problem: Assume that R = {o; : i = 1,2,--- ,4} is the set of choices viable 
and G = {g; : j = 1,2,3,4} is the family of experts, where 


01 = Poor decision making, 

02 = Economic costs, 

o3 = Environmental and social problem, and 
o4 = Encouragement of local persons. 
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Stage 2: The weighted parameter matrix, by selecting phonetic terms from Table 32, is 


P = [wiylax4 
F NF MF EF 
NF F EF MF 
MF NF F_ EF 


EF MF NF F 


0.50 
0.25 
0.75 
1.00 


0.25 
0.50 
0.25 
0.75 


0.75 
1.00 
0.50 
0.25 


1.00 
0.75 
1.00 
0.50 


Where w;; is the weight given by the decision maker g; to the choices 0;. 


Stage 3: The normalized weighted matrix is 


N = [Wijlaxa 
0.37 
0.18 
0.55 


0.73 


0.26 
0.52 
0.26 
0.77 


0.55 
0.73 
0.37 
0.18 


0.60 
0.45 
0.60 
0.30 


and thus the weight vector is 
W = (0.25, 0.24, 0.25, 0.26) 


Stage 4: Suppose that the four experts give the following PmFNS matrix in which the (i, 7)” 


elements shows the PFN (7,v,w), where choices are showed by row-wise and the PFN 


assigned by experts are showed by column-wise. 


(0.61, 0.22, 0.39) 

(0.38, 0.17, 0.50) 
G, = 

(0.54, 0.29, 0.32) 

(0.08, 0.37, 0.88) 
0.52, 0.19, 0.22 
0.43, 0.54, 0.29 
0.24, 0.26, 0.30 
0.36, 0.17, 0.29 


Q 

i) 

I 
Za>~ DD 
Ye we we 


(0.54, 0.58, 0.38 
(0.30, 0.59, 0.20 
(0.41, 0.28, 0.51 
(0.57, 0.55, 0.37 


G3 = 


Na Naa NS 


0.73, 0.52, 0.11 
0.48, 0.29, 0.30 
0.46, 0.35, 0.45 


) 
) 
) 
1.00, 0.00, 0.00) 


a pee Ue 


0.39, 0.52, 0.35 
0.48, 0.25, 0.40 
0.37, 0.06, 0.19 
0.62, 0.28, 0.00 


Za~ DDD 
KS a Da Da 


(1.00, 0.00, 0.00) 
(0.52, 0.22, 0.33) 
(0.29, 0.64, 0.39) 
(0.36, 0.88, 0.14) 


(0.66, 0.42, 0.33 
(0.61, 0.00, 0.18 
(0.24, 0.18, 0.59 
(0.34, 0.63, 0.35 


SF Sa SSE 


0.43, 0.61, 0.50 
0.76, 0.10, 0.22 
0.00, 0.48, 0.71 


( 
( 
( 
(0.05, 0.18, 0.77 


Ya S# Vw WH a 


0.52, 0.44, 0.39) 
0.13, 0.14, 0.04) 
0.78, 0.02, 0.16) 
0.40, 0.00, 0.53) 


mZa>~ aD DT TD 


0.36, 0.15, 0.49 
0.46, 0.24, 0.17 
0.78, 0.55, 0.12 


( 
( 
( 
(0.69, 0.13, 0.04 


Sa Ne a, SE 


0.66, 0.57, 0.14 
0.45, 0.53, 0.41 
0.33, 0.41, 0.28 
0.23, 0.64, 0.59 


Za~ DDD 
We §» SS WH wH 


(0.23, 0.10, 0.11 
(0.51, 0.06, 0.44 
(0.31, 0.13, 0.64 
(0.05, 0.27, 0.77 


qo Na Ne ee 
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(0.37, 0.55,0.30) (0.43,0.58,0.19) (0.35, 0.28,0.44) (0.59, 0.56, 0.17) 
__ | (0.35, 0.73,0.12) (0.41, 0.27,0.39) (0.67,0.37,0.21) (0.64, 0.16, 0.20) 
(0.00, 0.28, 0.72) (0.58,0.06,0.41) (0.40,0.51,0.31) (0.35, 0.10, 0.57) 
(0.47, 0.40, 0.26) (0.44,0.51,0.38) (0.44, 0.64,0.26) (0.28, 0.31, 0.60) 
Thus, the mean proportional matrix X is 
X = [cjRlaxa 
(0.50, 0.34,0.31) (0.59, 0.00,0.00) (0.48,0.42,0.41) (0.42, 0.26, 0.19) 
(0.36, 0.45,0.24) (0.47, 0.26,0.35) (0.45,0.00,0.14) (0.51, 0.19, 0.28) 
(0.00, 0.28, 0.43) (0.41,0.17,0.34) (0.00,0.17,0.38) (0.41, 0.23, 0.33) 
(0.30, 0.34,0.40) (0.56, 0.00,0.00) (0.23,0.00,0.44) (0.22, 0.29, 0.32) 
where jz = Wk X Sjk 
Stage 5: The weighted PmFN matrix is 
Y = ([Sjr]axa 
(0.13, 0.09, 0.08) (0.14,0.00,0.00) (0.12,0.11,0.10) (0.11, 0.07, 0.05) 
_ (0.09, 0.11,0.06) (0.11,0.06,0.08) (0.11,0.00,0.04) (0.13, 0.05, 0.07) 
(0.00, 0.07,0.11) (0.10,0.04,0.08) (0.00,0.04,0.10) (0.11, 0.06, 0.09) 
(0.08, 0.09,0.10) (0.13,0.00,0.00) (0.06,0.00,0.11) (0.06, 0.08, 0.08) 


Stage 6: Thus, PmFNS-PIS and PmFNS-NIS, are respectively 
PmFNSV-PIS = {ét,--- ,¢f} 
= {(0.13, 0.07, 0.06), (0.14, 0.00, 0.00), (0.12, 0.00, 0.04), (0.13, 0.05, 0.05) } 
and 
PmFNSV-NIS = {¢7,--+ ,¢y } 
= {(0.00, 0.11, 0.11), (0.10, 0.06, 0.08), (0.00, 0.11, 0.11), (0.06, 0.08, 0.09) } 


Stage 7 and 8: The Euclidean separation of every issue from PmFNS-PIS and PmFNS-NIS and cor- 


responding relative coefficients of closeness are given in Table 33: 
TABLE 33. Separation and coefficient of closeness of each issue 


Issue (G). of g, CP 
SL 0.13 0.22 0.63 
62 0.12 0.78 0.87 
63 0.23 0.10 0.30 
C4 0.14 0.18 0.56 
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Stage 9: Thus, the preference ranking of the issues is 
Qc a> 


This ranking is portrayed in Figure 6: 


64, 0.56 


FIGURE 6. Ranking of alternatives 


Hence, in view of above ranking, it may be concluded that poor decision making is the core 


issue. 


6. Conclusion 


We reviewed fuzzy set theory along with its tabular illustration and examples briefly. We 
established the axiomatic definitions of Pythagorean m-polar fuzzy neutrosophic set. We pre- 
sented some fundamental properties of Pythagorean m-polar fuzzy neutrosophic topological 
space (PmFNTS) by numerous characteristics of crisp topology on the way to the PmFNTS. 
We defined Pythagorean m-polar fuzzy separation axioms. To, 7, To, 73 and 7, spaces are 
modified in the aspects of PmFNS. 

We presented example of decision making from real world situations based on TOPSIS ac- 
companied by case study. We presented algorithm and flowcharts of method for comfort. We 
also showed 3D bar chart with application to make the contrast between different alternatives 
effectively. 

These above mentioned concepts can be used in several real world difficulties such as in econom- 
ics, business, robotics, medical sciences, water management, electoral systems, transportation 
problems and much more. We hope that this paper will gives new ideas to the researchers to 
promote research work in this field. 

The notions presented in this article may be extended to define other sorts of topological 


structures like nano topology and pentapartitioned topology etc. 
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Abstract: Operations on neutrosophic numbers generalize operations on crisp numbers. In this 
way, the neutrosophic approach quantifies data ambiguity and enables the generalization of the 
existing statistical model. This study presents an extension of the conventional exponential 
distribution in a neutrosophic context. Neutrosophic generalization is restricted to characterize the 
properties of the neutrosophic exponential distribution (NED); however, related results can 

to other stochastic models for handling the situations involving uncertainties or vagueness in 
processing data. All essential features of the proposed NED, such as neutrosophic moments, 
neutrosophic distribution function, and other related quantities, are explored. The mathematical 
results in this work lay the groundwork for using the exponential distribution to produce drivers 
for other generalized models. The neutrosophic logic of the proposed model is illustrated with 
examples. The estimation technique for treating the imprecision in the unknown parameter is 
established. The performance of the estimator neutrosophic estimator has been evaluated through 
Monte Carlo simulation. Simulation findings reveal that a larger sample size provides reliable 
estimation results. 


Keywords: Neutrosophic probability; neutrosophic distribution; exponential model; estimation 


1. Introduction 


Probability distributions are now an essential part of every scientific research. Several real- 
world random events are described by these probability models [1]. A basic statistical probability 
model is commonly applicable to problems encountered by researchers. One of the most common 
continuous distributions is the exponential distribution [2]. The exponential model is considerably 
connected with the Poisson distribution [3]. It is commonly utilized as a model to measure the time 
between events occurrence. Some examples of its application include measuring the time associated 
with obtaining a faulty component on an assembling line in an engineering framework, predicting 
the risk of a portfolio of financial assets on next default and calculating radioactive decay in physics 
[4]. It is also used to estimate the probability of a certain number of defaults occurring during a 
particular time period [5]. The exponential distribution is an adequate failure model for describing 
the failure patterns of many components and devices with constant hazard rates in reliability 
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analysis [6]. In hydrology, the exponential distribution is frequently used to examine extreme 
values of yearly or monthly maximum river flow and total rainfall [7]. A DNA strand length 
between mutations or the distance between roads fatalities are examples of situations where 
exponential variables may also be used to describe the likelihood of events occurring at a constant 
rate per unit distance [8-9]. 

In this study, a novel generalization of the NED has been described with the primary goal of 
incorporating vague information about the study variables. The exponential distribution is 
considered a neutrosophic version because it is a versatile model that can reflect a wide range of 
distribution forms. This extension provides a broader and clear analysis of the studied variables 
under consideration. The neutrosophic extension of the exponential model paves the path for 
working with other classical probability models established for the precisely described datasets. 
This study presents the NED in a way that the conventional logic of the exponential model cannot 
handle the many applied data problems. This generalization is based on the notion of neutrosophy 
presented by Smarandache [10]. The analysis of false or true statements, but indeterminate, neutral, 
inconsistent, or something in between, is oriented by Neutrosophic logic [11]. Every area has its 
neutrosophic component, namely the indeterminacy part, on the mathematical side. Smarandache 
made the first effort to use the neutrosophic approach in statistics, precalculus, and calculus to cope 
with imprecision in study variables [12]. As a result, neutrosophic statistics have given rise to 
research topics that deal with the effect of indeterminacy in statistical modeling. Some recent 
literature has recently made the first step toward describing the neutrosophic principle of statistical 
modeling [13-16]. Neutrosophic measures probability and descriptive statistical are discussed in 
[17]. Neutrosophic decision-making applications in quality control seem to be very efficient [18]. 
Alhabib et al. first looked at the neutrosophic algebraic structures of probability distributions [19]. 
Some recent work on neutrosophical probabability distributions can be seen in [20-23]. 
Nevertheless, works focusing on neutrosophic statistics have always relied on the applications side 
of the neutrosophic logic, and algebraic structures of probability distributions have rarely been 
addressed. 

The work is structured as follows: The NED and algebraic framework of the neutrosophic 
numbers are given in section 2. Mathematical properties of the proposed NED are provided in 
section 3. Section 4 demonstrates some examples of the NED. The estimation approach for the 
imprecise parameter of NED is established in section 5. A simulation study for demonstrating the 
performance of the NML estimator is carried out in section 6. A real application of the proposed 
model is given in section 7. Lastly, section 8 summarizes the research findings. 


2. Preliminaries 


All essential features of the proposed NED, such as moments, shape coefficients, and the 
moment generating function, are based on the algebraic framework of the neutrosophic numbers. Let 
M=(tyim fm) and N= (t,,i,,f,) are two single-valued neutrosophic numbers’ with 
trotyim in fine fp € [0,1], OS ty in fm $3 and 0<t,,i,,f, <3 then the following operation are 
commonly employed in the framework of the neutrosophic algebra [16]: 


MON = (ty + th — tintnsimin + fin fr) (1) 
M@N= Cig la ct hi —tyfn + fr — fn fn ) (2) 
wM = (1 ~ (1 — on ae res ae (3) 
M® = a =e he be Si (4) 


where the scalar w > 0,and w € R. 

Equations (1), (2), (3) and (4) represent neutrosophic summation, neutrosophic multiplication, scalar 
multiplication and neutrosophic power respectively. Likewise, the single-valued neutrosophic 
operations can be extended to neutrosophic sets. 
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Definition 2.1 Neutrosophic data extends the classic data that contain some imprecise, vague or 
indeterminacy in some or all values. In general terms, it can be represented as: 

x = constant + I, 

where | € [u,1]; for example, 7 + I where | € [3, 3.5]. 

Definition 2.2 The neutrosophic random variable W, which equals the distance between successive 
events in a Poisson process, follows the NED model with the following neutrosophic density 
function (PDFy). 

On (w) = Byexp(—w0y); w> 0, and z>0, (5) 

where @y € {6),0,}. Figure 1 shows the form of the distribution with neutrosophic parameter 
Oy = {0.25,0.50}, {1.00,1.50} and {2.00, 2.50} if the data are believed to be NED. 
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Figure 1 Neutrosophic density graph of the NED 


Khan et.at., Neutrosophic Design of the Exponential Model with Applications 


Neutrosophic Sets and Systems, Vol. 48, 2022 294 


Figure 1 shows the neutrosophic area because of the indeterminate value of the failure rate parameter 
Oy. It is clearly demonstrated from Figure 1 that parameter settings may be changed to create a variety 


of neutrosophic exponential curves. 


3. Some useful functions of the proposed NED 


In this section, some widely used properties of the NED can be established in the form of the 
following theorems: 


Theorem 1. Show that r‘" moment of the NED is tee) 


ON 
Proof By definition the r‘* moment of the NED can define as: 


Len =| Ww" Oy exp(—wOy )dw 
0 


= i wi (BlesCwed, “ecepewe law 
0 


= [J) w"®exp(—w8,)dw, f, w'@, exp(—w®,)dw| (6) 
By substituting y = wy, we get from (6) 


hs Ta+1 
I w' 8, exp(—w6@))dw = ae) 
0 


| w' 6,exp(—w8,)dw = 
0 


Thus (6) provides 
> ee Ta +1) 


= where r = 1, 2,3, (7) 


Thus first four raw moments can be derived as: 
, ue ' A ' 1 ' 1 
Hin On’ Hon 204" H3N oon H4Nn 2404 


Theorem 2. The distribution function By (w) of the NED is 1 — exp(—w6y). 
Proof The result of the distribution function is obtained by solving the following expression: 


©y(w) = | py (w)dw 
0 


= 1 - exp(—wéy) (8) 
Sketch of the CDF function of the proposed NED with neutrosophic parameter 6y = {1.5, 2} is displayed in 
Figure 2. 
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Figure 2 CDF curve of the NED with 6y = {1.5, 2} 
Theorem 3. The median of the NED is =. “=. 
1 u 


Proof Neutrosophic median (My ) is the solution of the following expression: 


Mn 
J Oy (w)dw = EB | 


ss ® (w) dw, ie P, (w)a| ~ [> A 


where ©(w) = 1 — exp(w@,,) and ®,(w) = 1 — exp(w8,). 


Analytical simplification of (9) implies: 


Mn ® = In(2) 

Mn®@, = In(2) 

Implying thereby My = a ‘ 
u 1 


Theorem 4. First quantile (Q;y) and the third quantile (Q3y) of the NED are ; 


= me respectively. 


Oy 7 0 
Proof The Qiy and Q3y by definition are corresponded to solutions such as: 
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Jana 
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Qin 


[exomew=[ 7 

n(w)dw = 7 a 
0 
Q3n 
[ oooaw=[F 3] 

nN CW)JawWw = 4’ 4 

0 
Therefore following theorem 3, we can write: 


Ini) Inia) Ini) Ine) 


Qin = 0, a and Q3y = ro 5 | 


Theorem 5 The mean of the NED is — 
N 


Proof The neutrosophic mean of the NED is determined as: 


co 


Ly = | wy (w) dw 
0 


= | fo1(w), 00, (dw 
0 


co 


— ll exp(—w6,)dw, [ ecw, 
0 


0 


=[5 | 
“Le, 8 


Theorem 6. The variance of the NED is oa 


Proof By definition variance is 
On? (W) = E(W?) — (ttn)? 


where oy*(W) stands for neutrosophic variance 
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(11) 
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Now E(W2) = J, w? on (w)dw (12) 
Since @y (Ww) = —wy(w) 
It follows: 


ae 
E(W?) = =| Wy (w)dw 
0 


co 


Sel \d 
=> J wn (w), oy (w)] dw 


2 | r r 
= exp(—w6,)dw, exw, 


~ Oy 
0 


= | 
~ Oy l6,’ 8 


ae 2 
“le | 
Thus (11) yields 
on) = [ie ae | (le aD) (13) 


Simplifying (13) provides 


on’(W) = |e, ox | (14) 


Likewise, the other properties of the NED can be established in a neutrosophic environment. Some 


applications of the proposed model are presented to understand the initial concepts derived for the 


NED. 


4. Illustrative Examples 


In this section the notion of the NED has been described with a series of examples in the area 


of applied statistics. 
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Example! Hits to certain website follow a Poisson process with an average of {2,4} hits per hour in 
a day. Let the time between two hits is denoted by the random variable W. Find the probability that 


waiting time is less than an hour. 


Solution Poisson distribution is connected with the exponential distribution. The waiting time 


between Poisson events occurring follows the exponential distribution. 
Using theorem 2 we can write: 

P(W <1) = (1) 

= 1 — exp(—w{2,4}) 

= {0.86, 0.98} 

Thus chance to hit the website less than an hour is {86, 98}%. 


Example 2 Failure mechanism of the alternators used in automobiles follows the NED for an 
average lifespan of [8, 12] years. Mr. Adnan buys a six years old car with a functioning alternator to 


keep it for eight years. Determine the probability of the alternator failing during his possession. 


Solution Let W denote the neutrosophic random variable that follows NED. 
Given that py = Fe aa | = [8,12] years 
HN = leo 6, »A41y' 


This implies [6),8,,] = [0.083, 0.125] 

Now the required probability: 

P[W < 8] = (8) 

= [0.079, 0.117] 

Thus the chance that the alternator fails during his ownership is approximated by [8, 12]%. 


Example 3 Let an electrical device has a certain component whose failure time (in months) is 
determined by the random variable W that is nicely modelled by the NED with average time to 
failure equal to {5, 6}. What is the probability that the component would still be functional after 4 


months? 


Solution Using (1) we can write: 
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P(W > 6) = [e 6}exp(—w{5, 6})dw 
4 
4 
=1- [ 6}exp(—w{5, 6})dw 
0 
Using the result given in the theorem 2 we can write: 
=1-Oy,(4) 


= {0.48, 0.55} 


5. Sample Estimation 


299 


The method for estimating the parameter of the NED namely neutrosophic maximum 


likelihood estimation (NML) estimation has been introduced. Let we haves n sample {X;,i = 1,2,..n} 


values are taken from the NED. The question is, which value of the neutrosophic parameter should 


be used for the observed sample?. This value can be determined by the likelihood function of the 


neutrosophic model. As neutrosophy exist in the parameter of the NED, therefore NML function of 


the NED is given by: 
Dn (w, Oy) = nlogOy — Oy Li Wi (15) 
The NML estimates namely 6, and 6, can be obtained by solving the following expression: 


= 50 (w, 8y) 
~ 8B 


Using the neutrosophic calculus [12], yielded 


_ [Sa,(w,8}) Say (wy) 
=| 60, 7 86) a 


where @, (w, 8;) = nlog®, — 6; }? w; and Wy (w, 6, ) = nlog6, — 8, YP wi 


Simplification of (15) provides: 


Son (w,6n) n n 
= fen [2 - IP we — Thm (17) 


Setting (17) equating to [0,0] provides: 
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~ n io n 

81 = Srey aNd Ou = Sr 

Thus 

i.e (6, 6. = —— whichis a single crisp value and coincides with the classical MLE. 


=P wi 


However, if imprecision in the observed data (Z) is considered then NML of the neutrosophic 


parameter would be modified as: 
Oy = [6,,6,] = [2.5] (18) 


where 


A = ming = sum ofthe minmum values of the neutrosophic dataset 


B = maxg = sum of the maximum values of the neutrosophic dataset 


6 Simulation Analysis 


In this part, the performance of the NML estimator has been assessed in terms of the 
neutrosophic average biased (ABy) and neutrosophic root mean square error (RMSj) as defined 
below [21]: 


= YI (4n; = Oy) 


AB 
mt N 


a 2 
RMSEy = ee On) 
A Monte Carlo simulation is run in R software with various sample sizes and fixed value of the 
neutrosophic parameter 6y = [0.5, 1.5]. An imprecise dataset is generated using the NED with 
Oy =[0.5, 1.5] and simulation analysis is replicated for a total of N = 10000 times with sample 
sizes of n = 5,15,30, and 60, respectively. The performance measures of the NML estimator are 


then computed and given in Table 1. 
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Performance of NML estimate of the NED for simulated neutrosophic data 


ABy 


RMSEy 


(0.124, 0.373] 


(0.384, 1.143] 


[0.035, 0.106] 


[0.152, 0.457] 


[0.017, 0.051] 


[0.098, 0.296] 


[0.008, 0.025] 


[0.067, 0.201] 


(0.003, 0.009] 


[0.041, 0.125] 


300 


(0.002, 0.005] 


[0.029, 0.087] 


301 


It can be seen from the results, as the sample size n goes up, the biases AByand RMSEy decrease. 


Thus, the study concluded that the NML estimator provides reliable estimation with a larger 


sample size. 


7 Real Application 


In this section, real data has been used to illustrate the application of the proposed model. The data 
used for analysis is taken from the source [24]. Data contains the lifetime failures (in hours) of air 
conditioning instrument used in 720-Boeing planes. To check the adequacy of exponential model, 
an informal procedure of some necessary graphs have been used. The graphical diagnostic of the 
exponential model along with other candidate models to failure time data is displayed in Figure 3. 
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Figure 3 Model fitting to failure time data using the candidate exponential family models 


Figure 1 emphasizes the adequacy of the exponential distribution on life failures data. Theoretical 
lines in these necessary graphs from the exponential are shown with colored lines. Theoretical fits 
show the appropriateness of the exponential model among the predefined set of candidate 
probability models for the observed variable. Figure 1 describes that the exponential good fits the 
data at both tails and center of the empirical distribution. It has been assumed that all data values 
are not précised defined, and some values involve uncertainties and are given in the form of 
intervals. These uncertain observations are intentionally created according to the methodology 
defined in [25]. The indeterminate failure times data is given in Table 2. 
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Table 2 The lifetime failures of air conditioning instrument used in 720-Boeing planes 


Failure times (in hours) 


[89.40, 90.80] 


[ 9.90, 10.02] 


[59.12, 60.66] 


[185.71, 186.66] 


[ 60.80, 61.95] 


[48.25, 49.21] 


[13.05, 14.71] 


(23.17, 24.45] 


[55.36, 56.80] 


[19.44, 20.25] 


[78.29, 79.10] 


[ 83.91, 84.18] 


[ 43.33, 44.11] 


(58.43, 59.11] 


[28.28, 29.24] 


[117.22, 118.90] 


(24.12, 25.00] 


[155.83, 156.07] 


[309.10, 310.47] 


[75.511, 76.43] 


[ 25.51, 26.19] 


[ 43.99, 44.70] 


[22.82, 23.96] 


[ 61.87, 62.64] 


[129.82, 130.38] 


(207.23, 208.68] 


[ 69.28, 70.63] 


[100.07, 101.48] 


[207.97, 208.16] 


The conventional exponential model cannot be used to analyze such data, as shown in Table 2. The 
values in Table 2 are provided in intervals because indeterminacies or exact values failure times are 
not recorded perfectly. On the contrary, the proposed exponential distribution can easily analyze 
such data. A descriptive summary of the failure times data rooted in the proposed model is shown 
in Table 3. 


Table 3 Descriptive summary of failure times data using the proposed model 


Descriptive Summary 


Estimated Rate parameter [0.011, 0.012] 


Estimated Mean [82, 84] 


Estimated Variance [6888, 7051] 


The estimated values for rate, mean, and variance are in intervals due to indeterminacies in the 
observed data. Thus, the proposed model analyzes data more efficiently than the conventional 
model. 


8 Conclusions 


A new generalization of the classical exponential model, namely NED, has been presented in 
this work. The notion of neutrosophic theory has been utilized in order to quantify ambiguity in the 
absence of accurate distribution theory for analyzing data. The mathematical form of the proposed 
NED in a neutrosophic environment is thoroughly presented. The analytical expressions for the key 
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properties of the proposed model, including neutrosophic moments, neutrosophic distribution 
function, and other related quantities, are derived. Some applicability examples of the NED mainly 
for the processing indeterminacies in data have been provided. An estimation approach of the 
maximum likelihood to estimate the parameter of the NED for dealing with imprecise data values is 
developed. To validate the performance of the neutrosophic estimator, a simulation study has been 


carried out. The simulation results demonstrate that indeterminate sample data with a larger size 


may be used to accurately estimate the unknown parameter of the proposed model. 
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Abstract. In 1998, Smarandache introduced the new theory - Neutrosophic sets. In order to achieve the 
best results in a current situation, policy makers must contend with uncertainty and unpredictability. The 
neutrosophic definition aids in the investigation of ambiguous or indeterminate values. Here, we have the 
amalgamated the theory of Single Valued Neutrosophic Vertex Coloring and r-dynamic coloring to introduce 
a new thought Single Valued Neutrosophic R-dynamic Vertex Coloring (SVNRVC) and have shown example. 
Further we have determined the Single Valued Neutrosophic R-dynamic chromatic number y;(G) for some 


graphs. 


Keywords: Single Valued Neutrosophic Graph; Single Valued Neutrosophic Vertex Coloring; Single Valued 
Neutrosophic R-dynamic Vertex Coloring. 


1. Introduction 


Graph Theory dates back to the year 1736 when the famous Mathematician Leonard Euler 
solved the Problem of Seven Bridges of Konigsberg. Graphs are mathematical structures 
made up of a set of vertices connected by edges. Many complex real-world problems can be 
successfully analysed using graphs as mathematical models. It can be used in a variety of fields 
such as chemical and physical sciences, networks, maps, sudoku, operations research, and so 
on. Graph coloring is a sub-discipline with graph theory. The famous Four Color Problem, 
posed by graduate student Francis Guthrie in 1852, inspired the problem of graph coloring. Is 
it possible to color the countries on the map with four or fewer colors so that any two countries 


sharing a border are colored differently? It was later on demonstrated by Appel and Haken in 
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1976. Graph coloring is the process of assigning colors to the elements of graph while keeping 
some constraints in mind. 

Zadeh proposed the theory of fuzzy sets way back in 1965, and ten years hence A. 
Rosenfeld developed further work on fuzzy graph theory. Munoz et al. first proposed 
the fuzzy chromatic number in 2004, and C. Eslahchi et al. expanded it further in 2006. 
The idea of fuzzy total coloring was first suggested by S. Lavanya and R. Sattanathan in 
2009. In 2012 Arindam Dey and Anita Pal discussed fuzzy vetex coloring using a-cut of fuzzy 
graphs in [6]. In a research paper published in 2014, the strong chromatic number of such 
graphs was addressed by Anjaly Kishore, M.S.Sunitha [4]. 

Intuitionistic fuzzy sets are used to deal with data on membership and non-membership 
values. In 1986, Kassimir T. Atanassov |5| proposed the theory of intuitionistic fuzzy sets, and 
in 1999, he proposed the notion of intuitionistic fuzzy graphs. In 2015, Ismail and Rifayathali 
examined intuitionistic fuzzy graph coloring using (a, 3) cuts, while Rifayathali et al. in 
2017 and 2018 published articles on intuitionistic fuzzy and strong intuitionistic fuzzy coloring. 

The membership and non-membership principles are inadequate to determine the outcome 
of all real-time scenarios. Where the vagueness or indeterminacy qualities of a decision need to 
be weighed, intuitionistic fuzzy logic is inadequate to provide a solution. As a consequence of 
this condition, F. Smarandache devised a solution: ” Neutrosophic logic.” Neutrosophic logic 
is important in a number of real-world problems, including law, business, medicine, finance, 
information technology and so on. Thus in 1998 Smarandache introduced the thought 
of Neutrosophic sets which is a generalized version of intuitionistic fuzzy set which includes 
three types of values: truth, indeterminacy and false membership values. In 2010, Wang et 
al. investigated single valued neutrosophic sets. Dhavaseelan et al. put forward and 
discussed the Strong Neutrosophic graphs in 2015, and Akram and Shahzadi introduced 
and discussed the Single Valued Neutrosophic definition in 2016. Broumi et al. built on 
their previous work in the areas of single-valued neutrosophic graphs. In their paper published 
in 2018, Dhavaseelan et al. addressed single valued co-neutrosophic graphs. In 2018, Sinha 
et al. widened the scope of the single-valued work for signed digraphs. 

In the research articles published in 2019 Rohini et al. introduced the thought of 
single valued neutrosophic vertex, edge and total coloring of SVNG with examples. Further 
in Rohini et al. have extended their work on single valued neutrosophic vertex coloring 
and put forward the new idea of single valued neutrosophic irregular vertex coloring. 

The idea of r-dynamic coloring was put forward by Bruce Montgomery in [16]. The r- 
dynamic coloring of a graph is a proper coloring of the graph such that for each vertex u, the 
neighbors of the vertex u receives min{r,d(v)} different colors. Here we have integrated the 


thought of single valued neutrosophic vertex coloring and r-dynamic coloring to introduce the 
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new idea of Single Valued Neutrosophic R-dynamic Vertex Coloring and have shown example. 
Further we have determined the Single Valued Neutrosophic R-dynamic chromatic number 


X'(G) for some graphs. 


2. Preliminaries 


Definition 2.1. Assume S be a collection of points(objects). A neutrosophic set X 
in S is represented by truth membership function tx(s), an indeterminacy function ix(s) 
and a falsity membership (non-membership) function fx(s). tx(s), ix(s) and fx(s) are real 
standard or non-standard subsets of ]0~,1*[ which means tx(s) : S$ >]0~,17[, ix(s): 5 3 
]O-,1T[ and fx(s) : S >]0~,1*[. Also 07 < tx(s) t+ix(s) + fx(s) < 3°. 


Definition 2.2. A Single Valued Neutrosophic Graph (SNVG) G = (P,Q) isa 
pair where P : N — [0,1] is a single valued neutrosophic set on N and Q: N x N => [0,1] isa 
single valued neutrosophic relation on N with the following properties: 

tg(uv) < min{tp(u), tp(v)} 

ig(uv) < min{ip(u),ip(v)} 

fo(uv) < max{ fo(u), frlo)} 

for all u,v € N. The sets P and Q are said to be single valued neutrosophic vertex set and 
edge set of G respectively. The single valued neutrosophic relation Q is symmetric if it satisfies 


tg(uv) = ta(vu), ig(uv) = ig(vu) and fg(uv) = fe(vu) for all u,v € N. 


Definition 2.3. An SVNG G = (P,Q) is called a complete neutrosophic graph 
(CSVNG) if it complies criteria below: 

tg(uv) = min{tp(u), tp(v)} 

ig(uv) = min{ip(u), ip(v)} 

fo(uv) = max{fp(u), fo(v)} 


for all u,v € P. 
Definition 2.4. The complement of a SVNG G = (P,Q) isa SNVG G’ = (P’, Q’) where 
i)P'=P 


ii)t'p(u) = tp(u),tp(u) = ip(u) and fou) = fru) 


sah) = min{tp(u), tp(v)} if tg(uv) = (0 
itt)tg(uv) = 
min{tp(u),tp(v)}—tg(uv) if tg(uv) >0 
MG min{ip(u),ip(v)} if ig(uv) =0 
@ min{ip(u),ip(v)} —ig(uv) if ig(uv) >0 
») fh (uv) = max{ fp(u), fp(v)} if fa(w) =0 
= max{ fp(u), fe(v)} — four) if fa(ur) > 0 


for all u,v € P. 
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Definition 2.5. An SVNG G = (P,Q) is said to be a strong neutrosophic graph 
(SSVNG) if it complies criteria: 

tg(uv) = min{tp(u), tp(v)} 

ig(uv) = min{ip(u), ip(v)} 

fq(uv) = max{ fp(u), fe(r)} 

for all (u,v) € Q. 


Definition 2.6. The collection T = {71,72,:-: , Ym} of SVN fuzzy sets is termed as k- 
Single Valued Neutrosophic Vertex Coloring(SVNVC) of a SVNG G = (P,Q) if the 
following criteria hold: 

1. Vy,(Uj= P, Vue P 

2.7; \ Yn = 9 

3. For each incident vertices of the edge uv of G, min{y;(tp(u)), yj (te(v))} = 90, 
min{7j(ip(u)),74(ép(v))} = 0 and max{yy(fe(u)).G(fr(v))} = 1.(1 <5 Sh). 

This is indicated as x°(G) and is termed as the SVN chromatic number of the SVNG G. 


Example: Consider the following SVNG G; = (P,Q) with SVN vertex set P = 
{U1, V2, v3, v4} and SVN edge Q = {ujug|jk = 12, 13, 14, 23, 25, 34} with 


{ (0.2,0.3,0.7) j=1 
(0.7,0.2,0.8) j=2 
tp(v;),tp(v;), fp(v;)) = 

(trlo;)ivtos) fr) =) Geass) 4—3 
| (0.5,0.4,0.6) j=4 

v, (0.2, 0.3,0.7) ere v2(0.7,0.2,0.8) 

— e 
(0.6,0.2,0.9) 
v4(0.5,0.4,0.6) (9.9,9.4,0.9) v3(0.6,0.5,0.9) 


FIGURE 1. Gy 


(0.2,0.2,0.7) jk =12,13,14 
(taq(vjvg), 2Q(v;UK), fo(vjve)) = 4 (0.6,0.2,0.9) jk = 23 
(0.5,0.4,0.6) jk = 34 
Figure 1 depicts the SVNG G}. 
Let [ = {71, 72,73} be collection of SVN fuzzy sets determined on P as below: 
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y1(vj) = 


ya(v;) = 


(0.2,0.3,0.7) for j=1 
(0,0, 1) for otherwise 
(0.7,0.2,0.8) for 7 =2 
(0.5,0.4,0.6) for j=4 
(0,0, 1) for otherwise 
(0.6,0.5,0.9) for j=3 
es (0,0, 1) for otherwise 
Hence the family T = {7, 2, y3} assures the criteria of SVNVC of the graph G. Any collection 
with points less than three points will not fulfill our definition. Hence y’(G,) = 3. 


Definition 2.7. [20] The collectiom T = {y1,972,-:- , 7} of SVN fuzzy sets is called a k- 
Single Valued Neutrosophic Irregular Vertex Coloring (SVNIVC) of a SVNG G = 
(P,Q) if the following criteria hold: 

1.V74g(u) =P vee P 

2.75 \ Th = 9 
3. For each incident vertices of edge uv of G, min{y;(tp(u)), ¥;(tp(v))} = 0, min{y;(¢p(u)), 
4y(ép(v))} = 0 and max{oy(fo(a)),74(fe(®)} = 1, (1S i <b). 
4, All the vertices have different color codes. 


This is depicted as y”;, (G) and is termed as the SVNI chromatic number of the SVNG G. 


Definition 2.8. [s| Path P,, in a single valued neutrosophic graph G = (P,Q) is an ar 
rangement of distinct vertices vj, v2,--- ,Un which complies the criteria tg(vj-1,v;) > 0, 


iol ey ty) > 0'and Joli, uy) > Otor 2 <7 = a: 


Definition 2.9. [s| A cycle C,, in a single valued neutrosophic graph G = (P,Q) is a 
sequence of distinct vertices v1, v2,--- ,Un,v1 which satisfies the condition tg(vi-1, vi) > 0, 
ig(vi-1,¥;) > 0 and fe(uj-1, vi) > 0 for 2 <i < n together with tg(vn, v1) > 0, ig(Un, v1) > 0 
and fg(Un, v1) > 0. 


3. Single Valued Neutrosophic R-dynamic Vertex Coloring 


Definition 3.1. A family T = {41,72,---, 7%} of SVN fuzzy sets is termed as k-Single 
Valued Neutrosophic R-dynamic Vertex Coloring (SVNRVC) of aSVNG G = (P,Q) 
if the following criteria hold: 

LV49 (=P ae P 

2.9; \ Yn = 0 

3. For each incident vertices of edge uv of G, min{y;(tp(u)), ¥;(tp(v))} = 0, min{y;(¢p(u)), 
4y(ép(v))} = 0 and max{y(fo(w)),G(fe(®)} = 1, (1S i <b). 

4. Every vertex u with m number of incident edges, the corresponding incident vertices of the 


vertex u receives atleast min{R,m} different members(colors) from the set [. 
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Here, 1 < R< M where M represents the maximum number of incident edges of the vertices 
of SVNG G. 
The least value of k is the SVNRVC of SVNG G is denoted as x‘p(G), is called the Single 


Valued Neutrosophic R-dynamic chromatic number. 


Example: Examine SVNG G2 = (P,Q) with SVN vertex set and edge set P = 
{U1,V2,°°+ ,u5} and Q = {ujug|jk = 12, 13, 14, 23, 25, 34, 35, 45} respectively: 
(0.4,0.2,0.7) j=1 
(0.6,0.3,0.4) 7 =2,3 
(0.3,0.1,0.6) j7=4 
(0.7,0.4,0.3) j=5 
(0.4,0.2,0.6) jk = 12,13 
(tg(vjvg), t9(vjvK), fo(vjue)) = ¢ (0.3,0.1,0.6) jk = 14,34, 45 
(0.6,0.3,0.4) jk = 23, 25,35 


(tp(v;), ip(vj), fe(vj)) = 


Figure 2 depicts the SVNG Gp. 
Here M=4s01<R<4 


v,(0.4,0.2,0.7) 


iA es 
(0.3,0.1,0°6) (0.4,0.2,0.6) 


vg(0.7,0.4,0.8) (0.6.0.3,0.4) v,(0.6,0.3,0.4) 


(0.3,0.1,0.6) (0.6,0.3,0.4) 


v4(0.3,0.1,0.6) (0.3,0.1,0.6) v3(0.6,0.3,0.4) 


FIGURE 2. Go 


For 1 < R < 2 let T = {%1, 72,73} denote collection of SVN fuzzy sets determined on P as 


below: 
(0.4,0.2,0.7) for j=l 


yi(vj) = ¢ (0.7,0.4,0.8) for j=5 
(0,0, 1) for otherwise 
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(06,03,04). for 7=2 
yo(vj) = 4 (0.3,0.1,0.6) for j=4 

(0,0, 1) for otherwise 

(0.6,0.3,0.4) for j=3 
¥3(vj) = 

(0,0, 1) for otherwise 
Hence the family T = {71,772,773} assures criteria of SVNRVC of the graph G. Any collec- 
tion with points lesser than three points will not fulfill our definition. Hence x%(G2) = 3 for 
1<R<2. 
For 3< R< 4 let T = {11,7, 3, 4,5} be collection of SVN fuzzy sets determined on P. 


(0.4,0.2,0.7) for j=l 
y(vj) = ; 
(0,0, 1) for otherwise 
(0.6,0.3,0.4) for j=2 
72(vj) = , 
(0,0, 1) for otherwise 
(0.6,0.3,0.4) for j=3 
73(v;) = 
(0,0, 1) for otherwise 
(0.3,0.1,0.6) for j=4 
ya(vj) = 
(0,0, 1) for otherwise 
(0.7,0.4,0.3) for j=5 


vj) = 

(ey) (0,0, 1) for otherwise 

Hence the family T = {71, y2, 73, 74; Ys} assures criteria of SVNRVC of the graph G. Any collec- 
tion with points lesser than below five points will not fulfill our definition. Hence y},(G2) = 5 
3 for 1<R<2 


for 3< R< 4. Hence »%,(G) = 
renee xx(G) . for 3<R<4 


Remark 3.2. For any SVNG G we have x"(G) < xp(G). 


2 for R=1 
Theorem 3.3. Let n > 3, Py be a path graph then x'p(Pn) = 
3 for R=2 
Proof: 
For the path graph P,, 1< R< 2. 
Let T = {71, y2} be collection of fuzzy sets determined on vertices V(Pn) = {u1, u2,--- , Un} 
for R = 1 as follows: 
(tp(ux),tp(ur), fp(ur)) for kis odd 
V1 (uz) = , 
(0, 0, 1) for otherwise 
(tp(ug),ip(ur), fe(ur)) for kis even 
72(uK) = 


(0, 0, 1) for otherwise 
Thus the family T = {71,72} assures the conditions of SVNRVC of P,,. Any families with less 


than two points did not meet our criteria of the definition. 
Thus yj P,) = 2: 
When R = 2, let T = {y1, 72,73} be collection of fuzzy sets determined on vertices V (Pr): 
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(u )= (tp(ux),iP(ux), fp(ux)) for k= 1(mod 3) 
ues (0,0, 1) for otherwise 
aplig) = (tp(uz),ip(ur), fp(ur)) for k = 2(mod 3) 

aid (0, 0, 1) for otherwise 

ce (tp(up),ip(ux), fp(ue)) for k = 0(mod 3) 
aoe (0, 0, 1) for otherwise 


Thus the family T = {71, y2, 73} assures the conditions of SVNRVC of P,. Any families with 

less than three points did not meet our criteria of the definition. 

Thus x3(P,) = 3. 
2 R=1 

Hence x‘2(Pn) = aor 


3 for R=2 


2 for R=1 andk is even 

3 for R=1 and k is odd 
Theorem 3.4. Let k > 3, Cy be a cycle then X'e(Cr) = 5 for R=2 andk=5 

3 for R=2 andk=3m 

4 for R=2 and otherwise 

Proof: 

For a cycle Ch, 1 < R< 2. 
Let T = {71,72} be collection of fuzzy sets determined on vertices V(Cy) = {c1,C2,--- cK} 


for R = 1 and k is even as follows: 
(tp(cj),tp(c;), fp(cj)) for jis odd 


c;) = 
Ae (0,0, 1) for otherwise 


(tp(cj),tp(cj), fp(cj)) for jis even 
(0, 0, 1) for otherwise 
Thus the family [ = {71,72} assures the conditions of SVNRVC of C;. Any families with less 


y2(cj) = 


than two points did not meet our criteria of the definition. 

Thus x}(C,) = 2 when k is even. 

Let T = {%1, ¥2, 73} be collection of fuzzy sets determined on vertices V(C;) for R = 1 and k 
is odd: 


oe (tp(c;),ip(cj), fp(c;)) for gj = 1(mod 2) but j Fk 
ae (0, 0, 1) for otherwise 
_ J (tp(e;),tp(e;), fe(q)) for 7 = O(mod 2) 
2 (cj) = 
(0,0, 1) for otherwise 
sc) = (te(cj), tp(c), fe(ej)) for jak 
— (0,0, 1) for otherwise 


Thus the family T = {71, y2, 73} assures the conditions of SVNRVC of C;,. Any families with 
less than three points did not meet our criteria of the definition. 
Thus x}(Cx) = 3 when k is odd. 
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For R = 2 and n = 5, let T = {11,972,73, 74,95} be a family of fuzzy sets determined on 


vertices V(Cs): 


oe ae ip(cy), fp(c;)) for 
sie cae ip(cj), Fr(c))) : 
mC) -| oles tetea). for 
eye yee ip(cj), fr(ci)) i 
es ee a 


j=l 
otherwise 
j=2 
otherwise 
j=3 
otherwise 
j=A4 
otherwise 
j=5 


otherwise 


Thus the family T = {71, 72, 73, Y4, 5} assures the conditions of SVNRVC of C5. Any families 


with less than five points did not meet our criteria of the definition. 


Thus x3(C5) = 3. 


For R = 2 and k = 3m,m = 1,2,--- let T = {71,792,773} be a family of fuzzy sets determined 


on vertices: 


\ _ J (tpl), te (cj), fe(e;)) for 
ae) (0,0, 1) for 
\ _ ) (te(c;), tp (ej), fe(ej)) for 
Vales) = (0,0, 1) for 
\ _ J (tple;), te (cj), fe(e;)) for 
va(¢3) = (0,0, 1) rea 


j = 1(mod 3) 
otherwise 
j = 2(mod 3) 
otherwise 
j = O(mod 3) 


otherwise 


Thus the family T = {71,72, 73} assures the conditions of SVNRVC of C,,. Any families with 


less than three points did not meet our criteria of the definition. 


Thus x}(Cy) = 3 when k = 3m. 


For R = 2 and otherwise let [ = {71, 72, 73, 74} be a family of fuzzy sets determined on vertices 


as follows: 


When k = 3m+1,m=1,2,---. 


ee he ip(cj), fr(c)) : 
ee hae ip(cj), fe()) : 
“ele fae ip(c;), fe(cs)) ‘ol 
“en ae ip(cj), fe(es)) di 


When k = 38m + 2,m = 1,2,--- 


j = l(mod 3) but j Fk 
otherwise 

j = 2(mod 3) 
otherwise 

j = 0(mod 3) 
otherwise 

j=k 


otherwise 
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(c;) _ (tp(cj), tp(c;), fp(e)) Lr 7 = 1(mod 3) andj =k—2 
ae (0, 0, 1) for otherwise 
_ | (te(c;),tp(ej), fe(cj)) for g = 2(mod 3) and j=k—3 
ya(cj) = 
(0,0, 1) for otherwise 
(e)= (tp(c;),ip(cj), fp(c;)) for gj = O(mod 3) and j =k 
eS (0, 0, 1) for otherwise 
(tp(c),tp(cj), fpley)) for g=k—1,k—-4 


valey) = (0, 0, 1) for otherwise 
Thus the family T = {71, y2,73, ya} assures the conditions of SVNRVC of C,,. Any families 
with less than four points did not meet our criteria of the definition. 
Thus y$(C;) = 4 when otherwise. 
2 for R=1 andkis even 
for R=1 and k is odd 
for R=2 andk=5 
for R=2 andk=3m 


for R=2 and otherwise 


Hence y}(Ck) = 


Ee WwW Oo WwW 


Theorem 3.5. For the CSVNG with n vertices, yp(Kn) =n. 


Proof: 
For the CSVNG M = n-—1 and hence 1 < R<n-—J1. One can notice that all vertices are 
incident to one another. Let T = {y1,72,--:,%n} be a family of fuzzy sets determined on 
vertices such that each set contains exactly one vertex with value tp(w),ip(w), fp(w) > 0 and 
all the other vertices have the value (0,0,1). By this the criteria of SVNRVC will be assured 
and hence (Kn) = n. 


4. Conclusion 


We have the amalgamated the theory of Single Valued Neutrosophic Vertex Coloring and 
r-dynamic coloring to build a new thought Single Valued Neutrosophic R-dynamic Vertex 
Coloring (SVNRVC). We have defined the new coloring and provided examples. Further we 
have looked onto Single Valued Neutrosophic R-dynamic Chromatic Number of certain graphs. 
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Abstract: In this paper is to introduce trapezoidal neutrosophic deal with logarithmic 
demand model with shortage of deteriorating items. Order of enact customers can be 
place by the vendor depending on the stock accessibility. Logarithmic demand is 
related to several products, in this paper developed with the shortage of items at the 
beginning. Finally, valuable example is given to extract the optimum value and obtain 
effective valuable results. 


Keywords: Inventory, Tropezoidal Neutrosophic number, deterioration, shortage, logarithmic 
demand. 


1. INTRODUCTION 


Initial stage of LPG Gas business starts with the Shortage against the booking and offers. 
With the incorporation of dual objects that is logarithmic demand and business starts with 
shortage. Many products of daily used in demand but LPG is the crucial. This will boost up 
retailers order in positive mode. Some products are huge need for people, like Milk, Oil, flour, 
beverages whose scarcity loss the customer’s trust and received design. This scenario stimulates 
retailer to order intemperate quantity of items, despite of deterioration. So any uncertainty 
situation of decaying or due to deterioration is not negligible. The purpose is denied due to 
damage or spoiled items. Deterioration helps in managing several items due to virtue of modern 
advanced storage technics Deterioration factor is incorporated in this proposed model. For on- 
going successful business Inventory model demonstrate the real time problem. 


Chakraborty et al. [3] focus on pentagonal neutrosophic numbers and their distinct 
properties. Smarandache [20] By considering the non-standard analysis, they implemented a 
neutrosophic set and a neutrosophic logic. Also, neutrosophic model of inventory without 
shortages is provides by Mullai et al. [14]. Chakraborty et al. [4] various types of triangular 
neutrosophic numbers, de-neutrosophication models and their applications have been clarified. 
Adaraniwon et al. [2], ignited the concept of An inventory model for delayed degradation of 
power demand goods, taking into account shortages and missed sales. 


Burwell et al unraveled the issue emerging in trade by giving discounts and displayed 
financial qunatity size demonstrates with demand price dependent. Shin et al [18] discussed an 
optimal strategy or salable price and volume under vendor credit. Shula et al developed 
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a three-factor order rate for new released product deteriorate couples of methods supported 
stable required rates and once launching the item in consumer use, it creates stable need. 


Wen et al recommended a energetic estimating arrangement for offering a given 
commodities of indistinguishable biodegradable items over a restricted time skyline on the 
online. The deal closes either once the full stock oversubscribed out, or once released the 
launching date. Target of the vendor is to find a ultimate valuation reach that optimize to 
complete anticipated incomes. 


Lin (2006) [13] the EOQ model designed reflects how the pattern of demand which is value, 
cash discount depends on market demand and product availability. They mention EOQ system 
that takes under consideration selling price relay directly on inflation and continuance. 
Occurrence and singularity of the optimum answer is unsolved during this article. 


Karaaslan [7] formulated and analytically solved in multi-guidelines, Gaussian sole-rate 
neutrosophic numbers and their implementation. Smarandache [20] argued that Neutrosophic, 
probability of neutrosophic number, logic and set, unifying space of logic. Murugappan [15] 
mentioned the inventory model of neutrosophic variable, unit priced neutrosophic. 


2. ASSUMPTIONS AND NOTATION 


Assume that the shortages accumulated till time ti up to level h(t:) and order placed to 
the corporate seller at time fi , therefore uncovered demand consummated and inventory meets 
up to level I2(t1). The inventory level I2(t1) is comfortable to meet the demand until time T. The 
optimal time t, are going to be resolve. l(t) and I2(t1), that optimize the overall inventory 


price. Inventory depletion is shown in Fig 1. 


A 


The following symbols are used throughout this paper: 


D (t) : Demand rate is D(t)=alog(Bt), where a >1and f > 1 are positive real values 
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I,(t) : Stock level at time t, 0 <t <t, 

I,(t) : Stock level at time t, t;<t <T 

Q _ : Total order Quantity per cycle 

® : Rate of deterioration 0< @<1 

C, : Holding cost per unit time 

C, : Deterioration cost 

C, : Shortage cost per unit time 

C, : Holding cost per unit time 

C, : Deterioration cost 

C3: Shortage cost per unit time 

T  : Span time 

t," : Optimal time for accumulating shortage 
TF(t,): Optimal mean inventory price, 
H_ : Total holding price, 


D. : Total deterioration cost. 


S, : Total shortage units in the system, 


3. MATHEMATICAL MODEL 


3.1 Definition: Neutrosophic Set: Smarandache[20] 

A collection of Ns in the universal discourse X, A symbolic notation by x, it is said to be 
neutrosophic set if Ns = {(x;[p ws (x), Ons (x), Tws (x)]):xEX}, where pys (x): X > [0,1] is called 
the real membership function, which addresses the level of confirmtion, og; (x): X — [0,1] is 
called the dubiety membership, which denotes the degree of vagueness, and Ty; (x): X > 
[0,1] is called the falsehood membership, which demonstrates the level of scepticism on the 
decision taken by the decision maker psypry5(X), Osvtrns(X), Tsvtevs(X) The accompanying 
relationship reveals: 0 < Psyprys(*) + Osyrens(X) +1TsyreNs(X) S 3 


3.2 Definition: Single Valued Neutrosophic Set: Chakraborty [3] 
A set of Neutrosphic is Ns in the definition 3.1. is claimed to be a single-Valued 
neutrosophic set (SVTrNs_) if x may be single valued independent variable. SVTrNs = {(x; 


[Psvrrns (X), Osvrrns(%), tsvtrws(x)])? xEX}, where Psyrrvs (X), Osvrrws(*), tsvrrws(X) provided the 
method of accuracy, dubiety and falsehood memberships function respectively. 


Definition 3.2.1: (Neutro-normal.) 


If there exist three variable @9, ¥p& Wo , for which Psyrys (Yo) = L, Psvrmns (Xo) = 1 
&tsypevs (Wo) = 1, then the SVTrNs is called neutro-normal. 
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Definition 3.2.2: (Neutro-convex.) 

SVTYNs is called Neutro-convex, which provides that SVTrNs is a member of a real value by 
satisfying the accompanying conditions: 

Psvtmns(8 Y1 +(1—9)~2)2 min( PsyTrns (Y1), PsvTFNs (P2)) 

il. Osytrns(SP + ( 1-9) 2) S$ max(osytrNns (P1), SsvTFNs (P2)) 


iil. Tsyrevs((SP1 + (1 - S)~2) S$ Max(TsyFeNs( (P1)/TsvTENs( (P2)) 
where @,& ER and 9€ [0, 1] 


i. 


Definition 3.3. (Tropezoidal Single Valued Neutrosophic Number ) 


Neutrosophic number with tropezoidal Single Valued () is defined a Q=< 
(11,12, 13,14: Y), (Uy, Ug, Ug, U4: A), (G1, 42,93,44:7) > , whereu, 9, CE [0,1]. The real membership 
function pg: R — [0, Y], the dubiety membership function og: R — [A, 1] and the 
falsehood membership function tg: : R — [n, 1] are characterized as follows: 


95) (x), nsix<n 
Sold Y, m™ Sx <r 
. 95,-(%), m<x SH 
0, otherwise 
€9) (x), uy Sx <u 
= A, U. Sx <Uz 
Sa = fq,-(X), Ug<x <u 
Or , 3 cet rs 
1, otherwise 
£5 (x), am Sx <q 
Na = n, 42 SX <qy 
a= 
tar (x), G3<* Sq 
1, otherwise 


3.4 De-neutrosophication of Tropezoidal single Valued Neutrosophic number: 


This system, the expulsion region procedure executed to assess the de-neutrosophication 
worth of tropezoidal single esteemed neutrosophic number is 
Q =< (1,2, 13,04: Y), (Uz, Uz, U3, U4! A), (qi, 42,43, 44:7) >, de-neutrosophic form S is provided 


Trt Tot 73 4+144+Uyzt U2+ UZzt+U4t G1+ 2+ q3t 
as TrneuDg = ( 2t rgtl4tuyz — 4t dit q2t 43 “+) 


diy4(t) _ 


a — alog(Bt) O0O<st<st, 0)= (1) 
220 +9 L(t) = — alog(Bt) ee oe (2) 
Boundary values for above two differential equations are 1,(0) = 0,/,(T) =0 
On solving equation (1), we get 

Li) =A- [« log(6t) dt with 1,(0)=0 &) 
0 


1, (t) = at oat log(ft) 
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On solving equation (2), we get 
L(te* =B—f ae” log(Bt) dt with 1,(T) =0 


(4) 
Applying boundary condition 1,(T) =0 ,in the above equation, we get 
OT? T? ~—3t? 
IL(t)=a (r + ) log(BT) — a@Ttlog(BT) — atlog(Pt) — a(T —t) + a@(Tt — er ae (5) 
Ordering cost 0,= A 
Deteriorated cost ( Dc ) in time [f1,T ] is 
D, = C, {I aa d 
2 = {h() — ff, @log(se) de } 
2 2 2 
=; {a (7 + a) log(BT) — a@T t ,log(BT) — aT log(BT) + a@ (r t,— — ae = )} (6) 
Holding cost Hc, over time [t, ,T] 
He =Cy fi, Ia(t) dt 
H.=C{(T — t) ( a (r + ia log(BT) — aT) — a@ (Pot HD og (BT) -—a “ jog(BT) + 
ats" jog(B t,) +22 (7? — 0,2) +22 (49 + tT? - 27 t,2) (7) 
Shortage cost S, over [0, t,] will be 
SCJ. Tide 
3a ty? at,? 
So = C3{ Rag a log(Z t,)} (8) 
Quantity remembering deficiency in trading will be Q 
Q= 1 (1) + 12 (t1) 
or? Te. i3t44 
=2ati+a ts + “) log(6T) — a@Tt1 log(BT) — 2aty log(St, ) — aT + a@(Tt1 - oo ee. 
(9) 
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Total average inventory cost will be 


TF(ty) =| 


os 
ji 


TR(t,) = 7 {A+ {a (T+) logBr) — aOT ¢ jlog(BT) — aT log(BT) + a0 (Te, ->-*)} + 


4 


at 
2 


cfr ty) (a(7 +) og(s7) — ar) — ad hog (pry — a log(T) + “2 log(B t,) + *£ (7? - 


3at,? 


7) +22 (0,9 + 47? -27 4,2) }+e{ 


— £1 jog(6 t,)} } (10) 


4. NUMERICAL EXAMPLE 


To encapsulate this system, consider that various parameters are a =20 units, B = 
0.2, c1= 1.4 per unit, co = 2 per unit, C3 = 2 per unit,@= 0.01 and T = 14 days. we 
get output parameters: ti = 4.675 days, optimal quantity Q = 183units, total inventory cost 
TF(t,) = 282 


5. Effect of Parameter Neutrosophication in the proposed inventory model 


TFS t:) =+ {a+ & {a(T +) log(6r) — aT t ylog(BT) — aT log(BT) + a0 (Tt, + -*)} 4 
C, {(r — t,) ( a (a + ia log(BT) — aT) - apt 1) og (pr) - a™ log(6T) +< ae log(B t,) + 
S72 — 4,2) + 92 (43 + 7? — 27 2} + GA -** log(e t,)} } (11) 


Here, holding cost €;, deteriotion cost @;and shortage cost @; have been considered as tropezoidal 
neutrosophic fuzzy set. Thus, the parameters of neutrosophic numbers are: 


Then, @; = =< (1.5,2,2.5,3,3.5), (1,1.5,2,2.5,3), (2,2.5,3,3.5,4), 0.8,0.5,0.5 >, 


C =< (0.5,1.5,2.5,3.5), ( 0.3,1.3,2.2,3.2), ( 0.7,1.7,2.2,3.8)|0.8; 0.5; 0.5) >,and 
@; =< (0.4,1.3,2.8,3.8), ( 0.6,1.5,2.5,3.5), ( 0.8,1.7,2.7,3.7)|0.8; 0.5; 0.5) > 


TC 


Figure 2 
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6. SENSITIVE ANALYSIS 
In this segment, investigate however the enter parameters change significantly the resultant parameters. 
The amendment in one parameter and maintain different parameters invariant. The bottom information area 


unit got consequently to the computative example. 


Table 1. Analysis of different parameter resulted. 


Changes of 


Parameter | p 4 on G| G 0 T £4 T FNS QO 


0.2 | 20] 3.125 | 1.95} 2.1} 0.01 10 | 5.016 | 167.56 101 
0.2) 20) 3.125 | 1.95} 2.1] 0.01 11 | 4.875 | 166.11 110 
0.2 | 20) 3.125 | 1.95} 2.1} 0.01 12 | 4.463 | 174.47 128 
0.2 | 20 3.125 | 1.95} 2.1] 0.01 13 | 3.858 195.58 143 
7 0.2 | 20 3,125) 1.95). 2.1.) 0.01 14 | 2.984 | 228.43 149 


0.2 | 2° | 3.125] 1.95) 2.1} 0.01 | 14 | 335 | 32699 | 152 
0.2) 29 |) 3.125] 1.95} 2.1] 0.0125] 14 | 4.591 | 339.96 | 163 
) 0.2 | 20 3.125 | 1.95} 2.1] 0.015 14 | 4576 350.26 163 
0.2} 29 | 3.425] 1.95] 2.1) 0.0175 | 14 | 4562 | 354.55 | 163 
0.2) 29) 3125] 1.95] 21} 0.02 | 14 | 4548 | 367.85 | 163 


alias 3.125 | 1.95) 2.1) 0.01 14 | 4.423 | 260.32 137 
0.2 | 20 3.125 | 1.95) 2.3] 0.01 14] 4.955 | 383.29 154 
Ci 0.2 | 20 3.125 | 1.95} 2.5) 0.01 14 | 4934 | 393.59 157 
0.2] 29 | 3125] 1.95) 2.7] 0.01 | 14 | 5157 | 438.88 | 159 
0.2] 29 | 3125} 1.95) 2.9] 0.01 | 14 | 5.248 | 454.18 | 162 


0.2) 20 | 3405} 3] 211 0.01 | 14 | 3.215 | 277.68 | 152 
2.1) 0.01 14 | 4.111 296.61 161 
2.1} 0.01 14 4.309 308.94 162 


2.1} 0.01 14 4.445 322.02 163 


0.01 14 3.49 206.58 155 


2 

2 0.01 14 3.246 217.26 152 
2 0.01 14 2.998 252.45 139 
2 

2 


5 
6 
7 
0.2) 29) 3125] 9 | 21} 0.01 | 14 | 462 | 349.36 | 163 
2 
2 
2 
2 


0.01 14 3.457 278.96 125 
0.01 14 3.02 293.58 113 


0.2 | 25 3.125 | 1.95) 2.1] 0.01 14 |) 3.457 306.82 163 
0.2 | 30) 3.125 | 1.95} 2.1) 0.01 14 ) 3.455 334.69 201 
0.2} 35) 3.125 | 1.95} 2.1) 0.01 14 | 3.454 362.56 239 
0.2 | 40} 3.125 | 1.95} 2.1) 0.01 14 |) 3.453 390.43 278 
0.2 | 45 |) 3.125 | 1.95} 2.1) 0.01 14 | 3.450 398.24 283 
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7. OBSERVATIONS 

1) Table 1 provides the behavior of total price with the variation in cycle time ( T). From this 
table it is ascertained that because the worth of cycle time T increases, the total price of this 
model will increase. 

2) Table 1 provides the variation in demand parameter (a ),it’s ascertained that increment in 
demand rate (a), total price of this model will increase. 

3) Observe the behavior of total cost with the variation in deterioration rate (@), and it’s 
ascertained that with the increment in decay rate (@), the total price of the supply chain will 
upwards. 

4) The variation in parameter (C,) and it is ascertained that an increment in (€;) results an 
increment in total cost. 

5) The variation in holding price (C2) is ascertained that the increment in(€2), increase the total 
price of the logistics network. 

6) The variation in shortage cost (C3) is ascertained that the increment in(C;), increase the total 


price of the logistics network. 
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8. CONCLUSION 

In this paper developed EOQ and total annual inventory cost in the crisp sense as well as 
neutrosophic sense. Shortage cost, holding cost, deterioration price are taken as trapezoidal 
neutrosophic set. This model discussed results and minimizing the entire inventory price. The 
expense for the demand is considered for progress of this model. Therefore this model is very 
successful in all situations. This model and demand pattern is applicable for patterned products, 
cosmetic products and backed items. The numerical example and sensitivity analysis is bestowed 
let’s say this model and its important options. This model contains a more scope of extension with 


fractal method. 
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Abstract: In this paper, we define the notion of Q-neutrosophic normal soft groups and discuss several related struc- 
tural characteristics and properties. Additionally, we discuss the relation between Q-neutrosophic normal soft groups 
and normal soft groups. Furthermore, we define the concept of Q-neutrosophic soft cosets and discuss several relevant 
attributes. 


Keywords: Neutrosophic soft group, Neutrosophic soft set, Q-neutrosophic soft group, Q-neutrosophic soft set. 


1 Introduction 


Fuzzy sets were established by Zadeh [1] as a tool to deal with uncertain data. The idea of neutrosophic 
fuzzy sets, an extension of fuzzy sets, was introduced by Smarandache [2, 3] to handle indeterminate and 
uncertain situations. As another way to deal with uncertain information, Molodtsov [4] introduced the concept 
of soft sets. Various researchers around the world have extended fuzzy sets and soft sets in different directions 
in order to make them more appropriate to handle different types of information. However, in some cases 
the description of objects by fuzzy soft sets in terms of one dimensional membership function only is not 
adequate. This motivates Adam and Hassan [5—8] to define the Q-fuzzy soft sets and matrix as a way to deal 
with situations with a set of parameters and two-dimensional data. Q-neutrosophic soft sets (Q-NSSs) [9] 
were introduced as a new model that deals with two-dimensional uncertain data. It is a model that generalizes 
neutrosophic and Q-fuzzy sets simultaneously. Q-NSSs were further investigated and their basic operations 
and relations were discussed in [9, 10]. 

Different hybrid models of fuzzy sets and soft sets were utilized in different branches of mathematics, 
including algebra [| |—13]. Bera and Mahapatra [14, 15] introduced neutrosophic soft groups and neutrosophic 
normal soft groups. This motivates Solairaju and Nagarajan [16] to introduce the new structure of Q-fuzzy 
groups which combine the concepts of Q-fuzzy sets and groups. Recently, Q-fuzzy sets were utilized to 
different algebraic structures, for example, Q-fuzzy normal subgroups [17], anti-Q-fuzzy normal subgroups 
[18]. Furthermore, Sarala and Suganya [19] utilized Q-fuzzy soft sets to establish Q-fuzzy soft rings. 

In a particular view on the utilization of Q-NSSs to algebraic structures, Abu Qamar and Hassan [20] 
applied Q-NSS to group theory by introducing Q-neutrosophic soft groups, they examined numerous properties 
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and basic attributes. Additionally, they characterized the thought of Q-level soft sets of a Q-neutrosophic soft 
set, which is a bridge between Q-neutrosophic soft groups and soft groups. Furthermore, rings and fields were 
studied under Q-neutrosophic soft settings in [21,22]. 

In this paper, we provide a wider discussion on Q-NSGs, by defining the notions of Q-neutrosophic normal 
soft groups (Q-NNSGs) and Q-neutrosophic soft cosets. Also, we discuss the relation between Q-neutrosophic 
normal soft groups and normal soft groups. Further, we discuss several related structural characteristics and 
properties. 


2 Preliminaries 
In this section, we recall some basic definitions related to the work in this study. 


Definition 2.1 ( [9]). Let X be a universal set, Q be a nonempty set and A C E be a set of parameters. Let 
L’'QNS(X) be the set of all multi Q-NSs on X with dimension / = 1. A pair (Cg, A) is called a Q-NSS over 
X,where Tg : A > p'QNS(X) is a mapping, such that '9(e) = dife ¢ A. 


Definition 2.2 ( [10]). The union of two Q-neutrosophic soft sets (ig, A) and (Wg, B) is the Q-neutrosophic 
soft set (Ag, C) written as (Cg, A) U(Va, B) = (Ag, C), where C = AUB and forall c € C,(x,¢q) € X xQ, 
the truth-membership, indeterminacy-membership and falsity-membership of (Ag, C) are as follows: 


Troe (2, q) ifce A-B, 
Tro(o) (2,9) = 4 Twa(e)(2, 9) ifce B—A, 
max{T9(c)(2,q), Two (t,9)} ifee ANB, 


Ipg(c)(2, 9) ifcEe A-B, 
Ing (@Q) = § Iwg(e(2, 4) ifce B-A, 
min{lrg(¢ (2, 9g), Iwan (a, q)} ife e ANB, 


Frae(2,9) ifcEe A-B, 
Pro(o)(2,9) = § Fug()(2, 4) ifce B-A, 
min{ Fro(c)(2,q), Fug (z,q)} ifee ANB. 


Definition 2.3 ([10]). The intersection of two Q-neutrosophic soft sets (Cg, A) and (Wg, B) is the Q-neutrosophic 
soft set (Ag,C) written as ([g, A) NM (Vg, B) = (Ag,C), where C = AN B and for all c € C and 
(x,q) € X x Q the truth-membership, indeterminacy-membership and falsity-membership of (Ag, C) are 
as follows: 


Trg (c) (a; q) = min{Tr9(c) (x, q), Tyo (c) (x, Oe 
INA) (a q) = max{Ipo(c) (q, q); T¥g(c) (a; qh, 
Froo (2, q) = max{Fro(c) (2, q); Fyg(o)(2, q)}. 
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Definition 2.4. [22] Let G be a group and (Ig, A) be a Q-NSS over a group G. Then (Ig, A) is called a 
Q-neutrosophic soft group over G if for all x, y € G ande € A it satisfies: 


1. Troe (ty,9) > min {Troe)(2, 9), Troe (ys 9}, Troe (ey,g) < max {Irgce)(2, 9), Irgce(y, q) } and 
Fro(e)(y,q) < max { Fro(e)(, 9), Fro (y, a) }- 


2 reele q) 2 Trai @ q), rete’, q) = Tro (e) (2; q) and Fnetee 5 q) a Free’, q): 


3. Q-Neutrosophic Normal Soft Groups 
In this section, we introduce the Q-NNSG and discuss several relevant structural properties. 


Definition 3.1. A Q-NSG (Ig, A) over the group G is called a Q-NNSG over G if 'g(e) is a Q-neutrosophic 
normal subgroup of G for eache € Ai.e., forx € Vg(e),yEG,qeEQ 


Troey(yty*, 9) = Troe(#, 9); 
Troe (yxy, q) = Ip, q), 
Fro (yty',@) < Frove)(2, 9): 


Definition 3.2. A Q-NSG (Ig, A) over the group G is called abelian Q-NSG if Vz, y € G,q € Q,e € A the 
following hold 


Tr 9(e) (oy, q) = Trg (e) (ue, @), 
Freie) (xy, q) = Irg¢e) (yx, q), 
Froce)(2y, 9) = Fro(e) (yz, 9). 


Example 3.3. Let G = (Z, +) be a group and A=N be the parametric set. Define a Q-NSG (Tg, A) as follows: 
ForgE€Q,x €Z,meEN 


0 if xis odd 
Trg(m)(2; 9) = ‘ fx i 

5 if x is even, 

1 if x is odd 
Trg(m)(z,q) = 4" 
Te( )( q) ‘3 if x is even, 

1-2  ifxisodd 
Fro(m(2,q) = : 
ine y( q) . if x is even. 


It is clear that (ig, N) is a Q-NNSG over G. 
Proposition 3.4. Let (Ug, A) be a Q-NNSG over a group G. Then, Vx,y € G,q € Qande € A, 
1. Troe (yry~*, 4) = Troe) (2, 9), Irotey (vty, 4) = Irge)(2, 9); Fro (yey, @) = Froe)(2, 9). 


2. ([Q@, A) is an abelian Q-NSG over G. 
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Proof. 1. 


Now, from Definition 3.1 Tp, )(yry~",¢) = Trg(e) (2, 9). 
In a similar manner we can show that Ipo(e)(yry”', q) = Irg(e)(#, g) and Fre) (yry~*,¢) = Froce)(#, 4): 


2. Tro(e)(#, 9) = Tro(ey(yxy*, @), this implies Trg(e)(ry, 9) = Tro(ey(yxyy*,@) = Tro(e)(yx, q). Simi- 
larly, we can show that Ipo(e)(ry, 7) = Iro(e) (yz, q) and Fro(e) (ry, 9) = Frote) (yt, q). Hence, (Ig, A) is an 
abelian Q-NSG over G. 


Theorem 3.5. Let (Ig, A) and (Wg, B) be two Q-NNSG over a group G. Then, (Vg, A) N (Wa, B) is also a 
QO-NNSG over G. 


Proof. Let (Ag, C) = (Tg, A) NM (Wa, B). Then, forz,y € G,qeQ,eEC 


Trag(e(yxy*,q) = min {Trove (yty~*,@), Teg (yty, a} 
> min {Tro (x, q), Two(e) (x, a} 


= Tage)(2, @), 


Iag(ey(yty”*, q) = max {Irow (yty~*,@), Ivg(e (yy; a} 


Fro (@, q), TAO) (x, a} 
= Ino (e) (2; 9)- 


Similarly, we can show that Fy,(¢)(yxy~*,q) < Fro(e)(x, q). This completes the proof. 
Remark 3.6. The union of two Q-NNSGs is not a Q-NNSG since the union is not a Q-NSG. 
The next example illustrates the above remark. 


Example 3.7. let G = (Z,+) and E = 2Z. Define the two Q-neutrosophic soft groups (Cg, £) and (Vg, E) 
over G as the following: 
Forz,mé€Z,qEeQ 
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Tr 0.50 if x = 4tm,it € Z, 
m (a; : 
neers ) 0 otherwise, 


I 0 if x = 4tm, St € Z, 
m (z; : 
rake) 9) 0.25 otherwise, 


, at € Z, 


E 0 if x = 4tm,J 
m (3; : 
For) 9) 0.10 otherwise, 


and 
r 0.67 if x = 6tm, at € Z, 
m) (a; S ; 
roe 9) 0 otherwise, 
I 0 if x = 6tm, at € Z, 
m) (x, = 
me 9) 0.20 otherwise, 
F 0 if x = 6tm, St € Z, 
m) (zs = * 
tet 9) 0.17 otherwise. 
Let (ig, A) U (Va, B) = (Ag, E). For m = 3, x = 12, y = 18 we have 
Trg(6) (12.18, q= Tro) (—-6, q) = max { Trore(—6, qd); Two(6)(—6, a} = max{0,0} = 0 
and 


min {Tho(6)(12,4); Troi (18, 4) } 
= min { max {Tro (6)(12, 9), Tvg(6)( (12, q) ae max {Trove (18, ¢), Tug6 \(18, @)}} 
= min { max {0.50, Oo}, max {0, 0.67} } 


— min {0.50, 0.67} 050: 


Hence, Th(6)(12.18-1,q) = 0 < min { Tro(6)(12, 4), Traie (18, 4) } +0505 ten (pt b= TAU 
(Wg, B) is not a Q-neutrosophic soft group. 


Theorem 3.8. Let (Cg, A) be a Q-NSS over G. Then, (Ug, A) is a Q-NNSG over G if and only if for all 
a, B,y € [0,1], the Q-level soft set (Ug, A)(a,s,y) # ¢ is anormal soft group over G. 


Proof. We only need to prove the normality. For « € (Ig, A)(a,8,7),y € G and g € Q, we have 
Troe) (yy *, 4) = Troe) (yy *2, 4) = Troce)(#,9) > a 


( 
Trg (yzy'. 9) = Inge (yy 2, 9 = Ingo (2,9) < 8, 
Froe(yty”',@) = Fro (yy, 9) = Fro (#,9) <7. 
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It follows that yxy! € (Tg, A)(a,g,9). te. (TQ, A)(a,8,7) is a Q-NNSG of G. 
Conversely, assume that (Ig, A) is not a Q-NNSG over G. Then, there exists e € A such that P'g(e) is not 
a Q-NN subgroup of G. Then, there exists 71, y; € G and gq € Q such that 


Tro(e) (2191; q)< Trg(e)(yi21, q) or Tro(e(@141; q) > Tro(e)(yi21, q) or 
Ipg(e)(41915 9) < Irg(e)(¥141, 9) OF Irg(e) (191, 9) > Ire) (Yi21, g) OF 
Fro) (21915 9) < Free) (¥1¥1,@) OF Proce) (7191, 9) > Proce) (W141, 9). 


In case Tro (e)(1191; 9) < Tro(e)(yi1, 9), there exists a € [0, 1] such that Tr, (e)(%1y1, q) < & < Troe) (M141, 9). 
It follows that ry, ¢ DP Q(6)(a,8,9)" but for Ipg(e)(w191, 7) < Band Fro(e)(T191, 9) < 7, 01M E PQ) (a,6,7) this 
contradicts with the fact that (Ig, A)(a,s,7) is a normal soft group over G. In the other cases the proof can be 
obtained in a similar way. 


Theorem 3.9. Let (ig, A) be a Q-NNSG over G. Let 


(Te, A)le = {e EG: Trge(2, 9) = Troe) (é, 9) Aro(e)(4,9) = Inge (é, 9), 


rere q) = Freee, q); e€ A}, 
where € is the unit element of G. Then, (Ug, A) |e is anormal soft group over G. 


Proof. For eache € A and x,y € (Tg, A)le,¢ € Q, we have 


Troe (zy, q) > min {Trove (x, 9), Tree (y, a} 


= min {Tro (é, q); Trg (e) (é, a} 


= Tr 9(e) (é, a); 


Ipg(e (ty *, g) < max {Fraw (2,9), Irge(y, a} 


= max {Trav lé Q)s Irae (é, a} 

= Ipgce)(é, @). 
Similarly, we can show Fr()(ty~', q) < Fj rae q). Always, Trge)(é,9) = Troe) (ty7"s 2); Irae (6,9) < 
Inge (vy, g) and Fro(e)(é9) S Frove)(@y 9): Phere10te; [vale (29) = Treo (6.9).Ire@ (ty 9) = 


Tree (6, 9), Free ty" 9) = Free (é,@) and ry~" € (TQ, A)e- 
Next, let x € (['g, A)|e and y € G. Then, 


Troe (yty*, 9) = Troe(2, 9) = Troe (6,9); 
Troe (yxy, 2) = Inge (2,9) = Iro (6,9), 
Fro (yzy*, Q) = Frove)(#, 9) = Fro (6,9): 


Therefore, yry~! € (Tg, A) |e. Hence, (Tg, A)|¢ is a normal soft group over G. 
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4 Q-Neutrosophic Soft Cosets 


In this section, we present the Q-neutrosophic soft cosets with some related properties. 


Definition 4.1. Let (ag, A) be a Q-NSG over G and g € G be a fixed element. Then, the set g([g, A) = 
{ gVg(e) :e € A} is called a left Q-neutrosophic soft coset of ((g, A), where 


gVa(e) = {((e, q), orate) (2, 9), Iorg(e) (2 1), Porg(e (2; )) (eG oe Qh 


= {((e, Q)s Troe (97 '2,9), Inge (97'2,.9) Fro (97, )) Re Gg e Qh. 


The right Q-neutrosophic soft coset of (Cg, A) in Gis (Tg, A)g = {Tales :e€€ A}, where 


Te(e)g = {((e, 0d), Trap #971, 4), Irae (297*, 4); Froo(x9-,4)) PGE Gi Ge Qh. 


Example 4.2. Let G be a classical group. Then, (Ig, A) = {Tale) :e€ A}, where 


Tele) = {((2, 4); Trace (e, 0), Ireie)(#s 4); Frove (#9) ) :LE G,q = Q} 


with Tro(e)(2,9) = Troe (6,9), Fro (@.@) = Iroe(é, 9) and Frove)(z,¢) = Froe(é,@); (é being the 
identity element in G' ) is a Q-NNSG of G. In that case, we can get a neutrosophic soft coset. 


Proposition 4.3. (Ig, A) is called a Q-NNSG over G if and only if the left and right Q-neutrosophic soft cosets 
are equal. 


Proof. Suppose that (Ig, A) is a Q-NNSG over G. Then, 


gV gle) = “\ vq); Torote ate eee ater ) :LE Guq © Q} 


( 
( 
(x, 9), Tro(e) (29 eid xg”,q)) :2eEG,qeQ 
( 
( 


Thus, g(f'g, A) = {glg(e) : e € A} = {Tele)g: e € A} = (LQ, A)g. 
Next, suppose that g(['.g, A) = (Tg, A)g. 
Then, 


Torg(e (2, q) — Tro(eg(®, 9), Toro (2, q) — Irg(ea(2, q) and Forg(e(2, q) > Froceg(2, 9): 


This implies, 


Troe(9- 2, 9) = Troe (x97, 4), Irgie (972, 4) = Irgce)(z97*, g) and Frg(e)(97 "2, 4) = Frove)(z97", @)- 
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Thus, 


Tr ieleg: 4 q) — Tren oe q); Ir g(e) (co) q) =< Ieelg> q) and Fro(ey(zg', q) = Freig(g- q); 


which implies 


Troe (929°. 9) = Troe)(2, 9), Fro (9297 *, 9) = Troe (2,9); Fro (9297's 9) = Froe)(2, 9): 


Thus, (Ig, A) isa Q-NNSG over G. 
Therefore, if (I'g, A) is a Q-NNSG over G then the left and right Q-neutrosophic soft cosets coincide. In this 
case, we call it Q-neutrosophic soft cosets instead of left or right Q-neutrosophic soft cosets separately. 


Theorem 4.4. Let (Cg, A) be a Q-NNSG over the group G and the set ¢ be the collection of all distinct 
Q-neutrosophic soft cosets of (Ug, A) in G. Then, ¢ is a group in classical sense under the operation of 
composition: gi(Vg, A)y(Va, A) = (gy) (La, A), Vo; g2 € G. 


Proof. First we show that the operation is well defined in the sense that if gi)([g,A) = (Ug, A) and 
g2(Vq, A) = g2(F'Q, A), then 91 (TQ, A) 92(V'q, A) = (f192)(P'Q, A) for 1, 92, G1, 2 € G. 

Now, gi(I'g, A) = gi(VQ, A) implies gp 1g; = Pe(e1), e: € A and go(Tg, A) = go(T'g, A) implies gy go = 
Te(e2), eo € A. 

We show, (9192)(I'q, A) = (91.92) (Pq, A) i-e., (9192) (Giga) € G. Now, 


(9192) “(fiG2) = 92' I GiGe 
= 92 Taler) 2 
= gz '920 Q(e1) 
= Te(e2)Pa(e1) 
=Tg(es) € (Tg, A), e3 € A. 


Hence, the operation is well defined. Now, 

1. the closure axiom is clearly satisfied. 

2. (To, A)lgo(Vo, A)ga(PQ, A)] = g1(P9, A)(g29s) PQ, A) = 91(9298)(P'Q, A) and 
[i (Cg, A)92(Vq, A)]gs(Ve@, A) = (9192)93(P@, A) = (9192)93(V'q, A) for 91, 92,93 € G. Now, 91(9293) = 
(9192) 93, since G is a group. 

3. E(Tg, A)gi (Va, A) = (€m)(Vq, A) = 9 (FQ, A) and 91 (TQ, A)é(V'g, A) = (91€) (Tq, A) = 91 (VQ, A) for 
é€ being the unity in G. 

4. 9°'(Lo.A) gil, A) = (g5'g1)(9, A) = é(P9, A) = (Ta, A) and 

g(a, A)gr (Ig, A) = (919, )(TQ, A) _ é(P'g, A) = (I'g, A). 

Thus, ¢ is a group. This group is a called the quotient group of G by (Ig, A) and is denoted by G'/(Tg, A). 


Theorem 4.5. Let (Cg, A) be a Q-NNSG over G. Then, there exists a natural homomorphism y : G > 
G'/(T@, A) defined by p(g) = g(Va, A), Vg € G in the classical sense. 


Proof. Let py: G + G/(TQ, A) be given by y(g) = gl'g(e), Ve € A. We show that y is a homomorphism i.e. 
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(9192) = (91) ¥ (92), VM, 92 € G, Le. (9192) Pele) = mT e(e)g2l ale). Now, fora € G,q EQ 


(mV e(e)) (2, q= (Tarot (et; q); Iure(e)(2; q), Forole) (x, )) 

= (Trav (97 '2,9), Ire (91' 2, 9), Frate (91 a); 
(92 Q(€))(@, 4) = (Torr ate)(® 9), Loara(e) (2, 4)» Foara(ey(t@)) 

= (Tra (92'2, 9), Irg(e(92'2, 9), Frote)(92 »)); 


(1.92 ele) (2, q) — (That ((gig2) "x, q), Troe) ((g1g2) ‘2, q); Frove)((g1g2) “2, )). 


Then, 
(al ale))(gF Ql€))I(@, a) = (min {Tyra (#, 9), Tore (® 4}; 
max {I tile (P.O) ol arata ea); 
max { Fyro(e (04); Fysrove (+ 4)}) 
= ( min {Trg( e((gr 2,9), Troe ((92 2,9) }; 
max {Ipg(e)((97 2; 9), Ira ((g2 2,9) } 
max { Fre(e)((97'#, 9), Froe)((92 'x,q)}) 
Further, 


Troe) ((9192) 2,9) = Tree (92°91 2,9) 
= Troe) (92 91 292 92,9) 
= Trote \(gy" r92,q) 


> min {Trove (12, 0); Tre (e) (92%; a}. 
Hence, Tro(e)((gig2)'#,q) = min {Tro(e)((91'2, 9), Trove ((g2'@,q)}, similarly, Trae ((n go) *2,q) = 
(©) 


max {Irg(e)((gr #, 9); Troe) ((g2 @, 9g) } and Fro(e)((g1g2) x, q) = max { Fro(e) (91, @), Fray 
This shows that, [(gi10'9(e))(g2l'a(e))] (x, g) = [(g192)Fe(e)] (x, g) which implies, Btn) = y( 


5 Conclusion 


We have introduced the notions of Q-neutrosophic normal soft groups and Q-neutrosophic soft cosets. We 
have discussed several related structural characteristics and properties. For future research, we can extend 
these topics to hyperalgebra. Also, these topics may be discussed using t-norm and s-norm. We intend to fur- 
ther explore the applications of the algebraic structure to different extensions of fuzzy sets in order to provide 
a significant addition to existing theories for handling uncertainties, especially in the area of soft sets [23-25]. 


Majdoleen Abugamar, Abd Ghafur Ahmad and Nasruddin Hassan, The Algebraic Structure of Normal 
Groups Associated with Q-Neutrosophic Soft Sets. 


Neutrosophic Sets and Systems, Vol. 48, 2022 337 


Funding: This research received no external funding. 
Conflicts of Interest: The authors declare no conflict of interest. 


References 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


. Zadeh, L.A. Fuzzy sets. Information and Control 1965, 8, 338-353. 
. Smarandache, F. Neutrosophy: Neutrosophic probability, set and logic; American Research Press: Rehoboth, IL, USA, 1998. 


. Smarandache, F. Neutrosophic set, a generalisation of the intuitionistic fuzzy sets. International Journal of Pure and Applied 


Mathematics 2005, 24, 287-297. 


. Molodtsov, D. Soft set theory-first results. Computers & Mathematics with Applications 1999, 37, 19-31. 

. Adam, F.; Hassan, N. Operations on Q-fuzzy soft set. Applied Mathematical Sciences 2014, 8, 8697-8701. 

. Adam, F.; Hassan, N. Q-fuzzy soft set. Applied Mathematical Sciences 2014, 8, 8689-8695. 

. Adam, F.; Hassan, N. Properties on the multi Q-fuzzy soft matrix. AIP Conference Proceedings 2014, 1614, 834-839. 
. Adam, F.; Hassan, N. Q-fuzzy soft matrix and its application. AIP Conference Proceedings 2014, 1602,772-778. 


. Abu Qamar, M.; Hassan, N. Q-neutrosophic soft relation and its application in decision making. Entropy 2018, 20(3), 172. 


Abu Qamar, M.; Hassan, N. An approach toward a Q-neutrosophic soft set and its application in decision making. Symmetry 
2019, 11(2), 139. 


Yaqoob, N.; Akram, M.; Aslam, M. Intuitionistic fuzzy soft groups induced by (t, s) norm. Indian Journal of Science and 
Technology 2013, 6, 4282-4289. 


Al-Masarwah, A.; Ahmad, A.G. m-polar fuzzy ideals of BCK/BCI-algebras. Journal of King Saud University-Science 2019, 
31 (4), 1220-1226. 


Al-Masarwah, A.; Ahmad, A.G. On some properties of doubt bipolar fuzzy H-ideals in BCK/BCI-algebras. European Journal 
of Pure and Applied Mathematics 2018, 11, 652-670. 


Bera, T.; Mahapatra, N. K. Introduction to neutrosophic soft groups. Neutrosophic Sets and Systems, 2016, 13, 118-127. 


Bera, T.; Mahapatra, N.K. On Neutrosophic normal soft groups. International Journal of Applied and Computational Mathe- 
matics 2017, 3, 3047-3066. 


Solairaju, A.; Nagarajan, R. A new structure and construction of Q-fuzzy groups. Advances in Fuzzy Mathematics 2009, 4, 
23-29. 


Priya, T.; Ramachandran, T.; Nagalakshmi, K.T. On Q-fuzzy normal subgroups. International Journal of Computer and Orga- 
nization Trends 2013, 3, 574-578. 


Sithar, S.P.; Priya, T.; Nagalakshmi, K.; Ramachandran, T. On some properties of anti-Q-fuzzy normal subgroups. General 
Mathematics Notes 2014, 22, 1-10. 


Sarala, N.; Suganya, B. Q- fuzzy soft ring. International Journal of Engineering Research & Technology 2015, 4, 879-882. 


Abu Qamar, M.; Hassan, N. Characterizations of group theory under Q-neutrosophic soft environment. Neutrosophic Sets and 
Systems, 2019, 27, 114-130. 


Majdoleen Abugqamar, Abd Ghafur Ahmad and Nasruddin Hassan, The Algebraic Structure of Normal 
Groups Associated with Q-Neutrosophic Soft Sets. 


Neutrosophic Sets and Systems, Vol. 48, 2022 338 


21. Abu Qamar, M.; Ahmad, A.G.; Hassan, N. An Approach to Q-Neutrosophic Soft Rings. AIMS Mathematics, 2019, 4(4), 
1291-1306 


22. Abu Qamar, M.; Ahmad, A.G.; Hassan, N. On Q-neutrosophic soft fields. Neutrosophic Sets and Systems, 2020, 32, 80-93. 


23. Alhazaymeh, K.; Halim, S.A.; Salleh, A.R.; Hassan, N. Soft intuitionistic fuzzy sets. Applied Mathematical Sciences 2012, 6 
(54), 2669-2680. 


24. Salleh, A.R.; Alkhazaleh, S.; Hassan, N.; Ahmad, A.G. Multiparameterized soft set. Journal of Mathematics and Statistics 
2012, 8(1), 92-97. 


25. Adam, F.; Hassan, N. Multi Q-fuzzy soft set and its application, Far East Journal of Mathematical Sciences 2015, 97 (7), 
871-881. 


Received: Nov 30, 2021. Accepted: Feb 2, 2022 


Majdoleen Abugamar, Abd Ghafur Ahmad and Nasruddin Hassan, The Algebraic Structure of Normal 
Groups Associated with Q-Neutrosophic Soft Sets. 


aT 4 
E@NSS Neutrosophic Sets and Systems, Vol. 48, 2022 


nM University of New Mexico 


Generalized Open Sets in Neutrosophic Soft Bitopological 


Spaces 


Sibel Demiralp!’*, Hasan Dadas? 
‘Department of Mathematics, University of Kastamonu,Turkey; sdemiralp@kastamonu.edu.tr 
2Department of Mathematics, University of Kastamonu,Turkey; hsn.dad@gmail.com 


*Correspondence: sdemiralp@kastamonu.edu.tr 


Abstract. In this study, some generalized neutrosophic soft open sets are defined in neutrosophic soft bitopo- 
logical spaces. Also, some theorems related to the subject have been given with their proofs and supported 


with examples for a better understanding of the subject. 
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1. Introduction 


Neutrosophy was defined by Smarandache in 2013 for the first time (15). After that, this 
topic became very popular in the scientific world, and many studies have been done in this 
area to date. Salama and Alblowi developed topological structure on neutrosophic sets in 
2012 |14]. The concept of neutrosophic bitopological space was defined in 2019 by Ozturk 
and Alkan (13}. Then in 2020, neutrosophic interior, closure and boundary were defined in 
neutrosophic bitopological spaces by Mwchahary and Bhimraj [12]. Some generalized open 
sets were defined in neutrosophic bitopological spaces (5}(6}. In 2013, neutrosophic soft set was 
defined by Maji [10]. The concept of neutrosophic soft topological space was defined in 2017 
by Bera and Nirmal [2]. Neutrosophic soft bitopological space was defined in (4). 


In this study some generalized open sets are defined in neutrosophic soft bitopological spaces. 


2. Preliminiaries 


Let X be a space of points. A neutrosophic set (NS) A in X is characterized by a falsity- 


membership function F’, a indeterminacy-membership function J and a truth-membership 
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function T where F,I,T : X — [0,1],0< T(#)+J1(x)+ F(x) <3. The set of all neutrosophic 
set in X is denoted by N*. 


Definition 2.1. Let B,D € N*. Then 
(1) Subset: D C B if Tp(z) < Tp(z), In(z) < In(z), Fo(z) > Fa(z) for allzex. 
(2) Equality: D=BifDC Band BcD. 
(3) Intersection: 
DO B= {< z,min{Tp(z), Ta(z)}, max{Ip(z), [p(z)}, maz{Fp(z), Fa(z)} >: z € Xx} 
(4) Union: 
DUB={< z,mar{Tp(z), Tp(z)}, min{Ip(x), Ip(x)}, min{ Fp(z), Fp(z)} >: z € Xx} 


The intersection and the union of a collection of NSs {D;} € I are defined by: 


() D; = {< z,inf{T,(z)}, sup{Ip, (z)}, sup{ Fp, (z)} >: 2 € Xx} 
tel 


J Di = {< z,sup{Tp,(z)}, inf{Ip,(z)}, inf{ Fp,(z)} >: 2 € X} 
ie€l 
(5) The neutrosophic set defined as Tp(z) = 1,I[p(z) = 1 and Fp(z) = 0 for all z € X is 
called the universal NS denoted by 1x . Also the neutrosophic set defined as Tp(z) = 
0, [p(z) = 0 and Fp(z) = 1 for all z € X is called the empty NS denoted by Ox . 
(6) Difference: D/B = {< z,Tp(z) — Ta(z), Ip(z) — In(z), Fo(z) -— Fa(z) >: z € X} 
(7) Complement: D° = 1x/D 


Clearly, the complements of 1x and 0x are defined: 
Ag) Hlgle=t<2,0,1,1 > 2e Xb H0x¢ 
(Ox)° = 1x/0x ={< z,1,0,0>:2€ X}=1x 


Proposition 2.2. Let D1, D2,D3,D4 © N(X). Then the followings hold: 
(1) Di N D3 C DzN D4 and Dy U Dg C Dz U Dg if Dy C Dz and D3 Cc D4 
(2) (D9)° = Dy and D, C Do if D§ c DS 
(3) (D1 N De) = DE U D§ and (Di U Do)® = DEN D§ 


Definition 2.3. Let 1” Cc N(Y). Then I” is named a neutrosophic topology (NT) on Y if 
the following conditions hold; 

(1) 0x and 1x are belong to I”. 

(2) Union of any number of NSs in I” is again belong to TI”. 

(3) Intersection of any two NSs in I is belong to I”. 
Then the pair (Y,T”) is named neutrosophic topology on Y. 
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2.1. Neutrosophic Soft Sets 


Definition 2.4. Let U be an initial universe set and FE be a set of parameters. Then the 
pair (H, F) is called as neutrosophic soft set (NSS) over U, where H is a mapping from EF to 
N(U). 

The set of all NSS over U is denoted by NSS(U,£). A neutrosophic set (H,E) can be 
written as: (H, £) = {(e,{< 2, Ty(z), In(z), Fu(z) >: 2 € X}):e € E}. 


Definition 2.5. Let X be an initial universe set and E be a set of parameters. Then the 


neutrosophic soft set xy, ee defined as 


@ 60,89) (¢ )(Y) = (a,8,7) ife=e' andy=y! 
al (0,0,1)  ife#e andy Zy/ 


for alla € X,0<a,8,y <1,e€ E, is called a neutrosophic soft point. 


Definition 2.6. Let (H, E),(G, E) € NSS(U, E). Then for all x EU 
(1) Subset: (H,) C (G,£) if Tre)(z) < Tere(&), Ine (@) < Teve(@) and Fue)(z) 2 
Foe)(z) for alee EB. 
(2) Equality: (H, E) = (G, E) if (A, E) C (G, E) and (G, E) Cc (H,£). 


(3) Intersection: 

(H, E)(G, BE) = {(e,{< 2, min{Tp(e)(x), Te(e) (x) f, max{In(c)(®), Ice) (a) }, mar{ Fre) (x), Face) (#)} >} se € E}. 
(4) Union: 

(H, E)UG, E) = {(e,{< 2, maz{Ty(e)(@), Ta(e)(#) }, min{ In(e)(@), Lace) (x) }, mint Fie) (&), Faye)(a)} >}: e € E}. 


The intersection and the union of a collection of {(Hi, E)} Cc NSS(U, E) are defined 
by: 


ah. B) = { (2 {< 2, inf {Zino (@)}, sup Ui (e)(@)}, sup{Fi(o)(2)} >}) 1¢ € B} 


iel 
ui, E) = {(c, {< 2, sup{Tu,,(v)},inf{Zn,, (2)}, inf{ Fi, ()} >}) ec BE} 
EL 
(5) The NSS defined as Ty (¢)(x) = 1,Tx(e)(x) = 0 and Frye)(x) = 0, for alle ¢ E 
and x € U is called the universal NS'S denoted by 1(y,~) . Also the neutrosophic set 
defined as Ty ¢)(%) = 0 Ip(e)(@) = 1 and Fy(¢)(x) = 1 for alle € E and x € U is called 
the empty NSS denoted by 0(u;z) - 
(6) Complement: 


(H, E)° = 1¢x,5)/(H, E) = {(e,{< &, Fue) (@), 1 — Ince) (2), Tue (@) >} se © E} 
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Clearly, the complements of 1(x,~) and 0(x,z) are defined: 
(ix,2))* = lox p/lxp = tle, {< 2,0,1,1 >$:e€ BE} =Ox- 
(0.x,2))° = 1lx,p)/0(x,2) = {(e, {< 2,1,0,0 >$:e € BE} = 1x xz 


Definition 2.7. Let 7 C NSS(Y,£) . Then 7 is called as a neutrosophic soft topology 
on Y if the following conditions hold: 

NST;) Ovy,z): liy,z) eT 

NST») Union of any number of NS'Ss in 7 is belong to rT. 

NST3) Intersection of finite number of NSSs in 7 is belong to rT. 


Then (Y, £,7) is called as neutrosophic soft topological space. Any element of 7 is called as 
T-neutrosophic soft open (tT-NSO) set. A NSS is called as 7-neutrosophic soft closed (t-NSC) 
if the complement of the set is T-NSO. The set of all neutrosophic soft closed sets is denoted 
by (7)°. 


Definition 2.8. Let (Y,E,7T) be a neutrosophic soft topological space and (M, F) € 
NSS(Y,£). Then the intersection of all 7-NSC sets containing (V, £) is called as closure of 
(M, E) and denoted by cl,(M, E), i.e. cl-(M, E) =(\{(N, E) € (7)°: (M, E) c (N, E)} 


Theorem 2.9. Let (Y, E,r) be a neutrosophic soft topological space and (M, E),(N, E) € 
NSS(Y,E). Then 

cl) (M, E) c el,;(M, E) 

cl) (M,E) C (N,E) then cl;(M,E) C cl;(N,E) 
cl3) cl, ((M, E) O(N, E)) C el-(M, E) Nc,-(N, E) 
cl4) cl, ((M, E) U(N, E)) = cl,(M, EF) Ucl,(N, E) 
Definition 2.10. Let 7 Cc NSS(Y, EF). Then 7 is called as a neutrosophic soft supra topology 
on Y if it satisfies just NST,) and NST»). 


Definition 2.11. Let (Y,£,7) be a neutrosophic soft topological space and (M,E) € 
NSS(Y,£). Then the union of all 7-NSO sets subset of (/, £) is called as interior of (IM, E) 
and denoted by int,(M, E), ie. int,(M, FE) =U{(N, £) €7:(N,E) Cc (M,E)} 


Theorem 2.12. Let (Y, E,r) be a neutrosophic soft topological space and (M, F),(N, E) € 
NSS(Y,E). Then 

int,) int,(M, E) Cc (M, E) 

int) (M, E) C (N, E) then int,(M, E) C int,(N, E) 

int3) int, ((M, FE) (N, E)) = int,(M, E) n int,(N, E) 

ints) int,(M, FE) Uint,(N, E) C int, ((M, E) U (N, £)) 
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3. Neutrosophic Soft Bitopological Space 


Definition 3.1. If (Y,71, £) and (Y,72, E) are two neutrosophic soft topological space, then 
(Y, F,71, 72) is named as neutrosophic soft bitopological space. The sets belong to 7; are called 


as neutrosophic soft 7;-open set for 7 = 1, 2. 


Definition 3.2. An operator C : NSS(X,E) > NSS(X,E) is called a neutrosophic 
soft supra closure operator if it satisfies the following conditions for all (N,F),(M,E) € 
NSS(X, E), 
Ci) C(0(x,2)) = 9(x,2) 
C2) (N, E) C CUN, E) 
C3) C(N, E) UC(M, E) CC(NUM) 
Ca) C(C(N, E)) = CIN, E). 


Theorem 3.3. Let (X,E,7,72) be a neutrosophic soft bitopological space. Then, the operator 
cha: NSS(X, E) — NSS(X, E) defined as clia(N, E) = cl,,(N, E) ON cl,,(N, E) is a neutro- 
sophic soft supra closure operator on (X,E) and induces the supra neutrosophic soft topology 
T1y2 = {(M, E) € NSS(X, E) : cly2 ((M, E)°) = (M, E)*}. 


Proof. First let prove that clj2 is a neutrosophic soft supra closure operator. 
Cy) cli2(0¢x,2)) = clr, (0x, ny) A Clr (O(x,8)) = 9¢x,2) 1 90x, 2) = 9Cx,2) 
C2) (N, E) Cc cl,,(N, E) and (N, E) C cl,,(N, E). Then (N, E) C cl,,(N, E)Nel,,(N, E) = 
clya(N, E). 
C3) 


cly2(N, E) U cly2(M, E) [el,, (N, E) A clp,(N, E)| U [el,,(M, E) 0 cl,,(M, E)] 
= dl,, [(N,E)U(M, E)|0 [el,,(N, E) Ucl,,(M, E)] 
A [el,, (N, E) U cl;,(M, E)| elms ((N, E) U (M, E)] 
C el, [(N,E)U(M, E)] Nel, [(N, E) U(M, E)| 
= cli [(N,E)U(M, EB). 
C4) From C3, cli2(N, E) C cly2(eli2(N, E)). Also 


cly2(cli2(N, E)) = calp cl,, (N, E) Nel,,(N, E)) 


( 
cl,, ((cl,, (N, E) N el,,(N, £)) 0 ely, (cle, (N, E) 1 cl, (N, E)) 
Cc el,,((cl,,(N, £)) Nel, (cl, (N, E£)) N clz,(el,,(N, E)) O ely, (lz, (N, E)) 
C d,,(N,E)Nel,(N,E) = cha(N, E). 


Therefore clja(N, £) = cli2(cli2(N, E)). 
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Now let prove that 712 is a neutrosophic soft supra topology. 


NST;) Since cly ((1(x,z))°) = cl12(O(x, B)) = O(x,E); then O(x,B) € 712. Also cli ((O.x,m))°) = 
cl12(1(x,8)) C 1(x,m) and from (C2), 1(x,%) C eli2(1(x,z)). Therefore 0(x,m) € Tie. 
NST») Let (Ni, £) € 712. Then cly2 (( ((Ni, E = (N;, £)°. 


clig (Use) = as (U (Ni, E) 1) A clr, (Ua) 
tel wel ier 


= an (N (N;, E) ‘ N clry (ac) 
1EL ier 


Cf) (ela (Ni, EY) O07 (clea (Ni, BY) 


tel ieL 

= ()GaQ. 2 oda (M2) 
wel 

= [ )(cha(Ni, E)) = (| (Na BY = (Ua) : 
wel iel tel 


Also from (C2), (Uier(Ni, E))* C ely (User; E))*. Therefore cl (Uier(Ni, E))* = 
(Uier(Ni, E))%, then Uier(Ni, £) € 712. 


Consequently 7 2 is a neutrosophic soft supra topology on (X, F). 


Theorem 3.4. Let (X,E,7,72) be a neutrosophic soft bitopological space and (N,E) € 
NSS(X,E). Then (N,E) € tTi2 if and only if there exists a 71-NSC set (Ni, E) and tT2-NSC 
set (No, E) such that (N, FE) = (Ni, FE) (No, E). 


Proof. If we take (Ni, EF) = cl,,(N, E) and (No, E) = cl,,(N, E), then proof is clear. 


Theorem 3.5. Let (X,E,71,72) be a neutrosophic soft bitopological space and 
(M, FE), (N, FE) € NSS(X, E). Then 

1) of (M, E) C (N, E) then cly2(M, E) C clia(N, E). 

2) cle ((M, FE) O(N, E)) C clia(M, F) 9 cly2(N, FE). 


Proof. For any (M, E),(N,E) € NSS(X, E), 

1) Let (M,E) C (N,£E). Then cl,,(M,E) Cc cl,,(N,E) and cl,,(M,E) C cl,,(N, E). 
Therefore cl,,(M,E) 1 c,,.(M,E) Cc cl,(N,E)N d,(N,E). So clio(M,E) Cc 
cly2(N, E). 

2) (M,E)N(N,E) Cc (M,E) and (M,E)N(N,E) Cc (N,£). Then from (1), 
clyo((M, E) O(N, E)) C clig(M, E) and clya((M, E)N (N, E)) C elyo(N, £). Therefore 
cli2 ((M, E) O(N, E)) C clie(M, E) Oclia(N, £). 
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Remark 3.6. Let (X, E,71,72) be a neutrosophic soft bitopological space. Then cly2(M, £)m 
clia(N, E) 4 clie ((M, E) O(N, E)), in general. 


Example 3.7. Let the neutrosophic soft bitopological space (X,U,71,72) be defined as 
X = {His 02, 23}, U = {e1, €2}, 1 = {0¢x,v); l¢x,v), (A, U), (B, UV), (C,U), (D, UD}, 20> 
{0¢x,u); lyxu), (DU), (FU), (GU), (4, U)} where the tabular representations of NSSs are 


as follows: 

xX al €2 

x < 0.2,0.3,0.8 > < 0.9,0.1,0.3 > 
(A,U) = : 

x2 < 0.1,0.5,0.4 > < 0.4,0.4,0.4 > 

3 < 0.8,0.1,0.5 > < 0.2,0.8,0.1 > 

xX cal €2 

Ly < 0.1,0.3,0.8 > < 0.3, 0.1,0.7 > 
(B,U) = 

r2 < 0.1,0.1,0.4 > < 0.1,0.2,0.5 > 

x3 < 0.3,0.1,0.5 > < 0.2,0.1,0.3 > 

xX al €2 

x < 0.2,0.3,0.4 > < 0.9,0.1,0.3 > 
(c,u) = : 

© < 0.2,0.1,0.3 > < 0.4,0.2,0.4 > 

r3 < 0.8,0.1,0.5 > < 0.6,0.1,0.1 > 

xX cal €2 

Ly < 0.1,0.3,0.4 > < 0.3, 0.2,0.7 > 
(D, U) = 

r2 < 0.2,0.1,0.3 > < 0.1,0.2,0.5 > 

3 < 0.3, 0.7,0.8 > < 0.6, 0.1,0.3 > 

xX el €2 

Ty < 0.7,0.1,0.1 > < 0.2,0.5,0.5 > 
(F, U) = 

r < 0.9, 0.5,0.3 > < 0.3, 0.8,0.1 > 

r3 < 0.1,0.8,0.1 > < 0.8, 0.2,0.7 > 
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xX cal €2 
< 0.1,0.1,0.4 > < 0.2, 0.2,0.7 > 
(G,U) = “ 
x9 < 0.2,0.1,0.3 > < 0.1,0.2,0.5 > 
23 < 0.1,0.7,0.8 > < 0.6,0.1,0.7 > 
xX al €2 
zy <0.7,0.1,0.1 > 203.0305 5 
CH, U) = 
x9 < 0.9,0.1,0.3 > 20309, 00s 
x3 < 0.3,0.7,0.1 > < 0.8,0.1,0.3 > 
Let two NSSs (X1,U) and (X2,U) are defined as 
xX ej e€2 
v1 < 0.8,0.5,0.1 > < 0.7,0.1,0.3 > 
(X1, U) = 
x2 < 0.5,0.9,0.1 > < 0.8,0.1,0.1 > 
L3 < 0.5, 0.8, 0.2 > < 0.5, 0.9,0.2 > 
xX ail e€2 
v1 < 0.9,0.7,0.1 > < 0.9,0.9,0.1 > 
(Xo, U) = 
x2 < 0.4, 0.5,0.1 > < 0.5, 0.8,0.1 > 
L3 < 0.7,0.9,0.3 > < 0.3,0.9,0.1 > 


Then cly2((X1,U) M (X2,U)) = (BU)? and cly2(X1,U) = cly2(X2,U) = lx): So 
cly2(X1,U) OM cly2(Xe2,U) ¢ cli2((X1, VU) N (Xo, U)) 


Definition 3.8. An operator I: NSS(X, E) ~ NSS(X, E) is called a neutrosophic soft supra 
interior operator if it satisfies the following conditions for all (NV, £),(M,E) « NSS(X, E), 
Th) I(0¢x,2)) = 9¢x,z) 
In) I(N, E) C (N, E) 
I3) I(N, FE) 1(M, FE) CI(NNM) 
I4) II(N, E)) = I(N, E). 


Theorem 3.9. Let (X, E,7,72) be a neutrosophic soft bitopological space. Then, the operator 
intig : NSS(X,E) — NSS(X, E) defined as intjo(N, E) = int,,(N, E) U int,,(N, E) is a 
neutrosophic soft supra interior operator on (X,E) and induces the supra neutrosophic soft 
topology T12 = {(M, E) € NSS(X, E) : inti2(M, E) = (M, E)}. 
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Proof. First let prove that intj2 is a neutrosophic soft supra interior operator. 


I,) inty2(0(x,n)) = int, (O(x,n)) U ints, (0(x,n)) = 0(x,z) U O(x, 2) = 9(x, 2) 

Ip) int,,(N, E) C (N,E) and int,,(N,E) C (N,E). Then int,,(N, £) U int,,(N, E) Cc 
(N, £). Therefore int,,,(N,E) Cc (N, E) 

Ts) 


intia(N, E) Ninty(M,E) = [int,,(N,E) Uint,(N,E)] 2 [int,,(M, E) U int,,(M, B)] 
= int, [(N,E)N(M, E)] U [int,,(N, E) N int,,(M, E)] 
U|int,, (N, E) Mint, (M, E)] U int, [(N, E)n (M, E)] 
= intm, ((N, E) A (M, E)\U [int,(N, E) Mint, (M, E)] 
U|int,,(N, E) N int, (M, E)| 
C inti [(N,E)N(M, EB). 


Ty) From (I3), inty2(inti.(N, E)) Cc intyo(N, E). Also 


intja(N,£) = int,,(N, E) UV int,,(N, £)) 
= iit, (int, (N,#)) Vint, (int, (N,2)) 
Cc int, (int, (N, £)) U int,, (int, (N, £)) U int, (int, (N, £)) U int, (int, (N, E)) 
Cc int,,(int,, (N, £)) VU int, (N, E)) U int, (int,, (N, £)) U int, (N, £)) 
= int,, (intie(N, E)) U int,, (intie(N, £)) 
= intyg(inti(N, E£)). 


Therefore intjo(N, E) = intig(intia(N, £)). 
Now let prove that 712 is a neutrosophic soft supra topology. 


NST;) From (11), inty2(0(x,n)) = O(x,E)> then O(x,B) € T19. Also inti2((1(x,8))) = 


ints, (1(x,8)) U intr, (1(x,8)) = 1(x,E)- Therefore l(x,B) € 712. 
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NST) Let (Ni, £) € T12. Then inti2((Ni, £)) = (Ni, E). 
Ui. 2) = Uint(Ni, £) 
i€l tel 
>= U (int, (Ni, E) U inte (Nj, £)) 


wel 


= (U in (Xs B)) U (U intl B)) 


ier wel 


Cc int, (Uo #)) U ints (Ue #)) 


ie ie 
= inti (Uowe)). 
Also from (Iz), “ 
inty (Ue%.2)) C (Uo) 


Therefore intiz (Ujer(Ni, Z)) = (Uier(Ni, E)), then Uje7(Ni, Z) € 712. 


Consequently 72 is a neutrosophic soft supra topology on (X, F). 


Theorem 3.10. Let (X,E,71,72) be a neutrosophic soft bitopological space and (N, FE) € 
NSS(X, EF). Then (N, EF) € 712 if and only if there exists a 7,-NSO set (Ni, E) and t2-NSO 
set (No, E) such that (N, FE) = (M1, E) U (No, E). 


Proof. If we take (Ni, E) = int,,(N, E) and (No, E) = int,,(N, E), then proof is clear. 


Theorem 3.11. Let (X,E,1|,7) be a neutrosophic soft bitopological space and 
(M, E),(N,E) € NSS(X,E). Then 

1) if (M, E) C (N, E) then inti2(M, E) C inti2(N, £). 

2) intya(M, E) Uintie(N, FE) C inti ((M, E) U (N, E)). 


Proof. For any (M, E),(N, E£) € NSS(X, E), 

1) Let (M,E) Cc (N,E). Then int,,(M,E) C int,,(N,£) and int,,(M,E) C int,,(N, E). 
Therefore int,,(M,E) 9 int,,(M,E) C int,,(N,£) 2 int,,(N,E). So intio(M,E) Cc 
intio(N, E). 

2) (M,E) Cc (M, E) U(N, E) and (N, FE) Cc (M, E)U(N,E). Then from (1), intie(M, E) c 
inti2 ((M, E) U(N, E)) and inti2(N, E) C inti2 ((M, E) U(N, £)). Therefore inti2(M, EF) U 
intia(N, E) C inti: ((M, E) U (N, B)). 
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Remark 3.12. Let (X,E,7,72) be a neutrosophic soft bitopological space. Then 
intjo(M, E) U intie(N, E) 4 intie ((M, E) U (N, £)), in general. 


Proposition 3.13. Let (X,E,™,72) be a neutrosophic soft bitopological space and (N, FE) € 
NSS(X,E). Then 


1) T™1,72 C 712 
2) cla (N, E) = (inty2(N, E)°)* 
3) int.(N, E) = (clia(N, E)¢y° 


Proof. 1) Let (N, £) € 71. Then (N, FE) = int,,(N, £). Therefore 
intyo(N, E) = int,,(N, E) U int,,(N, E) = (N, E) 


So 7, C T12. Similar for T2 C 712. 


2) 
cho(N, E) = cl,(N,E)Ndn(N,E) = | (\(FE)| | (G72 
jel jEed 
= |U(B 2) 9] Uy, 2) 
gel jet 


Cc 


Ue 2) |v | UG} 2) 
jel jet 
= [int,,(N, E)° U int,,(N, E)°|° = (inty(N, E)°)° 


where (N, F) c (Fi, E), (Fj, E)° € 7; for all j € I, J and i = 1,2. 
3) 


inty2(N, E) = int,,(N, E) U int,,(N, E) LU}, 2) ] ¥ | UJ?) 


jel jEed 
Cc Cc 
= |(\(Uj,E)°| U | (\(7, 5) 
jel jet 


(\Up EY) 0 | 0)? By 
jel jet 
= [dl,,(N, E)° 2 cly(N, E)|° = (cli2(N, E)°)° 


where (U?, FE) C (N, E), (U!, E) € 7; for all j EJ, J andi =1,2. 
j 2 
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4. Some Generalized Open Sets in Neutrosophic Soft Bitopological Spaces 


Throughout this section, 7,7 = 1,2 andi 4 j. 


Definition 4.1. Let (X,E,7,72) be a neutrosophic soft bitopological space and (N, F) € 
NSS(X, E). Then (N, E£) is called as 


1) ij— neutrosophic soft preopen (ij — NSPO) if (N, E) C int,, (cl,,(N, E)) 

2) ij— neutrosophic soft semi-open (ij — NSSO) if (N, FE) C cl;, (int,,(N, E)) 

3) ij— neutrosophic soft b-open (ij — NSbO) if (N,E) C ly, (int;,(N,E)) U 
int, (cl;,(N, E)). 

4) ij— neutrosophic soft 6-open (ij — NS'BO) if (N, E) C cl, (int,(cl;,(N, E))). 


Example 4.2. Let the neutrosophic soft bitopological space (X,U,71,72) be defined as 
X = {%1,%2,03}, U = {e1,€2}, 1 = {0(x,y); l(x,y), (A.V), (B,U),(C,U), (D,U)}, m2 = 
{0¢x,v);1¢x,v), (£,U), (FU), (GU), (H,U)} where the tabular representations of NSSs are 


as follows: 


xX el €2 

(Ais x1 < 0.2,0.1,0.9 > < 0.6,0.1,0.7 > 
x2 < 0.1,0.8,0.4 > < 0.1,0.1,0.8 > 
x3 < 0.3, 0.4,0.8 > < 0.5,0.1,0.4 > 
xX e1 €2 

(B,U) = L4 < 0.1,0.3,0.4 > < 0.2,0.7,0.8 > 
x2 < 0.2,0.1,0.5 > < 0.5, 0.6,0.7 > 
L3 < 0.3,0.3,0.7 > < 0.1,0.8,0.8 > 
xX €1 co) 

(CU) = Ly < 0.2,0.1,0.4 > < 0.6,0.1,0.7 > 
r2 < 0.2,0.1,0.4 > < 0.5,0.1,0.7 > 
x3 < 0.3,0.3,0.7 > < 0.5,0.1,0.4 > 
xX €1 co) 

wins Ly < 0.1,0.3,0.9 > < 0.2,0.7,0.8 > 
x2 < 0.1,0.8,0.5 > < 0.1,0.6,0.8 > 
£3 < 0.3, 0.4,0.8 > < 0.1,0.8,0.8 > 
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XxX e1 €2 

a1 < 0.2, 0.6, 0.3 > < 0.1,0.1,0.9 > 
(E,U)= 

x2 < 0.3, 0.7,0.4 > < 0.3, 0.4, 0.6 > 

3 < 0.3, 0.5,0.8 > < 0.6,0.1,0.8 > 

xX al €2 

2} < 0.1,0.1,0.8 > < 0.1,0.8,0.9 > 
(FLU) = 

Xr < 0.3, 0.2,0.5 > < 0.3,0.5,0.7 > 

v3 < 0.7,0.5, 0.6 > < 0.1,0.7,0.7 > 

XxX e1 €2 

< 0.2,0.1,0.3 > < 0.1,0.1,0.9 > 

(G,U) = — 

x2 < 0.3,0.2,0.4 > < 0.3, 0.4, 0.6 > 

x3 < 0.7, 0.5, 0.6 > < 0.6,0.1,0.7 > 

xX e1 €2 

Ly < 0.1, 0.6,0.8 > < 0.1,0.8,0.9 > 
(H,U) = 

x2 < 0.3, 0.7,0.5 > < 0.3,0.5, 0.7 > 

XL3 < 0.3, 0.5,0.8 > < 0.1,0.7,0.8 > 

Let an NSSs (W,U) is defined as 

xX e{ €2 

Ly < 0.3,0.7,0.2 > < 0.8, 0.2,0.3 > 
(W,U) = 

x2 < 0.4,0.8,0.3 > < 0.6, 0.4,0.6 > 

X3 < 0.5, 0.5, 0.7 > < 0.7,0.2,0.3 > 


Then int,,(W,U) = (A,U), int,,(W,U) = (E£,U). 


(W, U) C clr, (A, U) = 


xX 


el €2 

v1 £09,090 > < 0.9,0.2,0.1 > 
xr < 0.5,0.8,0.3 > £0:7,0.5, 05S 
v3 < 0.6,0.5,0.7 > < 0.7,0.3,0.1 > 


Then (W,U) is a 12 — NSSO set. 
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<4 


XxX e1 €2 
Ly < 0.4,0,7, 0.1 > < 0.8, 0.3,0.2 > 
(WO) Cane, 0) = 
x2 < 0.5,0.9,0.2 > < 0.7,0.4,0.5 > 
x3 < 0.70.7, 0.8 > < 0.8,0.2,0.1 > 
Then (W,U) is also a 21 — NSSO set. 
XxX e1 €2 
L1 < 0.4,0.9,0.2 > < 0.7,0.9,0.6 > 
cl, (W, U) — 
a) < 0.4,0.9,0.2 > < 0.7,0.9,0.5 > 
£3 < 0.7,0.7,0.3 > < 0.4,0.9,0.5 > 
XxX e1 €2 
ny < 0.4,0.9,0.2 > < 0.7,0.9,0.6 > 
cl, (W, U) = 
x2 < 0.4,0.9,0.2 > = 07,0,9,0.5-> 
es <0.7,0.7,0.8 > < 0.4,0.9,0.5 > 


Definition 4.3. Let (X,E,7,72) be a neutrosophic soft bitopological space and (N, F) € 
NSS(X, E). Then (N, £) is called as 
1) ij7— neutrosophic soft preclosed (ij — NSPC) if (N, F£)° is aij — NSPO set. Equiva- 
lently (N, E) is called as ij — NSPC if (N, E) D cl, (int;,(N, E)) 
2) ij— neutrosophic soft semi-closed (ij — N.S'SC) if (N, £)° is a ij — NSSO set. Equiv- 
alently (N, F) is called as ij — NSSC if (N, E) > int, (cl;,(N, £)) 
3) ij— neutrosophic soft b-closed (ij — NS6C) (N, E)° is aij — NSC set. Equivalently 
(N, E) is called as ij — NS0C if (N, E) D int,, (cl,,(N, E)) N el,, (int,,(N, E)). 
4) ij7— neutrosophic soft B-closed (ij — NSGC) (N, E)° is aij — NSGO set. Equivalently 
(N, E) is called as ij — NSC if (N, E) D int, (el,,(int,,(N, E))). 


Theorem 4.4. Let (X,E,1,72) be a neutrosophic soft bitopological space and (N,E) € 
NSS(X,E). If (N,E) € 77 andij — NSPO then (N,E) is aij —- NSSO set. 


Proof. Let (N,E) € tf and ij - NSPO. Then (N,E) = cl,,(N,E) and (N,E) Cc 


int,, (cl,,(N,E)). Therefore (N, £) C int, (N, E) C cl, (int,, (N, E)). 
v J v gj a 


Theorem 4.5. Let (X,E,1,72) be a neutrosophic soft bitopological space and (N,E) € 
NSS(X,E). If (N,E) € 77 andij —NSPO then (N,E) is aij —- NSSO set. 
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Proof. Let (N,E) be ij - NSPO. Then (N, E) C int, (clr,(N, E)). Since (N, E) € T;, then 
(N, FE) =cl,,(N, £). Therefore (N, FE) C int, (N, E) C el, (int,, (N, E)). 


Theorem 4.6. Let (X,E,71,72) be a neutrosophic soft bitopological space and 
(N,£),(M,E) € NSS(X,E). If (N,E) is ij — NSPO and (M,E) € 1172 then 
(N, FE) U(M, E) is ij - NSPO. 


Proof. Let (N, E) is ij - NSPO and (M,E) € 7172. Then (N, E) C int,, (cl;,(N, E)) and 
int,,(M, E) = (M, E). So 
(N,E)U(M,E) C_ int,, (cl,,(N, E)) U int,,(M, E) 
C int, (el,,(N, E) U (M, E)) C int, (cl,,(N, E) Uel,,(M, E)) 
= int,, (cd,, ((N,E)U(M,£))). 


Therefore (N, E) U(M, E) is ij — NSPO. 


Theorem 4.7. Let (X, F,71,72) be a neutrosophic soft bitopological space. Then 
1) Every ij — NSPO set is ji — NSbO. 
2) Every ij — NSSO set is ji — NSbO. 
3) Every ij — NSSO set is ij — NSBO. 


Proof. 

1) Let (N,E) € NSS(X,E) be ij — NSPO set. Then (N,E) C int,,(d,,(N,E)) C 
cl, (int;,(N, E)) U int,, (cl;,(N, E)). 

2) Let (N, EF) be a ij — NSSO set. Then (N, EF) C cl;, (int;,(N, E)) C cl,, (int;,(N,E)) U 
int,, (el;,(N, E)). 

3) Let (N, £) be aij — NSSO set. Then since (N, EF) C cl,,(N, EF), 


(NE) © ely, (anit, (N, E)) C cle; (inte (el-,(N, EB): 


Theorem 4.8. Let (X, F,71,72) be a neutrosophic soft bitopological space. Then 
Union of any ij — NSPO set is i7 — NSPO. 
Union of any ij — NSSO set is ij — NSSO. 


1) 
) 

3) Union of any ij — NSbO set is ij — NSbO. 
) 
) 


2 


4) Union of any ij — NSBO set is ij — NSGO. 
5) Intersection of any i7 — NSPC set is ij — NSPC. 
6) Intersection of any ij — NSSO set is ij — NS'SO. 
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7) Intersection of any ij — NSbO set is ij — NSbC. 
8) Intersection of any ij — NS'8O set is ij — NSBC. 


Proof. 

1) Let (Ny, £) be ij — NSPO set in (X, E,74, 72) for all k € J. Then 
LJ (Ne, B) cL) ints, (cle;(Ne, Z)) C ints; (U (clr, vi) = int, («. (Ui) ) 
kel kel kel 

2) Let (Nz, E) be ij — NSSO set in (X, E,7,72) for all k € I. Then 
LJ (Ne, B) CU ele; (int; (Nk, E)) = cle, (U nt 2) ane (it (Ui) ) 
kel kel kel 


3) Let (Nz, EF) be ij — NS0O set in (X, E, 7,72) for all k € J. Then 


LNB) CU (ely (inte (Ne, E)) U inte; (clr; (Ney E))) 


kel kel 
= (U el,, (intr, vi) U (U int, (aE 
kel kel 


eae (i, (Ui) ) U inte, («. (Uwe) 
kel kel 


4) Let (Nz, E) be 17 — NSGO set in (X, E,74, 72) for all k € J. Then 


LJ (Ne, B) CU ela, (inte, (cle; (Np, E))) = clr, (U int (a i) Cas [iat (Une 


kel kel kel kel 


The rest of the theorem can be proved easily by taking the complement of 1-4. 


5. Conclusion 


In this paper, we defined neutrosophic soft supra closure operator in a neutrosphic soft 
bitopological space and investigated some properties of it. Then we obtained a neutrosophic 
soft topology with this closure operator. Also we defined neutrosophic soft supra interior 
operator and obtained a neutrosophic soft topology with this interior operator. In the section 
4, we defined some new generalized open sets in neutrosophic soft bitopological spaces such as 
ij— neutrosophic soft preopen, ij7— neutrosophic soft semi-open, i1j7— neutrosophic soft b-open, 
ij — neutrosophic soft G-open set. We examined the relationships between these newly defined 


open sets. 
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Abstract. In this article some Dombi operations on Quadripartitioned single valued neutrosophic (QSVN) set 
are studied. Later on some QSVN weighted Dombi operators i.e. QOVNWDA and QSVNWDG operators are 
introduced and their properties are studied. Finally a vaccine distribution technique is solved with the help of 
QSVNWDA operator and QOSVNWDG operator. 

Keywords:QSVN set; Dombi operation, QSVN weighted Dombi arithmetic (QOSVNWDA) operator; QSVN 
weighted Dombi geometric (QSVNWDG) operator; MADM. 


1. Introduction 


To deal with the inconsistent and uncertain data in a more powerful way, Smarandache 
introduced Neutrosophic set (NS) theory [2]. Gradually many developments on NS structure 
have been made by a couple of researchers and applied it to different branches of science (3}{12}. 
An extension of SVN set i.e. QSVN set was further restudied in (13}. Based on QSVN set 
R.Chatterjee et. al introduced the idea of OQNN number in 2009 [16]. On contrary Dombi 
presented the operations of Dombi T-norms (DT) and T-conorms (DTC) in 1982. Both norms 
has a huge operational flexibility as a parameter. Many researchers extended the idea of 
Dombi norms to IFS [15], NS theories and applied to different MADM problems (17}{21]. 
In this paper we have applied Dombi norms on QN\V. Vaccine distribution in India will 
be a very difficult task for Government of India in the upcoming years. To overcome this 
difficulty we have defined a model method of vaccine distribution under QSVN environment 


using different aggregation operator. In Section 2 we have discussed some preliminary theories 
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which will be used throughout the rest of the article. We have defined some order relations 
on ON WN in Section 3. In Section 4 QOSVNWDA and QSVNWDG operators are defined and 
their properties are studied. A MADM problem is solved on the basis of QOVNWDA and 
QSVNWDG operators in Section 5. Section 6 winds up the article. 


2. Some basics 


Definition 2.1. A QSVN set A over a set X 4 @ characterizes each element x in X 
by a truth-membership function A;, a contradiction membership function A,, an ignorance- 
membership function A, and a falsity membership function Ay s.t. for each x € X, 
A;(x), Ac(x), Au(x), Af(x) € [0,1] and 0 < A;(x) + A(x) + Ay(x) + Af(x) < 4. 


Definition 2.2. An element 8 = (3, Bc, Bu, Bf) € [0,1]* is said to be a QNN number. 
We express the collection of QNN numbers as OQNWN. 


Definition 2.3. Consider p,v,w € ONN and i,j,k € N. Then the following basic 
operations hold on QNN: 


(i) b@Bv = (ue +4 — bet, Me + Ve — Wee, MuVus ff), 
(ii) UO = (Met, McVey Mu + Vu — Maus bp + Uf — gVs), 
(ili) (u _ (ie)? (ie) I — ay) gy), 

iv) ku = (1— (1 — we)®, 1 — (1 — pe) *, (tu)*, (uyp)*), 


Both the above operations are commutative and associative on ON. 


2.1. DT and DTC 


Definition 2.4. Suppose r,s € R. Then DT (D(r,s)) and DTC (D(r, s)) between r and 


s are defined respectively as below: 


Des) = 7 : = 
1+ {Cte + OGA)eye 
Dr, s) = : ’ 


where g > 1 and (p,q) € [0,1] x [0, 1]. 


3. Order relations on ONN 


In this section we will first define some order relations of QNN based on newly introduced 


score functions and accuracy functions on ON. 
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Definition 3.1. The score function S(8) : QNN — R of B = (8, Bc, Bu, Bf) € QNN is 
defined as 


2+ B+ Be— Bu — Br 
4 


S(8) = 
The corresponding accuracy functions H; : ONN — R,i = 1,2,3 are defined as follows: 


A, (6) = (Bt + Be) = (Bu a Br) 


H(8) _ Be - Be 3 Be 
Bu — Bg 


A3(B) = 5 


Remark 3.2. Now for any 8 € ON, it follows that 
(i) O< S(6) <1 


(ii) —2 < Hy(B) < 2. 
(iii) —0.5 < Ho(B) < 0.5. 
(iv) —0.5 < H3(8) < 0.5. 


Definition 3.3. Suppose 6,y € ON.N. We define the order relation between any two 8,7 € 
ON WN as follows: 


(i) If S(8) <8 
Ss 


( 
(ii) If S(8) = S( 


y), then B < 4. 
y), then 


(a) (8) < Mi(y) = 6 < 7 else if 

(b) Hi(G6) = Hi(y) with Ho(B) < Ho(y) > B <7 else if 

(c) Hi(8) = Hy(y), Ho(8) = Ha(1) with Hg(8) < Hg(7) + 8 <7 else if 
(d) Hi (8) = Ai(y), Ho(8) = Ho(y) and H3(8) = H3(7) > 6 = 7. 


Here 6 < y denotes 8 proceeds y. 


3.1. Some QSVN Dombi operations 


In this section we have discussed some QSVN Dombi operations [22]. 


Definition 3.4. Suppose a = (m4,71,p1,q1) € ONN and 8 = (m2, n2,p2,m) € ONN, o> 1 
and k > 0. Then the DT and DTC operations on QN.WN are defined as below: 


a@B 1 1 rl 1 re 1 ri 1 1 
1+ (724 dye (7B se)? 1+ (pee + (1225 i 1+ ((ApPLye+ (P20) @ 1+ ((Apatyes (Gye) # 


(ii) 


aQsB 1 1 1 1 1 1 1 1 
T: T? T? T 
1+((Apmbye+Aamye)® a (CG BL e+ hz 2)? 4 (Bb veep ve) ® —14+((eh ee Bee) ° 
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(iii) ka ( : pi = ri 1 A ; I ) 
+(e) ° 1+ (keke 2) ? 1+ (W(GPL ye) ? 14+ (k(+ZaL ye) ? 


(iv) ak 1 1 pi 1 pi 1 pi 1 cr) 
Cea )E a oeaB)E at)! oat)! 
4. Dombi weighted aggregation operators on OVN 


Definition 4.1. Let 6; = (mj,n;,pj,9;) (9 = 1,2,...,1) be a collection on ONN. A QSVN 
weighted Dombi arithmetic (QSVNWDA) operator of dimension / is a function f : OVN Ps 
ONWN defined by: 


F (Br, Bay --- Pr) = wy; 
j=l 


where w = (w1,Wo,...,w7)? is the weight vector, w; is attached with 8;,j7 = 1,2,...,1 with 


j 
O<w; <land })w; =1. 
j=l 
Theorem 4.2. Suppose B; = (mj,nj,pj,q;) (9 = 1,2,...,1) be a collection on QNN along 
weight vector w. Then 
l 


patssenc me : , Bi) al @ w;B; 


j=l 


1 1 1 1 
(: a rt pt rt): 
1 m. o)e@ 1 ns o}| 2 l 1-p;\@ Q l 1-q;\2@ Q 
ry Es) p ty YP (SHYLY aed 2 os (GH) 
y j\I-m; uy I tony pa IN P35 i J qj 


g J= 


Proof. Here w; € w and 6; € ONN. Now we have w 1) = 


1 1 1 1 1 1 A 1 + ). Hence the above equation 


H(t) PE f(t) EHS} {gy} 


trivially holds for 1 = 1. In a parallel way we € w and 62 € ONN and we have w22 = 


1 i 1 if f L 


Hee py Gey Gey 


Therefore 


f (G1, 62) = 418i B wehe 


1 i 1 1 
1 ta tH pi rc) 
1+ > (=S J. Sa > ( "J s eae > (=2)" ae > (=)" : 
tis aes ibe iy 
gat Ny fai) NPE gai PG jar 7\ G 


Hence the equation is valid for |] = 1,2. We assume that the equation is valid for | = s i.e. 


s 


F (Pi, Bo,.--,Bs) = DB wz 8; 


j=1 


1 1 rt 1 ri 1 rel 1 ri 
s m4 o)e 8 ny o)e s 1=p; e)e@ s {= 7 o)e 
1+ > «;(4) 1+ » #; (5) 1+ » #;( Pj ) 1+  #5( TG ) 
=1 j=l J j=l 7) j=l J 


j= 


K. Sinha, P. Majumdar, S. Broumi Vaccine distribution technique under QSVN environment 


Neutrosophic Sets and Systems, Vol. 48, 2022 ae 


Finally for / = s+ 1, one can easily see that 


Fi Pig Baeerey Ba) = @ 06; BD ws41Bs41 
= 


1 u pel 1 rot 1 re 1 Tt )@B4¥s418s+1 
a s (2 i @ ia s ( iy @ ig > (=4)" @ i s es) ie) 
we we 7 we | we | ——-* 
=1 I\ Il=m; j=l i) I-nj j=l J Pj j=1 +] qj 


RIA, 


( i vl i a i a 1 ) 
stl Hie NO s+1 n; \@ stl 1—p;\2 s+1 1-q;\e) 2 
_ J tae j bins J tl 
yf Ses) af Bese) ae a(S) Yo Bose)‘ 
Thus in general the equation 


f(B1, Ba,.- : , Bi) = QD W535 


holds Vi € N. 


Theorem 4.3. The QSVNWDA operator f satisfies the following properties: 
(i) Consistency: f (81, B2,---, 1) € ONN. 
(ii) Idempotency: f(G,1 times ...,B) = B. 
(iii) Commutativity: f(81, Go,---, 81) = F(P1, Bi-1,---5 P1)- 
(iv) f(Br(1), Br(2)s +++ Betty) = f(F1, B2,---, 61) where m is a permutation on {1,2,...,1}. 


Proof. The proof of consistency and commutativity properties of QOVNWDA operator is quite 
1 


easy. We now proceed to prove the part (ii). Since 57 w; = 1, thus 
j=l 


l l 
f(6,l times...,8) = @ wj Bj = (D7 w5)8 = B. 
j=l oot 
Finally considerz as a permutation on {1,2,...,/}. Now due to additive commutativity in 


ONN 


F (Bra): Br(ayr++ +> Ba(t)) = EB & (Baty) Brgy = DB (8) 8; = F(B1, B21. Bi) 


j=1 j=1 


Hence we are done. 


Theorem 4.4. Consider 8B; = (mj,nj;,pj,4j),J = 1,2,...,1 and yy = (Mj,75,0j,G),5j = 
1,2,...,1) are two collections on OQNN such that mj < mj,nj < 15, pj; > Dj,q > GVI. Then 
FUP1; 8,253 By) < fiGieg ree ae 
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Proof. Here, 


BIKA 


( 1 rl 1 ri 1 1 1 1 ) 
1 we (Vela i am \e)e@ l 1-p; \2 1 1-q;\2) 28 
(io) fea) OC ey] 
Firstly we suppose that m; < mj,nj <17j,p; > Pj,q;5 > GVI € {1,..., 1}. Then 


1—m; >1-mjVj € {1,...,} 


j=l 
> 1 rT > : a 
l m, \2)@ l m \2)2 
14{ 3 (Se ) \ 144 ¥05(35) \ 
j=l a j=l a 
=>1 cr < 1 | ZT 
l _ 2) eo 1 m Q 
1+{ Bo (2 ) \ 144 3 (8 ) \ 
j=l a) j=l J 
In a similar way we have 
1 1 
1 <1 


SS 
Ble 
e 
+ 
as 
£ 
aN 
i 
| =} 
Sy 
nn" 
is) 
SS 


1+{ 54 (8) 


Conversely we can easily see that 


1 1 
1 “S41 


1+ {Be (Ge) ) 


1 1 
aS 


{deal r+{sten (gay) 


Combining all the above we get 


S(f (1, Ba, seis , Pr) < UT Vis 23 asd H))- 
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Hence f (61, Be,---, Br) < fiGites eee ae Now if mip = M5,1; = 14, Dj = Di — 


qj Vj € {1,...,U}. Then all the equalities as well as the score functions become equal i.e. 


S(f (Ai, Ba, Bec , Bi) a itaGirer: sania fs Finally f(A1, Be, - ae , Bi) < Fyn 725 auibaid iV): 


Theorem 4.5. Consider a collection of 8; = (mj,nj,Pj,4j),J = 1,2,...,l in QOQNN. Then 


B< f(B1, B2,---, Br) < B, where 


B= (min(m,), min(nj),min(p;), min(qj)) = (mj, 7, Dj, qj) and 


w& 


B = (max(rm;), max(rj), max(pj),max(q)) = (705,75, B;. 


Proof. From Definition of ONN we have Vj = {1,2,...,1}, 


Mj LMz, Nj SNj,Pj 2 Vj, 95 2 aj and 


Mj SMj,Nj SNj,pj 2 Yj, 4; 2 G and 


Then 


f(B,1 times, B) < f(1, Ba, ee , Bi) = f(t times, 8), i.e 
AOC reer) eee 


Definition 4.6. Suppose 6; = (m;,nj,p;,q;), (9 =1,2,-..,1) be a collection on QNN. Then 
from Definition [4.1] a QSVNWDA operator f of dimension / can be written as follows 


l 
f (Bi, Bas +s Bi) = Dw, 8; 
j=l 
Now if w; = FVGE {1,2,...,J} then 


F (Br, Bas 11) = 5 @ By 


j=l 
In that case f (G1, B2,...,6;) is called average QOVNWDA operator i.e. QSVNWADA operator 
of B; = (1g 35 D7sG)) ) = 1,2, er sh) 
Definition 4.7. Let 6; = (mj,nj,p;,4;),J = 1,2,...,1) be a collection on QNW. A quadri- 
partioned single valued neutrosophic weighted Dombi geometric (QSVNWDG) operator of 
dimension I is a function g: ONN! + ONWN defined by: 


l 
9(B1, Bo, aa , Pi) = GC) 67” 
j=l 
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where w = (w,W2,... ua)? is the weight vector, w; is attached with 6;,7 = 1,2,...,/ with 
l 
0< a, < land >) w= 1. 
j=l 
Theorem 4.8. Suppose 8; = (mj,nj,pj,qj;) (9 = 1,2,...,1) be a collection on QNN along 


weight vector w. Then 


l 
g(B1, Ba, eran , 1) _ @ 87’ 
j= 


1 1 re 1 ri 1 ret 1 . 
l 1-mj;\2| 2 Ll 1=n;\2| 2 l pj) \2\2 l a; \2\2 
1+ >> w3( we ) 1+ py, w4( _ ) 1+ pe) #3 (2) 1+ py; «;(5) 
j=l J Z j=l w) j=l 


j=1 


Proof. We have omitted it due to similarity with Theorem |4.2 


Theorem 4.9. The QSVNWDG operator g satisfies properties as defined below: 
(i) Consistency: g(81, B2,---, 61) € ONN. 
(ii) Idempotency: g(G,1 times ..., (8) = 6. 
(it) Commutativity: 9( 81,89; +<+ 81) =9( 81; Bia, «+5 81)- 
(iv) g(Br(1), Br(2)>-+-> Bec) = (1, Ba,---, 81) where m is a permutation on {1,2,...,1}. 


Proof. We have omitted it due to similarity with Theorem |4.3 


Theorem 4.10. Consider 8; = (mj,nj,pj,q;),j = 1,2,...,1) and yj = (mj,7j,13,G) 9 = 
1,2,...,1) are two collections on QNN such that m; < mj,nj < 1j,p; > 13,9; > GVI- Then 
g(81, Bo, te , 21) < 9(%1, 72; tee +1): 


Proof. Here the proof is similar with Theorem [4.4] hence we have omitted it. 


Theorem 4.11. Consider a collection of 8; = (mj,nj,pj,4j),j =1,2,...,l in QNN. Then 


B < g(1, Bo,---, Bt) < B, where 


b= (min(mj), min(nj),min(p;), min(qj)) = (mj, 75, Pj, qj) and 


QS 


B = (max(rm;), max(rj), max(pj),max(q)) = (775,75, B57) 


Proof. Again proof is not done due to its similarity with Theorem |4.5 


Definition 4.12. Suppose 6; = (mj;,n;,p;,9;),j = 1,2,..-,1) be a collection on QNN. Then 
from Definition [4.7] a QSVNWDG operator g of dimension / can be written as follows 


l 
9(B1, Bo, ates , Bi) = GC) 67” 
j=l 
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Now if w; =4V je {1,2,...,0 then 


I 
g(F1, B2,---, 81) = (Orne 
$21 


In that case g(31, G2,..., 6)) is called average QOSVNWDG operator i.e.QSVNWADG operator 
of By = (mj,n;,p;,4;) (G =1,2,...,1). 


5. An application in MADM of QSVNWDA and QSVNWDG operator 


Without an application in real life it is very tough to realize the utility of any operator. A 
reader can not get any interest if the operators cannot be used properly in MADM technique. 
For this reason we proposed a model with the help of QOVNWDA and QSVNWDG operator. 
Suppose Govt. of India want to distribute the Covid-19 vaccine in a smooth manner so that 
every Indian will get the vaccine. Now Govt of India has 4 vaccine v;,7 = 1,2,3,4 in hand 
where v1: the co-vaxin from Bharat Bio-tech, vg: Sputnik-V from Russia, v3: Astrazeneca 
vaccine from Oxford university, v4: Pfizer vaccine from USA with equal storage. However 
there are four attributes C;,7 =,2,3,4 which are to be considered for choosing a particular 
vaccine from the above list i.e. (Cj ) : the cost of the vaccine, (C2) : the effectiveness of a 
vaccine in human body, (C3): the rate of production of a vaccine (C4): the risk factor of a 
particular vaccine. In order to get a suitable vaccine V; after consideration of all attributes C; 


we have represented these MADM problems in the form of a decision making matrix D(v;;) 
on ONWN as following: 


| 


0.4, 0.5, 0.2, 0.6 
0.4, 0.2, 0.7, 0.6 
0.4, 0.4, 0.4, 0.5 
0.1, 0.1, 0.6, 0.3 


0.5, 0.5, 0.8, 0.1) 
0.8, 0.5, 0.3, 0.4) 
0.3, 0.6, 0.1, 0.4) 
0.5, 0.3, 0.4, 0.2) 


0.2, 0.6, 0.3, 0.2 
0.4, 0.1, 0.1, 0.1 
0.9, 0.2, 0.7, 0.3 
0.4, 0.8, 0.3, 0.2 


0.6, 0.6, 0.5, 0.5 
0.4, 0.2, 0.1, 0.1 
0.4, 0.5, 0.1, 0.5) 


0.6, 0.5, 0.6, 0.7) 
) 
) 


SS Te Te ee 


( ( 
( ( 
( ( 
( ( 


we Sena a 
BS ee Br LS 


Here we consider the weight vector as (0.25, 0.25, 0.25, 0.25) since every vaccine has equal stock. 
Case-I: We now consider the QOVNWDA operator to face the MADM problem. In that 
case we consider 9 = 1 and derive the collection of QSVNs say v; to find suitable vaccine 
among V;(i = 1,2,3,4) by the help of Definition [4-1] as follows: 
v1 = (0.460, 0.529, 0.644, 0.779) 
v2 = (0.630, 0.417, 0.761, 0.753) 
v3 = (0.319, 0.400, 0.833, 0.775) 
v1 = (0.164, 0.341, 0.192, 0.538). 


Based on the Definition B.1] we have: 


S(v1) = 0.392, S(v2) = 0.384, (v3) = 0.3801, $(v4) = 0.3624. 
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Hence the priority order of vaccine is v1 > vg > v3 > v4. . 


Case-IT: Now We consider the QOVNWDG operator to face our problem. We again consider 


o = 1 and derive the collective QSVNs v; with the help of Definition [4.7] as follows: 


v1 = (0.5102, 0.4782, 0.607, 0.512) 


v2 = (0.657, 0.785, 0.492, 0.4503) 


v3 = (0.576, 0.718, 0.446, 0.355) 


v1 = (0.739, 0.758, 0.403, 0.628). 


Again based on the Definition [3.1] we get: 


S(v,) = 0.935, S(v2) = 0.625, $(v3) = 0.6231, $(v4) = 0.616. 


Therefore the priority order of vaccine is v4 < v3 < vg < v,. To find the more effect of the 


quantity 9 in the QOSVNWDA and QSVNWDG operator we take the value of 0 in an increasing 


order starting from 0.2 to 1 with an increment 0.2. Our results are given in the following tables: 
Table of QOVNWDA operator 


Q 
0.2 


0.4 
0.6 
0.8 
1.0 


S(v1), S(v2), S(v3), S(va) 
0.627, 0.606, 0.598, 0.377 
0.635, 0.621, 0.612, 0.396 
0.676, 0.648, 0.639, 0.404 
0.695, 0.664, 0.652, 0.418 
0.692, 0.678, 0.664, 0.444 


Order of priority 


V4 < U3 < U2 < UY 


Table of QOVNWDG operator 


Q 
0.2 


0.4 
0.6 
0.8 
1.0 


S(v4), S(v3), S(v2), S(v1) 
0.429, 0.492, 0.541, 0.568 
0.417, 0.476, 0.525, 0.549 
0.411, 0.449, 0.484, 0.502 
0.426, 0.442, 0.474, 0.491 
0.394, 0.410, 0.439, 0.462 


Order of priority 


U4 < U3 < U2 < UI 


In both of the above cases we have seen that in respect of the values of 0, the order of priority 


of the vaccines remains always same for an individual operator. Thus the MADM of finding 


suitable vaccine using the QSVNWDA operator as well as QOVNWDG operator gives us a 


flexibility of choosing the value of 0. Thus the Govt of India will choose the vaccine v, in 


topmost priority. The above procedure help our Govt to choose a multi-solution based on the 


current situation at that time. 
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6. Conclusion 


In this article two aggregation operators i.e. QOVNWDA and QSVNWDG operator based on 
Dombi operations on ONW sets are introduced. We have studied the properties of QOVNWDA 
and QSVNWDG operators. Finally we have solved a MADM problems using QOVNWDA and 
QSVNWDG operators. In solving MADM problems we have utilized the score functions of 


ON WN to finding the order of priority of different parameters. Also we have seen that different 


large values of 9 may effect the score functions. In future we will develop more advanced type 
of QSVNWDA operator and QSVNWDG operator on QNWW and will apply them to real life 
MADM problems. 
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Abstract. We introduce the notion of neutrosophic subbisemiring(shortly NSBS), level sets of NSBS and 
neutrosophic normal subbisemiring(NNSBS) of a bisemiring. The concept of neutrosophic subbisemiring is a 
new generalization of fuzzy subbisemiring over bisemiring. We interact the theory for (a, 3) NSBS and NNSBS 
over bisemiring. Let A be the neutrosophic subset in S, we show that @ = (w4,w4,m%)) is an NSBS of S 
if and only if all non empty level set aw) ig a subbisemiring of S for t,s € [0,1]. Let A be the NSBS of a 
bisemiring S and V be the strongest neutrosophic relation of S, we observe that A is an NSBS of S if and only 
if V is an NSBS of Sx S. Let Ai, Ao,..., An be the family of NSBS* of Si,Se,...,Sn respectively. We show 
that Ai x Ag x... xX An is an NSBS of Si x S2 x ... x Sn. The homomorphic image of NSBS is an NSBS. The 


homomorphic preimage of NSBS is an NSBS. Examples are provided to illustrate our results. 


Keywords: Neutrosophic subbisemiring; Neutrosophic bisemiring; Homomorphism; Normal. 


1. Introduction 


The study of semirings was opened by the Dedekind in interaction with ideals of commu- 
tative rings. In 1934, semiring was studied by Vandever. It was basically the generalization 
of rings and distributive lattices. In 1950, However the developments of the theory in semir- 
ings had been taking place. The classic article of 1965, Zadeh proposed fuzzy set theory {15}. 
According to this definition a fuzzy set is a function described by a membership value . It 
takes degrees in real unit interval. But, later it has been seen that this definition is inadequate 
by considering not only the degree of membership but also the degree of non-membership. 
Neutrosophic set is a generalization of the fuzzy set and intuitionistic fuzzy set, where the 
truth-membership, indeterminacy-membership, and falsity-membership are represented inde- 
pendently. Atanassov [4] described a set that is called an intuitionistic fuzzy set to handle 
mentioned ambiguity. Since this set has some problems in applications, Smarandache in- 
troduced neutrosophy to deal with the problems that involves indeterminate and inconsistent 


information. Arulmozhi interact the theory for various algebraic structures such semirings 
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and ternary semirings [2][3]. A semiring (S,+,-) is a non-empty set in which (S,+) and (S,-) 
are semigroups such that “-” is distributive over “+” [6]. In 1993, J. Ahsan, K. Saifullah, 
and F. Khan [1] introduced the notion of fuzzy semirings. In 2001, M.K Sen and S. Ghosh 
were introduced in bisemirings. A bisemiring (S,+,0°, x) is an algebraic structure in which 
(S,+,0°) and (S, 0, x) are semirings in which (S, +), (S,o) and (S, x) are semigroups such that 
(i) ro(y+z) = (woy)+(roz), (ii) (yt+z)oa = (you) + (zon) (ili) ex (yoz) = (a@xy)o(xx z) 
and (iv) (yoz) xa =(yxa)o(zxa), V x,y,z €S [13]. A non-empty subset A of a bisemiring 
(S,+, 0, x) is a subbisemiring if and only ife+y € A, voy € Aanda«xy € Aforallz,y € A [5]. 


Palanikumar et al. discussed various ideal structure of subbisemiring theory [7|- [12]. 
2. Preliminaries 


Definition 2.1. A neutrosophic set A in a universe U is an object having the form 
A = {(z,m4(x),a4(z),w4(x)): 2 EX}, where w4(x), a4 (x), 4 (x) : X — [0,1] repre- 
sents the truth-membership function , the indeterminacy membership function and the falsity- 
membership function respectively. For simplicity the symbol (oi, a, a4 ) is used for the 


neutrosophic set A = {(2, a(x), a4 (2), oa, (x)) :cEXh. 


Definition 2.2. [Id] Let A = {2,a4(2),a4,(x),a%(x)} and B = {2,w3(2x),04(x), 05 (x)} 
be the two neutrosophic set of a set X. Then 

(i) ANB ={(e,minfarh(e), oh (2)}, min{o4 (2), 7h (e)}, max{oh (x), af (x)}) [x € x}. 
(i) AUB = {(2,max{w5(2), 25 (2)},max{wh(2), of (a)}, infos (2), oh(e)}) |e eX}. 
Definition 2.3. For any neutrosophic set A = {2, @4{(x), w4\(x), w4{(x)} of a set X, we 
defined a (a, 8)-cut of as the crisp subset {2 € X|w4(x) > a, w4\(x) > a,wh (x) < B} of X. 


Definition 2.4. Let A and B be be two neutrosophic subsets of S. The 
Cartesian product of A and B denoted by A x B is defined as A x B = 


{ay 3(2,Y), Way (259) Pix Bl(ZY)| for all x,y € S}, where 


Wh. p(t, y) = min{w (x), 7B (y)} 
a p(a,y) = Zeta 
Why p(t, Y) = max{oh (x), 7 (y)} 
Definition 2.5. A fuzzy subset A of a bisemiring (S,01,02,03) is said to be a fuzzy 


subbisemiring of S if 
wa(ro1y) 2 min{wa(x),wa(y)} 


ma(x oo y) = min{wa(zx), wa(y)} 


wa(xo3 y) > minfwa(x), wa(y)} 
for alla,yeS. 
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Definition 2.6. A fuzzy subset A of a bisemiring (5, 01,2, 3) is said to be a fuzzy normal 
subbisemiring of S if it satisfies the following conditions: 

wa(zo y) = Waly > 2) 

Wa(xo2 y) = Waly 2 2) 

WAL o3 y) = Waly o3 @) 


for all x,y € S. 


Definition 2.7. Let (S,+,-, x) and (T,, 0, @) be two bisemirings. A function ¢: S > T 
is said to be a homomorphism if it satisfies the following conditions: 

o(z + y) = O(a) B oy) 

o(x-y) = o(x) 0 oly) 

o(x x y) = O(a) ® oy) 


for alla,yeS. 
3. Neutrosophic Subbisemiring 


In what follows, let S denote a bisemiring unless otherwise stated. Here NSBS stands for 


neutrosophic subbisemiring. 


Definition 3.1. A neutrosophic subset A of S is said to be an NSBS of S if it satisfies the 


following conditions: 


W4(zo Yy) > wa(e)+waly) 
wa(z oy y) > min{a)(2),74(y)} OR 
DA (a oy) > min{w4 (x), 04 (y)} h(a oy) > ZAWteaw) 
w(x 3 y) > min{wh (x), 74 (y)} OR 
a(x o3 y) > wale)+wa(y) 
w(x ory) < max{w4 (x), 74 (y)} 
wh (x og y) < max{a4 (x), 74 (y)} 
w(x o3 y) < max{w4 (2), 74 (y)} 


for all z,y €S. 


Example 3.2. Let S = {n1,n2,n3,n4} be the bisemiring with the following Cayley table: 


Or | Ny) Ne. | NZ } N4 o2 |} nN) ne | n3 | N4 23°) N11) n2 | n3 | N4 


My | My | My | My | My Ny | M1 | NZ | NZ | M4 My | My | My | Mz | MY 


ng} ny | Ng | Ny, | Ne ae ee ng | 1 | ng | ng | 4 


nz | ny, | Ny | ng | N38 nz | ng |) M4 | ng | 4 ng | 4 | M4 | 4 | 4 


M4 | M1 | MQ | NZ | N4 M4 | M4 | M4 | M4 | 4 NA | M4 | 4 | M4 | M4 
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R= | nH—Ne|n—ng | r= ha 
Bin) | 0.7 0.6 0.3 0.5 
ai(n)| 0.4 0.3 O41 0.2 
F 
A 


(n)| 0.5 0.6 0.9 0.8 


Clearly, A is an NSBS of S. 
Theorem 3.3. The intersection of a family of NSBS*® of S is an NSBS of S. 


Proof. Let {Vj :i € I} be a family of NSBS® of S and A= )V. 
ier 
Let « and y in S. Then 
wh(xo1 y) = -_ my, (x >1 y) 
= inf min{ ay, (x), ay, (y)} 
ve 
=min {inf he) inf oh) 


= min{w4(2),7a(y)}- 


Similarly, @4(az o2 y) > minfw4\(x), w4(y)}, w(x 03 y) > min{w4 (x), o4(y)}. Now, 


a(x ory) = int ot, (x 1 y) 


_.@ 
> inf 
iel 2 


. f rT ae f I 
eee 


f Hd: iT. 
Similarly, w/,(az o2 y) > si NSP A and w(x o3 y) > “4 a" | Now, 


wa(@ oy) = ae wy, (a >1 y) 
ie 


< sup max{oy, (2), oy, (y)} 
ve 
= max {sup a, (x), sup wy, (y)} 
iel iel 


= max{w4 (x), 74 (y)}- 


Similarly, w4(x o2 y) < max{w4 (x), wh (y)}, w(x o3 y) < max{w4{(x),o4(y)}. Hence A is 


an NSBS of S. 


Theorem 3.4. Jf A and B are any two NSBS®* of S, and So respectively, then A x B is an 
NSBS of Sy x So. 
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Proof. Let A and B be two NSBS* of S; and Sg respectively. Let 21,22 € S; and 
y1, y2 € Sg. Then (21, y1) and (2, y2) are in S; x Sz. Now 


Wax Bl(@1, 91) o1 (w2, y2)] = Taxp (#1 O1 2,41 O1 Yo) 
= min{w4 (21 o1 72), 7B(y1 o1 ye) 
> min{min{w4 (21), 74 (x2)}, min{wp(y1), 7B(y2)}} 
= min{min{w4 (71), 7 (y1)},min{w4 (x2), 7B(y2)}} 


= min{w4, (21, 91); Wax B (£2, yo)}- 


Also CH es ( Bi; 4/1) 2 (x2, y2)] 2 min{o4, p(£1,Y1), Pay B(£2,Y2)} 


Wy pl(£15 91) O38 (x2, y2)] = min{w4, 3(21,y1); Way (£2, y2)}- Now, 


why Bl(t1,y1) 1 (@2, y2)| = why 3 (x1 ©1 £2, Y1 1 Y2) 


_ wy(x1 01 22) + wh(yi O1 Y2) 
2 


i ae + w,(z2) @B(y1) + = 


IV 


2 


3) v1 silo , Eyed ebin 


=5|a4 AXB (v1.41 ) + Wxp(w2, 42)| . 


ee 


Also wh, pl(x1, 41) 2 (x2, y2)| > $[ehxe(a a) + oh, (2, ¥2)| and 


wh, pl(t1, 41) 3 (x2, y2)| = Mohs (1) + why n(e2,¥2)). Now, 


way B[(t1, 1) 1 (£2, y2)| = way B(T1 1 £2, Y1 1 Y2) 


BI 
< max{max{o4, (x1), w4(x2)}, max{wh(y1), 7B (yo) }} 
= max{max{a4 (1), ak(y1)}, max{aw{ (x2), wR (yo) }} 


= max{w4,.p(21, 91); W4x (22; y2)}- 


Also wy 5[(21, y1) 2 (x2, ye)| < max{w4, 2(21, y1), 4, 5 (22, yo) ts 


a, l(t, y1) 93 (x2, y2)] < max{m*, 3(21, 1); ay 3(x2, ye)}- Hence A x B is an NSBS of S. 


Corollary 3.5. If Ay, Ao,..., An are the family of NSBS* of S,,Sg,...,Sn respectively, then 
Ay X Ao x... X An is an NSBS of S, x Sg x ... X Sy. 
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Definition 3.6. Let A be a neutrosophic subset in S, the strongest neutrosophic relation on 


S, that is a neutrosophic relation on A is V given by 
— wa(z)+r4(y) 
2 
ot; (x,y) = mar{wh (x), o4(y)} 
Theorem 3.7. Let A be the NSBS of S and V be the strongest neutrosophic relation of S. 
Then A is an NSBS of S if and only if V is an NSBS of S x S. 
Proof. Let A be the NSBS of S and V be the strongest neutrosophic relation of S. Then 
for any x = (21,22) and y = (y1,y2) are in S x S. We have 
wy (x1 y) = wy [((e1, 22) o1 (41, y2)] 
= wy (21 O1 Y1,%2 91 Yo) 
= minfo4 (a, 1 Y1); a (x2 ©1 y2)} 
> min{min{w4(r1),74(y1)},min{w4(r2), 74(yo)}} 
= min{min{w4(x1),@4(x2)},min{wa(y1), 74(y2)}} 
= min{wy (21, ©2), oy (yi; y2) } 
= min{wy (x), oy (y)}- 
Also, F(a 09 y) > min{oh (x), wh (y)}, ob (a eg y) > min{wh (2), 2B (y)}. 
Now, 
[((w1, £2) o1 (Y1, y2)] 
(21 O1 Y1, %2 O1 y2) 


oo, (x1 o1yi) + a (x2 1 y2) 


2 
: ee Dn), wh(z2) “tin 
2 2 2 
_ 1) wa(er) + @A(@2) | snl eine 
2 3 2 
_ BY (21, 22) + (yr, Y2) 
2 
wy (a) + wy) 


2 


Also, wt,(x 2 y) > ae 


and w},(x o3 y) > aye ay) 


Similarly, oot, (x oy) < max{w#f;(z), wt (y)}, copes o2y) < max{w#,(z), wot (y)} and 
at; (x o3 y) < max{wi;(x), wf(y)}. Hence V is an NSBS of S x S. 
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Conversely assume that V is an NSBS of S x S, then for any x = (21, x2) and y = (y1, y2) 


are in S x S. We have 
, T sh =o 
min{@4(x1 o1 y1), @4(r2 1 y2)} = Wy (#1 91 Y1, F2 %1 Y2) 
— oe ((a1, ©2) 1 (41, ¥2)] 


al wy (a o1 y) 


IV 


min{wt (x), ot (y)} 
= min{w? (isla) ts oy (y1, y2) } 
= min{min{w4 (21), aw (x2)}, min{a4(y1), oa (yo) }}. 


If o4(21 1 yt) < wi(xe o1 y2), then wi (x1) < wi (x2) and w4(y1) < wi(ye). We get 
oh (x4 1 Yi) > min{w4 (x1), oi (y1)} for all x1, y, € S, and 

min{@4(21 o2 91), 74 (x2 2 yo)} 2 min{min{w4 (21), 74 (v2)},minfo4(y1), 74 (y2)}} 

If 24 (21 2 yr) < WH (a2 02 yo), then W4(21 2 yr) > min{w4(21),74(y1)}- 

min{w4(21 3 y1), 74 (x2 3 yo)} = min{min{w4 (21), 74 (v2)}, min{o) (1), 74 (yo) }}- 

If w(x 03 Y1) < a (x9 ©3 y2), then (x4 3 41) > min{w4 (a1), o4(y1)}- 


Now, 


1 
3 Kener 1 yi) + 4 (x2 O71 yo)| = wi (a1 01 yi, £2 1 Yo) 


~~ 2 

= oot, (x1, £2) + cot(y1, yo) 
2 

_lfah(er)+o4(02) _ ohn) + oy) 
9 2 


If coy (x1 01 yi) < wh (x2 o1 yg), then w4(21) < wy (x2) and wh (y1) < w4 (yo). 


wR ve 
We get, wi (a1 o1 y1) > eae 


)> oh (wi) +o) (yr) )> wi (a1) +04 (y1) 
= } a; 


Similarly, oi (x1 o2 YI and a(x 3 Y1 
Similarly to prove that 

max{oi (21 1 Y1), 74 (x2 1 yo)} S max{max{ow4 (x1), 74 (w2)}, max{or4 (y1), 4 (Yo) FF. 
If oA (21 o1 yi) > WA (x2 1 y2), then wh (21) > wi (x2) and wi (yi) > wi (ye). 

We get, 44 (x1 01 y1) < max{w4 (x1), 74 (y1)}- 

max{ai (21 2 y1), 74 (x2 o2 yo)} S max{max{ow4 (x1), 74 (w2)}, max{or4 (y1), 4 (Yo) FF. 
If oh (1 2 y1) > ai (xe ©2 y2), then aot (ai 2 y1) < max{w* (21), wi (y)}. 


max{o* (a1 3 Y1); wi (aro o3 y2)} < max{max{w4 (21), ai (x2)}, max{m(y1), oot (yo)}} 
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If oh (ar1 3 Y1) = ai (x2 ©3 y2), then oi (ay 03 Y1) < max{w4 (21), ai (yi)}. 
Hence A is an NSBS of S. 


Theorem 3.8. Let A be a neutrosophic subset inS. Then @ =(w4,a4,a4) is an NSBS of 


S if and only if all non empty level set @**) is a subbisemiring of S for t,s € [0,1]. 


Proof. Assume that @ is an NSBS of S. For each t,s € [0,1] and aj, a2 € @*). We have 
awi(ai) > t,w4(a2) > t and w4(a1) > t,w4(a2) > t and wi(a1) < s,w4 (a2) < s. Now, 


iE I 
a(a1 >1 a2) > minfw4(a1),74(a2)} > t and w4(a1 > ag) > eae ea) > Ht = ¢ and 


a (a1 01 a2) < max{w4} (a1), 4 (a2)} < s. This implies that a, o, ag € w%). Similarly, 
aio. a2 € aw ts) and a1 3 a2 € aw ts). Therefore oS) is a subbisemiring of S for each 
t,s € (0, 1]. 

Conversely, assume that @’) is a subbisemiring of S for each t, 5 € (0, 1]. Suppose if there 


T 


us I 
exist a1, a2 € S such that w4(a1 01 a2) < min{w4(a1), 74 (a2)}, w44(a1 01 a2) < ee 


and w/,(a, >, a2) > max{w4{(a1),@4{(a2)}. Select t,s € [0,1] such that w4 (a1 01 a2) < 


yD: I 
wale eae) and oi (ay ©, a2) > $s > 


t < min{w4}(a1),@4(a2)} and w4(a1 o1 a2) << t < 
max{a (a1), 74 (az)}. Then a1,a2 € w9), but a1 o1 ag ¢ @%9). This contradicts to that 
wts) isa subbisemiring of S. Hence a (ai o1 a2) > min{w4 (a1), a,(a2)}, a (ai o1 a2) > 
waley+74(42) ang oF (ay 01 az) < F F Similarl d H 

5 ‘4 (@1 01 a2) < max{w (a1), @4(a2)}. Similarly, og and o3 cases. Hence 


@ =(w4,m4,a4) is an NSBS of S. 


Definition 3.9. Let A be any NSBS of S and a € S. Then the pseudo neutrosophic coset 
(aA)? is defined by 


((acv4)?)(x) = p(a)or4(2) 
((aw)?)(x) = p(a)o4(2) 
((acv4)?)(x) = pla)or4 (x) 


for every « € S and for some p € P. 


Theorem 3.10. Let A be any NSBS of S, then the pseudo neutrosophic coset (aA)? is an 
NSBS of S, for everya €S. 


Proof. Let A be any NSBS of S and for every z,y € S. Now, ((aw4)?)( 
y) = pla) wale ory) = pla) min{wA(2),wA(y)} = min{p(a) wA(2),p(a) w4 


min{((acv4)?)(x), ((aaaq)?)(y)}- Thus, ((ao4)?)(# o1 y) = min{((aw4)?)(x), (aa) 


why (x) +o (y) (a) wi (x)+p(a) wi, 
) > p(a) A u AW = 2 A > A 


Now, ((az4)?)(« 01 y) = pla) w(x or y 


(Coma y)(a) (awa ))W) Thus, ((a4,)?)(« oy y) = (amay)a)H((awa))(Y) Now, ((aw)P)(« 4 


y) = pla) wa(x ory) S pla) max{w4a(x),oA(y)} = max{p(a) w(x), pla) way} = 
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max{((ae4)?)(x), ((ae4)”)(y)}. Thus, ((aev4)?)(x o1 y) < max{((ao4)?)(x), ((a4)?)(y)}- 
Similarly, o2 and o3 cases. Hence (aA)? is an NSBS of S. 


Definition 3.11. Let (S;,4), 2,3) and (Se, 41, 42,43) be any two bisemirings. Let A : 
S: — Sg be any function and A be any NSBS in S;, V be any NSBS in A(S;) = So. If 


WA= [o4, a, atl is a neutrosophic set in S;, then wy is a neutrosophic set in Sg, defined 
by 


7 supa(x) if ce Aly ‘ sup w(x) if re Aly 
ayy) = ayy) = 
0 otherwise 0 otherwise 
infoi(r) if «Ee Agty 
oy (y) = 


1 otherwise 


for all x € S; and y € Sp is called the image of w,4 under A. 

Similarly, If oy = [wt, ot, wf] is a neutrosophic set in Sz, then neutrosophic set 74 = Aowy 
in S; [ie, the neutrosophic set defined by w(x) = wy(A(zx))] is called the preimage of wy 
under A. 


Theorem 3.12. Let (S;,1, 2,3) and (So, 41, He, 43) be any two bisemirings. The homo- 
morphic image of NSBS of S; is an NSBS of Sg. 


Proof. Let A: S; — Sg be any homomorphism. Then A(x H; y) = A(x) Gi A(y), A(a Bo 
y) = A(x) Ee A(y) and A(a H3 y) = A(x) Elz A(y) for all z,y € S;. Let V = A(A), A is 
any NSBS of S;. Let A(x), A(y) € Se. Let x € A~1(A(x)) and y € A7!(A(y)) be such that 


ai(x)= sup wi(z)andwai(y)= sup  w4(z). Now, 
z€A-l(A(z)) zEA-l(A(y)) 


aE(A(@) Eh AQ) = sup AL?) 
2 €A~1 (A(x) A(y)) 


= sup wa(z ) 
2'€A-!(A(aBiy) 


= w(x By y) 
> minfw4 (x), o4(y)} 


= min{w? A(a), aw A(y)}. 


Thus, 2% (A(z) Gi A(y)) > min{wP A(x), oP AQ). 
Similarly, 77 (A(z) Ho A(y)) > min{fwG A(z), wf A(y)} and 
of (A(z) Gs A(y)) > min{wPA(2), oF A(y)}. 


Let c € A7!(A(z)) and y € A7!(A(y)) be such that w4(z)= sup w4(z) and 
zEA-l(A(ax)) 
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ai(y) = sup 4(z). Now, 
z€A~1(A(y)) 


ay (A(x) Eh A(y)) = sup oa(z ) 


2 €A-1(A(2)ELA(y)) 


= sup wa(z ) 


z' €EA-1(A(aB1y) 


= oh (x 1Y) 


w(x) + wA(y) 
2 


wot, A(x) + ayAy) 


2 


Thus, oot, (A(z) 1, A(y)) > aaa) 


Similarly, @{/(A(2) Ea A(y)) > OOFPEEY and wf (A(w) By A(y)) > HAOGHERY 


Let A(x), A(y) € So. Let x € A~!(A(z)) and y € A~!(A(y)) be 


~ EA-1(A(@)ELA(y)) 


= inf ai(z ) 


2 €A-1(A(cBiy) 


= w(x Hy y) 


< max{w4{ (x), a4 (y) 


2 
such that 


} 


= max{of A(2), of A(y)}. 


Thus, wf;(A(r) Gy A(y)) < max{whA(a), of A(y)}. 
Similarly, of (A(x) Ho A(y)) < max{wh A(x), of A(y)} and 


at; (A(x) L3 A(y)) < max{wh A(z), of A(y)}. Hence V is an NSBS of Sp. 


Theorem 3.13. Let (S;,1, He,H3) and (So, G1, He, 43) be any two bisemirings. The homo- 


morphic preimage of NSBS of Sz is an NSBS of Sy. 


Proof. Let A :S; — Sg be any homomorphism. Then A(« 4 


y) = A(x) Fle A(y) and A(x Hs y) = A(x) Hs A(y) for all a,y € 
is any NSBS of So. Let z,y € S|. Now, w4(z@ Hy y) = wh (A 


1y) = A(@) Gh Ay), A@ Be 
Si. Let V = A(A), where V 


A y)) = wp (A(z) Gh A(y)) = 


(x 
min{w? A(z), oF A(y)} = min{w4(x),o4(y)}. Thus, o4(x 


1y) = min{w4(x), 74(y)}. 


al Mi al al x al 
Now, wh (a By) = w(A(a Bh y)) = of(A(a) Dy A(y)) > ZA@*BAW _ Ba)ten) 


Thus, w4,(x Hi y 


al, £ ol 
) > ZA@t2a | Now, oh (ary) = wh (A(e Hh y)) = oF (A(x) Gh A(y)) < 


max{wfA(x), of A(y)} = max{w (xr), 74 (y)}. Thus, wiz Ai y) < max{w4(z), a4, (y)}. 


Similarly to prove two other operations, hence A is an NSBS of Sy. 
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Theorem 3.14. Let (S;, fi, Ae, As) and (So, 41, He, 43) be any two bisemirings. If A:S, > 
S2 is a homomorphism, then A(Aiy.s)) is a level subbisemiring of NSBS V of So. 


Proof. Let A: S; — Sg be any homomorphism. Then A(x H; y) = A(x) Gi A(y), A(a Bo 
y) = A(x) Ee A(y) and A(z Bs y) = A(x) G3 A(y) for all z,y € S1. Let V = A(A), A is an 
NSBS of S:. By Theorem B.12] V is an NSBS of Sg. Let Ags) be any level subbisemiring 
of A. Suppose that x,y € Aq.). Then A(z Hy; y), A(x Hp y) and A(x H3 y) € Ay... Now, 
wi (A(z)) = w4(z) > t,wG(A(y)) = w4(y) >t. Thus, oF (A(z) Gh A(y)) > w4 (xB y) >t. 
Now, wi(A(x)) = w(x) > t, of, (A(y)) = w4(y) >t. Thus, of,(A(z) Gi A(y)) > w4(a Bh 
y) >t. Now, of (A(a)) = 2h(e) < s, of (Ay) = why) <5. Thus, of (A(x) Hi AW) < 
oh (a 1 y) < s, for all A(x), A(y) € Sp. Similarly to prove other operations, hence A(A¢,s)) 
is a level subbisemiring of NSBS V of So. 


Theorem 3.15. Let (Si, fi, Ae, As) and (Se, G1, He, 3) be any two bisemirings. If A: Si > 


S2 is any homomorphism, then Ay.) ts a level subbisemiring of NSBS A of Sy. 


Proof. Let A: S; — Sg be any homomorphism. Then A(x H; y) = A(x) Gi A(y), A(a Bo 
y) = A(z) Ge A(y) and A(z H3 y) = A(x) G3 A(y) for all z,y € Sy. Let V = A(A), V is an 
NSBS of S2. By Theorem [3.13] A is an NSBS of S;. Let A(Aq,,)) be a level subbisemiring 
of V. Suppose that A(x), A(y) € A(Ag,s)). Then A(x Hy y), A(@ He y) and A(a H3 y) € 
A(Aqs)). Now, w4(x) = wi (A(z)) > t,w4(y) = wh (A(y)) > t. Thus, w4(x Hi y) > 
min{fw4(r),w4(y)} > t. Now, w(x) = wi (A(z)) > t,a4\(y) = wi (A(y)) > t. Thus, 
oi (x By y) > wale)+walv) > t. Now, w4(2) = wh(A(2)) < 8, a4 (y) = wh (A(y)) < 5. Thus, 


a(x By y) = wt (A(x) Gy A(y)) < max{w4(x), of (y)} < s, for all x,y € S1. Similarly to 


prove other two operations, hence Aj.) is a level subbisemiring of NSBS A of S1. 


4. (a, 8)- neutrosophic Subbisemiring 


In this section, we discuss about (a, 3)- neutrosophic subbisemiring. In what follows that, 


(a, 3) € [0,1] be such that O<a<6 <1. 


Definition 4.1. Let A be any neutrosophic subset of S is called a (a, 3)- NSBS of S if it 


satisfies the following conditions: 


max{a4 (x o1 y), a} > min{w4(x),04(y), B} 
max{w4(z 2 y), a} > min{w4(x),o4(y), B} 
); 


max{w4 (x o3 y),a} > min{w4 (x), 74 (y), B} 
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oo, (x) +c), 
A is aw) 3h 


max{w4(x o y),a} > min { 
OR 

max{a, (x 2 y),a} > min {AeA } 
OR 

max{a,(x 03 y),a} > min { Oe) a} 

min{o* (x 1 y),a} < max{w4 (x), 0% (y), 8} 

zo2y),a} < max{a4(z), 74 (y), 6} 

4 


LOZ y), a} < max{w(x),@ (y), B} 


min{a* ( 
min{a*\( 


for all x,y ES. 


Example 4.2. By the Example B.2} 


N=nN | n=n|n=ng|n=nN4 
mi(n)| 0.80 | 0.75 | 0.55 | 0.70 
ai(n)| 0.75 | 0.70 | 0.62 | 0.65 
ai(n)| 0.35 | 0.65 | 0.80 | 0.70 
Clearly, A is a (0.45,0.60) NSBS of S. 


Theorem 4.3. The intersection of a family of (a, 6) NSBS* of S is a (a,(6) NSBS of S. 


Proof. Let {V;: i € I} be a family of (a, 8) NSBS* of S and A= (Vi. 
tel 
Let « and y in S. Now, 


max{or4 (a o1 y),a} = inf max{ory, (x o1 y),a} 
> inf min{we, (x), wf (y), B} 
ve i ; 
ae : Tp : T 
= min {inf wy, (x), inf Wy, (y), 8} 
= min{w4(z),a4(y), B}. 
Similarly, max{w4 (x 02 y),a} > min{w4(z), 74 (y), B} and 
max{a (x 03 y), a} > min{w4(x),04(y), 8}. Now, 


max{a\(ax 01 y),a} = inf max{w, (xo 1 y), a} 


2 
inf oy, (x) + inf wy, (y) 
= min us is | 
2 
= min al) ; =A) 
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Similarly, max{w/,(x o2 y),a} > min {=aezal) gl and max{a\(x o3 y),a} > 


min { a@eal) Bh. Now, 


min{a\ (2 >, y),a} = sup min{of, (x 01 y), a} 
ier 


< any max{a, (x), ay, (y), B} 


— max {sup my, (x), sup af; (y), BS 
i€l ic] 
= max{w4(x),74(y), B}- 

Similarly, min{w4{ (x 02 y),a} < max{w4 (zx), o4(y), B} and 
min{w4\ (zr o3 y),a} < max{w4 (x), a4 (y), B}. Hence, A is a (a, 8) NSBS of S. 
Theorem 4.4. Jf A and B are any two (a, 8) NSBS® of S; and Sg respectively, then A x B 
is a (a, B) NSBS of S, x So. 

Proof. Let A and B be two (a, 3) NSBS* of S; and S2 respectively. Let 11,272 € S; and 
Y1, y2 € Sg. Then (21, y1) and (x2, y2) are in S; x Sy. Now 
max {oh xal(e, 9) °1 (x2, yo)],a} = ae ae 1 ©2,Y1 1 Y2); a} 

max{a4( © %1 £2), a}, max{op (yt 91 y2); a}} 


rnin { 
min { min{74( x1), 74(22), B}, min{wR(y1), 7B (y2), By} 
{ 


min { {min{o4 (1), 7h(yi)}, min{w4 (2), cB (y2) HB 


= min {74 AxB(%1, Y1) hx p(t2, yo), BS. 
>m 


Also, max {oh pl(e1, yn) % (x2, y2)], a} in {oy p(1.41): oy (#2, ¥2), BY and 


max {74 pl(e1.m1) % (x2, y2)], a} > min A, (£1, y1) ), wy (2,42), B}. 


Now, max {hy al(e1, 41) & (x2, y2)| sorb 
), 


I 
= Max { ohxa(es O71 T2,Y1 1 Y2 a} 


1 
5] ms (oh £1 91 £2) ,a} + max {wp( Y1 %1 2), y 


nf 5] in fealen) + 2A), 4 in f PAO) +2 Hw), 9)| 


2 2 


1 
2 2 2 


IV 
E. 

pa ee een 
Nl rR 


wh (a1) + oh(y) | =e ee at 


= min 


{Siete eat a} 
2 : : 
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Also, max { 7A cal(e1, 9) ©2 (x2,y2)]a} 2 nin | ou ate) 9) and 


I I a 
max fork pl(e1,sn) es (02, y2)],0} Sei { Snatsmprhese 9, 


Similarly, 


min {oy al(er, Y1) o1 (x2,y2)].a} = min {ohxa(t1 1 £2, Y1 1 Y2); a} 


Also, min {of}. p[(1,y1) o2 (v2, y2)),a} < max {of p(a1,91), 04h, 5 (22, y2), 8}, 

min {orf pllai.an) 3 (2, ¥9)] ac} < max fork, p(or,y1), 2h (2,42), BY. 

Hence A x B is a (a, 3) NSBS of S; x So. 

Corollary 4.5. If Aj, Ag,...,An are the family of (a, 8) NSBS* of S1,So,...,Sp respectively, 
then A, x Ag x... X An is a (a, 8) NSBS of S, x Se x ... x Sp. 


Definition 4.6. Let A be a (a, (@) neutrosophic subset in S, the strongest (a, 3) neutrosophic 
relation on S, that is a (a, 8) neutrosophic relation on A is V given by 

max{ay/(x,y),a} = min{w4 (x), 74 (y), B} 

max{oy(x,y),a} = min{a) (x), o4(y), B} 

min{wy;(x,y),a} = max{wh (x), 74 (y), 8} 
Theorem 4.7. Let A be a(a,8) NSBS ofS and V be the strongest (a, 3) neutrosophic relation 
of S. Then A is a (a, 8) NSBS of S if and only if V is a (a, 8) NSBS of S x8. 


Theorem 4.8. Let (S;, 1, Ho, 3) and (S2,6, 42,43) be any two bisemirings. The homo- 
morphic image of (a, 2) NSBS of S; is a (a, 8) NSBS of So. 


Proof. Let A :S; > Sg be any homomorphism. Then A(a# H; y) = A(x) Gi A(y), A(a Be 
y) = A(x) Ge A(y) and A(x H3 y) = A(z) G3 A(y) for all zc, y € S1. Let V = A(A), A is any 
(a, 8) NSBS of S;. Let A(x), A(y) € Sg. Let « € A7~!(A(zx)) and y € A71(A(y)) be such that 


ai(z)= sup wi(z)andwi(y)= sup w4(z). Now, 
z€A-!(A(x)) 2€A~1(A(y)) 
max =r (AC) ‘J, A(y)) 0] = max | sup wi(z) ol 
2 €A-1(A(2)E1 A(y)) 


= max | sup wi(z) “ 
2 EA-l(A(ax 1y) 
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= max |ma(a FA; y), a 


> min { o5(2), wy), B} 


Thus, max =F (A) J, A(y)) a > min {aPA(a), oP Aly), Bt. 

Similarly, max |=F(A@) ‘lo A(y)) a > min {2PA(z), oP Ay), 6} and 

max =F (A@) ‘Iz A(y)) | > min {oP A(a), of Aly), B}. 

Let A(x), A(y) € So. Let x € A7'(A(x)) and y € A71(A(y)) be such that w(x) = 


sup wi(z)andwi(y)= sup wi4(z). Now, 
zEA—!(A(a)) zEA-l(A(y)) 


win thle) 


Thus, max [>t (A) , A(y)) 0] > min er ho), 


Similarly, max |=} (AC) ‘lo A(y)) a > min { ACs) gh and 


max [=f (A() ‘Iz A(y)) 0] > min { BAO) gh 


Let « € A-1(A(z)) and y € A7+(A(y)) be such that w4(z) = rere ya? and 
ZED x 
ai (y) = inf a (z). Now, 
AW) = en Magy AO) 
min | =¥(A@) ‘1, A(y)) 0 = min inf ai (z) ,a 
2’ €A-1 (A(x) A(y)) 
= min inf ai(z) ,a 

2' CA-1(A (ay) 


= max {afA(2), wt Ay), }. 
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Thus, min oF (AC) ‘ly A(y)) 0] < max {af A(z), af Ay), B}. 
Similarly, min [oF (A@) ‘la A(y)) | < max {ofA(2), oP A(y), 8} and 


min |>F(A@) 


‘Iz A(y)) | < max {afA(z), of Ay), 6}. Hence V is a (a, 8) NSBS of So. 


Theorem 4.9. Let (S;, 1, He, 3) and (S2,4, 2,43) be any two bisemirings. The homo- 
morphic preimage of (a, 8) NSBS of Sg is a (a, 8) NSBS of S1. 


Proof. Let A : S; + Sg be any homomrphism. Then A(z,y) = A(xz)G, A(y), A(a@Hey) = 
A(x) Ele A(y) and A(z 3 y) = A(x) G3 A(y) for all z,y € S;. Let V = A(A), where V is 
any (a, 8) NSBS of Sg. Let x,y € Sj. Then max{w4 (x Hj y), a} = max{wi(A(xH1y)),a} = 


max{wt (A(z) 


max{w4 (ar Hy y),o} > min{w4 (x), o4(y), b}. Now, max{w/,(r By y), a} = max{wt, (A(z By 


1 A(y)),a} = minfwyA(x), oP A(y), 6} = min{w4(x),74(y), 8}. Thus, 


y)), a} = max{my,(A(x) Gi A(y)),a} > min{ay, A(z), of A(y), 8} = min{w4 (2), 74 (y), 6}. 
Thus, max{w(c¢ Hi y),a} > min{w4(z),o4(y),8}. Now, min{w4(z Hy y),a} 
minfof (A(z Hy y)),a} = minfwh(A(x) G) A(y)),a} < max{wPA(z), wf Ay), 8} = 


max{o(r),o4(y), 8}. Thus, minfo4 (2 By y),a} < max{w4{(x),o4(y), 6}. Similarly to 


prove other two operations, hence A is a (a, 3) NSBS of S. 


5. (a, 8) neutrosophic Normal Subbisemiring 


In this section, we interact the theory for (a, 3)- neutrosophic normal subbisemiring. Here 


NNSBS stands for neutrosophic normal subbisemiring. 


Definition 5.1. Let A be any neutrosophic subset of S is said to be a NNSBS of S if it satisfies 


the following conditions: 


for all x,y ES. 


wA(% 1 y) = Aly 1 2) 


a(x o1 y) = wily 1 2) OR 
w(x o2 y) = Waly 2 2) ai, (a 02 y) = why o2 £) 
a(x 03 y) = Wi (y 3 2) OR 


wala 3 y) = wA(y o3 x) 


w(x ory) = w4(¥ or 2) 
wi (ony) = W4(y 2 2) 
ah (x 03 y) = why o3 2) 


Theorem 5.2. (i) The intersection of a family of NNSBS s of S is a NNSBS® ofS. 
(it) The intersection of a family of (a, 8) NNSBS of S is a (a,8) NNSBS s of S. 


Proof. Proof follows from Theorem and Theorem [4.3] 
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Theorem 5.3. (i) If Aj, Ao,...,An are the family of NNSBS* of S1,So,...,Sn respectively, 
then A, x Ag x... X An is a NNSBS' of S1 x So x ... X Sp. 

(tt) If Ay, Ao, ..., An are the family of (a, 8) NNSBS* of S1,So,...,S, respectively, then A, x 
Ag X... X An is a (a,b) NNSBS of S, x Se x ... X Sn. 


Proof. Proof follows from Theorem [3.4] and Theorem [4.4] 


Theorem 5.4. (i) Let A be any NNSBS of S and V be the strongest neutrosophic relation of 
S. Then A is a NNSBS of S if and only if V is a NNSBS ofS x S. 

(ii) Let A be any (a, 8) NNSBS of S and V be the strongest (a, 3) neutrosophic relation of S. 
Then A is a (a, 8) NNSBS of S if and only if V is a (a, 8) NNSBS of SxS. 


Proof. Proof follows from Theorem 


Theorem 5.5. Let (S;, 1, He, 3) and (So, 41, He, 43) be any two bisemirings. 
(i) The homomorphic image of any NNSBS of S; is a NNSBS of So. 
(it) The homomorphic image of any (a, 8) NNSBS of S; is a (a, 8) NNSBS of So. 


Proof. Proof follows from Theorem and Theorem [4.8] 


Theorem 5.6. Let (Si, 1, 2,3) and (So, G1, 2,43) be any two bisemirings. 
(i) The homomorphic preimage of any NNSBS of Sg is a NNSBS of Sy. 
(it) The homomorphic preimage of any (a, 8) NNSBS of Sg is a (a, 8) NNSBS of S. 


Proof. Proof follows from Theorem and Theorem [4.9] 
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Abstract. In this paper, we extend the concepts of Neutrosophy to Boolean function and define ClassicalBal- 
anced, AntiBalanced and NeutroBalanced functions. We consider functions of the form f(x) = Tr(a“), where 
the exponent d may be Gold exponent, Kasami exponent, Welch exponent or any arbitrary positive integer. We, 


for different values of d, examine nature of these functions with respect to the above stated three categories. 


Keywords: Balanced function; Neutrosophy; AntiBalanced function; NeutroBalanced function; Cryptography. 


1. Introduction 


In an algebraic structure, the axioms are valid and the operations are defined everywhere. 
We cannot do much mathematics just on sets. We need some sort of algebraic structures for 
analysis. In real life situations when we require to combine the elements of a particular domain 
in acertain manner, it may happen the combination is not meaningful for certain pairs. It may 
be undefined, indeterminate or multivalued. In such situation, we cannot have an algebraic 


structure and we are left with no option but to modify the combining operations. 


What if we have the theoretical platform to deal with such operation the way they are. This 
line of thinking lead to evolution of Neutrosophy. The history of Neutrosophy is dated back 
to 1998 when Florentin Smarandache propounde the notion of Neutrosophy in [3]. However, 
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the research in this area gained momentum in last couple of years. Some recent works may be 


found in : 


Neutrosophic structures have been defined on Algebra |1}/7|, groups 161/20|[21| and ring 
and their properties have been explored. We define neutrosophic structure on a finite 


field. The main reasons of choosing finite fields are: 


(1) This direction remains by and large unexplored. 

(2) Fields are the richest structure. The finiteness is considered to make it more computer 
friendly. When it is not possible to produce a rigorous logic for proving an assertion, 
computational tools may be utilised to establish the assertion. 

(3) Finite fields are widely used in cryptography. We try to translate the concepts of 
Boolean function to the Neutrosophic scenario. This may lead to application of these 


function to cryptography. 


We define three types of functions viz., ClassicalBalanced, AntiBalanced and NeutroBalanced 
functions. The details can be found in the subsequent sections. The paper is structured in the 


following manner. 


In the next section we discuss preliminaries required to comprehend the paper. In section 3 
we introduce three neutrosophic functions as mentioned above. In the fourth section we prove 


some results related to the defined function. Finally, in section 5, we conclude the paper. 


2. Preliminaries 


Definition 2.1. 


(i) A classical operation is an operation well defined for all the set’s elements while a 
Neutro Operation is an operation partially well defined, partially indeterminate, and 
partially outer defined on the given set. An AntiOperation is an operation that is outer 
definedfor all the set’s elements. 

(ii) A NeutroAlgebra is an algebra that has at least one Neutro Operation or one Neu- 
troAxiom ( axiom that is true for some elements, indeterminate for other elements, 
and false for other elements), and no AntiOperation or AntiAxiom. An AntiAlgebra 


is an algebra endowed with at least one AntiOperation or at least one AntiAxiom. 


The study and analysis of cryptographic and combinatorial properties with respect to 
Boolean functions has been an important branch of cryptography. Boolean functions play 
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a significant role in the construction of components used in symmetric ciphers, and crypto- 
graphic properties of such functions are of great interest. Boolean functions used in crypto- 


graphic applications provide security of a cipher against different kinds of attacks. 


Over the prime field, Fz the n-dimensional vector space can be denoted as F5. One can 
identify this vector space F5 over F2 with the finite field Fan of 2” elements, which is basically 
extension of the finite field Fy = {0,1} using some irreducible polynomial of degree n with 


coeffiecients either 0 or 1. 


A Boolean function in n variables is an arbitrary function from F}) + Fo, where F = {0,1} 
is a Boolean domain and n is a non-negative integer. It is called Boolean in honor of the 


British mathematician and philosopher George Boole (1815 — 1864). 


The vectorial Boolean function is of the form F : F} — Fy’ with range of the function 
being F3’, where m > 1. It is also called an (n,m)-function. If m = n then it is called as 
(n,n)-function. For vectorial Boolean functions we use uppercase letters, whereas Boolean 


functions are denoted with lowercase letters. 


The finite field Fan of order 2” is also denoted as GF(2"), which is due to French math- 
ematician Evariste Galois (1811-1832). Usually, F5, is the denotion used to represent the 
collection of all nonzero elements in the field Fan. With respect to multiplication, F5, acts asa 
cyclic group with order of the group being 2” — 1. For basic and recent results on finite fields, 
permutation polynomials, balanced functions and trace functions we refer (19}/22}|241/27]. 

The trace representation is very useful in defining and analyzing various properties of 


Boolean functions. 


Definition 1. If c is an element of K = GF(q"), its trace relative to the subfield 
F = GF(q) is defined as follows: 


n—1 


Trk(c)=ctelte? +...4¢e4 


The values of trace functions fall into the prime field F2 is the most important property of 
the trace. Since F is isomorphic with F gn, trace function can also be viewed as a Boolean 
function in n variables. In case of the base field F2, we use the notation TJ'r for trace. 

Consider the finite field GF'(9) = (00,10, 11,—11,0 — 1,-10,-—1—1,1-—1,01). Trace is 


tabulated as below. 


x 00 | 10 | 11 | -11 | 0-1 | -10} -1-1 | 1-1] 01 
Trace(x)} 0} 1]0/ 1 {| 1 | -14} 0 | -1 ]-1 
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A Boolean function f is said to be balanced if the output column of its truth table has 
same number of zero’s and one’s. As balanced functions would give outputs with the balanced 
number of zero and one, which appears more random. Hence, these functions avoid statistical 
dependencies between the input and output of the stream cipher, which prevents distinguishing 
attacks and statistical analysis (261/27). From cryptographic point of view, balanced functions 
are very important. In case of an unbalanced function, the input and output variables have 
considerable dependence on each other, which may cause susceptible cryptanalysis attacks. 

In (7}f19], one can find the construction of many such power function f : Fon + F2 with 
trace representation. Some well known examples of Boolean functions f(x) = Tr(«%), where 


d is given by the table [1] are as follows 


TABLE 1. Boolean functions 


Exponent “d” | Conditions 
Gold function 241 gcd(i,n) = 1 
Kasami function | 2%" — 2¢+ 1 gcd(70) = 
Welch function | 2'+3 n=2t+1 


The terminology of balancedness always comes with the idea of the measurement of different 
conditions. The balanced characteristic of a function is defined with the classification of its co- 


domain. Here in the next section, we present three types of balanced Neutrosophic functions. 


3. ClassicalBalanced, AntiBalanced and NeutroBalanced functions 


Let ~ be a Neutrosophic functions defined on F} to K, where K is some arbitrary set. 
Note that there will be three partitions of the domains say Py, Pi, P2 such that w is defined 
on Po, not defined on P; and indeterminate on Pj). The Neutrosophic function w induces a 


generalised Boolean function f on F3 — Fs as 
f(x) =i when x € Py. 


It can be seen easily, every function f : F3 — F3 induces a neutrosophic function F} > K. 
Thus there are one to one correspondance between Neutrosophic functions F — Kk and the 
generalised Boolean function from F3 — F3. We can therefore, identify a Neutrosophic func- 
tion from F3 — K by a generalised Boolean function from F3 — F3. With this identification, 


we proceed further and define neutrosophic functions. 


Note that any f : F} — Fs can be given as f(x) = Tr(h(x)), where h is a function defined on 
Fy. We are now fully equipped to define ClassicalBalanced, AntiBalanced and NeutroBalanced 
functions. 


Vadiraja Bhatta G. R., Shashi Kant Pandey, P. R. Mishra, Prasanna Poojary, 
ClassicalBalanced, AntiBalanced and NeutroBalanced functions 


Neutrosophic Sets and Systems, Vol. 48, 2022 


Definition 3.1. A function is said to be ClassicalBalanced function if it takes equal number 
of 1’s, 0’s and -1’s. 


Example 3.2. Over F35, the function f(x) = Tr(2x°) is a ClassicalBalanced function. 


Definition 3.3. A function is said to be AntiBalanced function if number of 1’s, 0’s, and -1’s 


are all distinct from each other. 
Example 3.4. Over F32, the function f(x) = Tr(x*) is a AntiBalanced function. 


Definition 3.5. A function is said to be NeutroBalanced function if number of 1’s, 0’s, and 


-1’s are not same but exactly two of them are equal. 
Example 3.6. Over F31, the function f(x) = T(x") is a NeutroBalanced function. 


4. Some Special types of Neutrosophic functions 


Composition of two functions is an intrinsic approach in the upcoming results to construct 
ClassicalBalanced, AntiBalanced and NeutroBalanced function. Trace of finite field is a com- 
mon choice for one of the compositions of two functions. Here in the next two propositions 
we present the necessary and sufficient conditions for a composition of two functions to be 


ClassicalBalanced, AntiBalanced and NeutroBalanced function. 


Proposition 1. Let f : F3n — F3 be a Boolean function and h be any bijection on f : Fn. 
Then f is ClasicalBalanced, AntiBalanced or NeutroBalanced if and only if the composition 


map fh is ClasicalBalanced, AntiBalanced or NeutroBalanced respectively. 


Proof. The proof is obvious. 


Proposition 2. The exponential map « > x*%,a € Z on F3n is a bijection if and only if 
gced(a, 3" — 1) = 1. 


Proof. If map « > «*,a € Z on F3n is a bijection then the proof is obvious. Now let 
gcd(a, 3” —1) =1 
and 21(4 0), v2(# 0) € F} and g be a generator of non zero elements of F3. Let if 


f(21) = fF (x2), 
then 
v1 = £9, 
= (g")* = (9), 
= (gh )* = 1, 
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=> 3” — 1|(u1 — u2)(a) 
or 
(ui; — u2)(a) =O mod 3”—1. (1) 
Now if gced(a, 3” — 1) = 1 then, 
(ui —u2)=0 mod 3”—1. (2) 
Now since, 1 < u1,ug < 3” — 1 therefore 


uy — U2 <3" —1. (3) 


From (2) and (3), uy = U2, which implies that, x1 = x2. Hence the result is proved. 


In the next theorem we prove the ClassicalBalanced property of Trace function over finite 
field F3n. 


Theorem 4.1. A function of the form 


f(x) = Tr(x) 
is a ClassicalBalanced function over the finite field F3n. 


Proof. We have 


gn-1 


f(e)=Tr(2) =a+a%te%+...42 (4) 
This is the absolute trace mapping the elements of F3n to the prime field F3. Therefore, 
f7* (Bs) = Fee, 

=> fF OU FDU FA (2) = Fae, 
= [fF OFF MI + lf 72) = 3". (5) 

Let |f~!(0)| = a1,|f~+(1)| = a2 and |f~!(2)| = a3. Then from 
ay + a2 + a3 = 3". (6) 

Now from we have 
a, = [{elzeto2?+o2+...423"" =o}, (7) 
ag = {olcta2 +o29+...+23"" —1=0}| (8) 
and 

ag = |{2jr+a%2+a9+...+0°" '—2=0}}. (9) 


All equations (7), and (9) has a polynomial of degree 3"~!. So, each can have at most 


3”-! roots and we conclude that 


0 < a1,02,03 < 3771. (10) 
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It is clear that (6) and hold together if and only if ay = ag = a3 = 3”-!. Thus our 


assertion is proved. 


Before start of the proof for next theorem here we prove a lemma. 
Lemma 4.2. Let i and n are positive integers, If <n,i >= 1 then < 3" —1,2'+1>=1. 


Proof. Here n and i are positive integers therefore let p(~ 2,3) be any prime number such 


that p|(3” — 1), then we can write 3" = 1 mod p, which implies that p— 1|n or 
n=0 mod (p—1). (11) 
Now if p|2‘ +1, then 2° = —1 mod p which implies that PAN, consequently p — 1|22 or 
2i=0 mod (p—1). (12) 


Now combining and (12), we can write < n,2i >= p—1. Therefore if < n,i >= 1 then 
at max gcd of n and 27 will be 2 but since p 4 20r3, hence there does not exist any prime 


p # 2or3 such that p|(3" — 1) and p|(2'+ 1). Hence 


£3" 1241 5= 1. 


Now in the next theorem we present the bijective condition for an exponent function on F¥. 


Theorem 4.3. Let f : Fyn ++ F3n be a function defined as f(x) = x?'*1. If <i,n >=1 for 


any positive integer 1, then f is a bijective function. 


Proof. The proof follow from the lemma [4.2] and proposition [2] 


Corollary 4.4. A function of the form 
f(x) = Tr(a"), 


for any positive integer i, is a ClassicalBalanced function with gcd(i,n) = 1 over the finite 
field Fan : 


Proof. Theorem [4.1] and theorem [4.3] follows the proof of this corollary. 


If gcd(i,n) #1, then the functions f(x) = Tr(x?'t+!) cannot be a ClassicalBalanced func- 


tions, which we can observe from the following examples. 


Example 4.5. Over F34, the function f(2) = Tr(z2 +1) is not a ClassicalBalanced function. 
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Example 4.6. Over F3s, the function f(x) = Tr(2?’t!) is not a ClassicalBalanced function. 


Some more general results for AntiBalanced and NeutroBalanced functions are presented in 


following theorems. 
Theorem 4.7. A function of the form 
f(x) = Tr(a**) 
is a AntiBalanced function for a € N, gcd(a, 32 —1) =1 over the finite field Fy. 


Proof. Given function f(a) is composition of two functions, Tr(z) = 2 +23 and h(x) = 2%, 


therefore, 

f(a) = Tr(a) = fir(a) (13) 
where f, (x) = Tr(x®) and h(x) = x*. It is given that gcd(a,3? — 1) = 1, therefore from 
propositions [I] and [2| f is AntiBalanced if and only if f; is AntiBalanced. We now show that 
fi is AntiBalanced. From the expression of trace and f1, 

f(z) =0 = 22 +2%=0 
Similarly, 
fi(z) =1 = > 28 +2%-1=0 
and 
fi(z) =2 = > «8 +2%-2=0. 


It can be verified computationally or otherwise that the polynomials 2° + x74, 2° + 24 — 1, 


a® + 274 — 2 has 1, 0 and 8 distinct roots in F32. Hence, f; is AntiBalanced. This proves our 


assertion as well. 


Theorem 4.8. A function of the form 
f(x) = Tr(a”) 
is a AntiBalanced function fora € N with 2a £ 0( mod 13) over the finite field F33. 


Proof. Let 

f(a) = Tr(a) = fir(2) (14) 
where f(x) = Tr(x) and h(x) = x*. Now 2a 4 0( mod 13) implies that gcd(a, 3? — 1) = 1. 
Propositions [1] and [2] confirm that f is AntiBalanced if and only if f; is AntiBalanced. Further 


we show that f; is AntiBalanced. From Trace Tr(x) = x + 2° 4 2° over Fs, 


fitz) =0 = @?4+2°+2% =0. 
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Similarly, 

fa(c) =1 = > a?4+¢8+e¢%—-1=0 
and 

fa(z) =2 = > a? 4+2°+2%-2=0 


After computational verification we found that the polynomials 77+ 2° +218, 7?+2%+a!8—1, 


a? + 2° + 718 — 2 has 9,6 and 12 distinct roots in F32. Hence, f, is AntiBalanced. 


Theorem 4.9. A function of the form 
f(x) = Tr(a’) 
is a AntiBalanced function fora €N and 16a 40 mod 80 over the finite field Fs. 


Proof. Here Tr(x) = 2+ 22 +2° + 27" over Fas and 
f(x) = Tr(a!®*) = fih(a) (15) 
where f,(x) = Tr(a'®) and h(x) = x*, gcd(a, 3* — 1) = 1. In view of propositions [1] and [2] f 
is AntiBalanced if and only if f; is AntiBalanced. We now show that f; is AntiBalanced. 
filz) =0 => 2? +2°+2'% =0 

Similarly, 

fa(z) =1 = > o*+e8+e¢%—-1=0 
and 

fifa) =2 => vo? +27°+e%-2=0 


It is verified computationally or otherwise that the polynomials x + x? + 294+ 277, ¢+a3+ 


xo +a7"—1 and 2+a2342°9 + 2?" —2 has 1,16 and 64 distinct roots in F34 respectively. Hence, 


fi is AntiBalanced. This proves our assertion as well. 


Theorem 4.10. A function of the form 
f(x) =Tr(2*) 
is a AntiBalanced function for a € N, gcd(a, 3° —1) =1 over the finite field F35. 


Proof. Trace function in the finite field F3s is a polynomial Tr(x) = 2+2°+29+27"+2°! € F3 


where x € F35. Now given function 


f(x) = Tr(a) = fib(z) (16) 
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where f(z) = Tr(a) and h(x) = «*. From proposition {2| gcd(a, 3° — 1) = 1 implies that h is 
a bijectiona. Now we now show that f; is AntiBalanced. 

fife) =0 = gta? +e? +e 42% =0 


Similarly, 


fiz) =1 = > cteita® tae +e 1=0 


and 


fiz) =2 = > a2taitoa® +a? 42% -2=0 


We found from computation search that the polynomials x + 2? + 29 + 227 + 28!, e+ a3 + 
a? +077 + 281 — 1 and «+23 +49 + 27” + 28! — 2 has 81,90 and 72 distinct roots in F3s 
respectively. Therefore, f; is AntiBalanced. From proposition [I] f is AntiBalanced if and only 


if f; is AntiBalanced. Hence the theorem is proved. 


Theorem 4.11. A function of the form 
f(x) = Tr(a**) 
is a NeutroBalanced function fora €N with 2a € 0( mod 8) over the finite field F32. 


Proof. The trace of F32 is Tr(z) = x + 2° € F3 where x € Fo. Given function f(x) can be 
written as, 

f(x) =Tr(a*) = fih(z) (17) 
where f(z) = Tr(a?) and h(x) = x*. Now from the given condition gcd(a,3? — 1) = 1 and 
proposition |2| h is a bijective function. Now We show that f; is NeutroBalanced. Using Tr(x) 
on F32, we can write 

fi(z) =0 = 2+2°=0 
Similarly, 

fi(z) =1 = 2£+2°-1=0 
and 

fifz) =2 => 2£+2°-2=0 
Count of the roots of above three polynomials can settle the proof of Neutrobalanced property 
of f. It can be verified computationally or otherwise that the polynomials x+ 2°, x+2?—1 and 


2 +a°—2 has 5, 2 and 2 distinct roots in F32 respectively. Hence, f; is NeutroBalanced. It is 


already proved in proposition [1] that f is NeutroBalanced if and only if f; is NeutroBalanced. 


Hence the theorem is proved 
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Theorem 4.12. A function of the form 
f(x) = Tr(a) 
is a NeutroBalanced function fora € N with 2a 4 0( mod 16) over the finite field F 31. 
Proof. Here the trace function, Tr(a), on the extension field F 3: is 
Tr(a) =2+a%4+o9 +27" CFs, 
where x € F314. Now given function 
f(x) =Tr(**) = fih(a), (18) 


where f(x) = Tr(x”) and h(x) = x%, gcd(a, 34 — 1) = 1. In view of propositions |1] and [2| f is 
NeutroBalanced if and only if f; is NeutroBalanced. We now show that f; is NeutroBalanced. 


From the expression of Tr(a) on Fs,, 
fi(z) =0 = ctaePta? +e" =0 

Similarly, 

file) =1 => etahtoa®te2??-1=0 
and 

file) =2 => wtaotoa®+a277-2=0 
Now it can be observe from proposition [1] that f is NeutroBalanced if enumeration of roots of 
any two polynomials from 2+ 23+ 294 22", e+a3+294 277-1 and #+2°+29+4 27" —2 are 


same. We found computationally that the polynomials «+ 23+ 29+ 227, 7+a?+29+ 427-1 
and «+ 2° + 2° + 27” — 2 has 21, 30 and 30 distinct roots in F34 respectively. Hence, /; is 


NeutroBalanced. This proves our assertion as well. 


5. Conclusions 


In this paper, we have defined ClassicalBalanced, AntiBalanced and NeutroBalanced func- 
tions. So far a function over finite field is classified into balanced function and unbalanced 
function. With this work it is a new approach to define a class of functions which lie between 
these two, which are called as NeutroBalanced functions. NeutroBalanced functions are de- 
fined with the logic of neutrosophy. NeutroBalanced functions may lead to a new direction 


with its application in point of view. 
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Abstract. Bipolar neutrosophic soft sets and their properties were discussed in several articles by many re- 
searchers. Soft sets are parametrized sets and bipolar neutrosophic soft sets are the fusion of bipolar neutrosophic 
sets and soft sets and there will be a number of decision variables or parameters. In many circumstances, the 
significance of each parameter is not equal. So the selection at the end might be unfit to the scenario. In this 
paper, we proposed Bipolar neutrosophic graded soft sets and their topological spaces. The proposed method 
fills that gap among the selection. 

Keywords: Neutrosophy; Bipolar neutrosophic set; Soft set; Bipolar neutrosophic graded soft topology; Topol- 


ogy. 


1. Introduction 


Exact solution not always exist for real life problems. Most of the scenarios interfere with 
some unwanted information called uncertainties. Due to uncertainty, one cannot conclude the 
problem with exact solution. In such cases, conventional methods are not efficient to deal 
with indeterminate. Fortunately, in recent years, there are many concepts were defined to 
deal such uncertainties. Neutrosophy is one of the technique which is suitable for problems 
with uncertainties. Neutrosophy is the extension of Intiutionistic fuzzy theory (originated 
from fuzzy theory). Neutrosophic sets are derived from Neutrosophy which is used in many 
decision making problems. Florentin Smarandache was introduced this Neutrosophy con- 
cept. Neutrosophic set is a set of three memberships namely, Truth, Indeterminacy and False 


membership range in the non-standard interval |~0,1*[. The non-standard intervals are only 


P Arulpandy and M Trinita Pricilla, Bipolar neutrosophic graded soft sets and their topological spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 f°9 


for theoretical purpose, but we prefer specific solution for real life problems; Single valued 
neutrosophic set (SVNS) is the set which is defined by Wang et al. |7| having variables ranges 


in the standard interval [0,1] instead of non-standard interval. 


Majundar et al. proposed some notions on neutrosophic sets and single valued neutro- 
sophic sets. Bipolar neutrosophic sets (BNS), extension of neutrosophic sets were defined by 
Deli et al. in 2015 and similarity measures of bipolar neutrosophic sets were proposed by 
Uluay et al. in 2016. In 2012, A.A.Salama et al. extended fuzzy topology and intiu- 
tionistic fuzzy topology to neutrosophic topology. In 2017, Francisco Gal. proposed the 
difference between intiutionistic fuzzy topology and neutrosophic topology and proved that 
they’re not the same. In 2017, Tuhin Bera et al. extended the neutrosophic topology 
concept to neutrosophic soft topology and proposed some of their properties. Syeda Tayyba 
et al. proposed a decision making technique using bipolar neutrosophic soft topology. D. 
Molodtsov introduced soft set theory in 1999. In 2014, Ridvan Sahin et al. proposed 
some notions on neutrosophic soft sets. Ali et al. introduced the concepts of bipolar neu- 
trosophic soft sets in 2017. In 2019, Arulpandy P et al. and Taha Yasin Ozturk et al. 
proposed the new approaches on bipolar neutrosophic soft sets and some of their similarity 
and entropy measurements. Neutrosophic sets are widely used in decision making scenarios. 
In 2019, Arulpandy et al. were proposed the representation of grayscale images and reduc- 
tion of indeterminacy in bipolar neutrosophic domain which is very useful for image processing 


tasks. Also many articles were published in recent years about the applications of neutrsophy 
in engineering and medical fields 


In our study, the novel set and topology namely, Bipolar neutrosophic graded soft set 
(BNGS) and Bipolar neutrosophic soft topological space were proposed. This paper was 
organized as follows: Section 1 consists introduction and literature survey about the main 
topic. Section 2 consists some of the preliminaries required for the main topic. Section 3 deals 
with the proposed set namely, Bipolar neutrosophic graded soft sets and their properties with 
numerical examples. Section 4 deals with the proposed topology namely, Bipolar neutrosophic 
graded soft topological spaces with their properties and some propositions about the proposed 


topology. Finally, Section 5 concludes our study with future research goals. 


2. Preliminaries 
Definition 2.1. Let X be a universal set and « € X. A Neutrosophic set N is defined by 


N = {(2,Ty (ax), In(x), Fn(x)) : a2 € X} 


P Arulpandy and M Trinita Pricilla, Bipolar neutrosophic graded soft sets and their 
topological spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 fol 


where Ty (x), In (x), n(x) known as truth, indeterminacy and falsify membership values re- 
spectively. 


Also, Ty(2x), In(x), Fn(x) : X + ]~0,17[ and it satisfies ~0 < Ty (x) + In(x) + Fn (2) < 37. 


Example 2.2. Let X = {21, 22,73} be the universe set consists attributes of machines. Also, 
£1, £2 and x3 denotes reliability, performance and cost of a machine, respectively; Ty (x), Inv (x) 
and Fy(a) denotes the degree of good service, indeterminacy, degree of poor service respec- 
tively. The neutrosophic set N is defined by 

N= {ter 0.7, 0.2, 0.3) , (x2, 0.2, 0.4, 0.8) , (3, 0.4, 0.4, 0.6)} 

where —0 < T(x) + In(x) + Fy(x) < 3+ 


Definition 2.3. Single valued neutrosophic set is the neutrosophic set with the member- 
ship range of standard interval [0,1]. It is very convenient while solving real life problems. 


A single valued neutrosophic set N is defined by 
N = {(2, Tn (x), In(x), Fn (x)) 1 2 € X} 
where Ty (x), In (x), F(x) : X — [0,1] such that 0 < Ty(x) + In(x) + F(a) < 3. 


Definition 2.4. (9}12| Let X be a universe set. A Soft set is a pair (f, £) such that 
f:E- P(z) 


Where P(x) is a power set of X. Soft set is a parameterized family of subsets of the universe 
set X. 


Example 2.5. Let X = {21,2%2,x%3,x4} be a set of computer systems and let FE = {e1, e2, e3} 
be set of parameters. where e;=Processor, eg=Graphics and e3=Storage. 
suppose that 

f(e1) = {x2, x3} 

f(e2) = {2, x4} 

f(e3) = {@1, x3}. 


Then, f(£) = {f(e1), f(e2), f(es)}- 
The set f(£) is a soft set (parameterized family of subsets of X). 


Definition 2.6. A neutrosophic soft set (fv, £) over X is defined by the set 
(fn, E) = {(e, fr(e)) :e € E, fn(e) € NS(X)} 
where fy : E —> NS(zx) such that fy(e) = ife ¢ A. 
Also, since fy(e) is a neutrosophic set over X is defined by 
fe) = {(2, Try (e)(2); Lpy(e) (2): Fpy(ey(2)) 22 © X} 
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where Ty (c)(@), Lfy(e)(@)s Fpy(e)(x) represents truth value of x for the parameter e, indeter- 


minate value of x for the parameter e and false value of x for the parameter e. 


Example 2.7. Let X = {21,2%2,73,x74} be a set of computer systems under consideration. 
Let E = {e1, €2,e3} be set of parameters where ej, €2, e3 represents Processor speed, Graphics 
index and Storage capacity, respectively. 


Then we define 
(fv, E) = {(e1, fr(e1)) , (ea, fn (e2)) , (es, fn (e3)) } 


Here 


fr(e1) = {ter 0.1, 0.4, 0.2) , (72, 0.3, 0.5, 0.3) , (x3, 0.9, 0.2, 0.1) , (x4, 0.4, 0.5, o.9)} 
fv(e2) = {ter 0.2, 0.3, 0.4) , (72, 0.3, 0.5, 0.6) , (x3, 0.4, 0.1, 0.7) , (x4, 0.9, 0.5, 0.6)} 


fvles) = {ter 0.1, 0.5, 0.8) , (x9, 0.7, 0.5, 0.3) , (a3, 0.5, 0.7, 0.2) , (xa, 0.3, 0.5, 02)} 
So that (f4, £) is a Neutrosophic soft set. 


Definition 2.8. Let X be the universe set and Vx € X. A bipolar neutrosophic set 
(BNS) BN is defined by 


BN={ (2,T*(e) P(e), Pe), (2), 1 (x), F (2) vex} 


where 
positive membership-degrees : T+, 1+, Ft : E > [0,1] 
negative membership-degrees : T~,J~, F~ : E > {-1,0] 
such that 
0<T*(2)+ I(x) + Ft(x2) <3 and -3 < T(x) +1 (x) + F(x) < 0. 


Example 2.9. Let X = {x1,x2,x3} be the universe set. A bipolar neutrosophic set (BNS) is 
defined by 


BN= {ter 0.1,0:3,0.4,-0.5,~0.3;=—6.7), 
(25; 3,05, 0.8;—0.7,-02, 0:7), 
(5, 04010-7207, 08, -0.s)} 


where 0 < Tt (x) + I* (x) + Ft (x2) <3; -3< T(x) + I-(x2)+ F(x) <0. 

Also Tt (x), I*(a), F*(x) > [0,1] and T~ (x), I~ (x), F~ (x) > [-1,0]. 
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Definition 2.10. [Mumtaz Ali et al. version] Let X be a universe set and E be set of 
parameters that are describing the elements of X. A bipolar neutrosophic soft set B in X is 
defined as: 


B= {eA et ee) 2) ae ee) eee XA ree Eh 


where Tt, J+, F* ranges from [0, 1] and T~, J~, F~ ranges from [—1, 0]. The positive degrees 


T+ (x), I*(ax),F*(x), denotes the truth, indeterminate and false values of an element in the 


BNS set B and the negative degrees T~ (x), I~ (x), F~ (x) denotes the truth, indeterminate and 


false values of an element in the BNS set 


Definition 2.11. [Arulpandy et al. version] Let X be the universe and E be the parameter 
set. We define a set A be a subset of FE. 
A bipolar neutrosophic soft set B over X is defined by 


B=(fa,E) = {(e,fale)) :e€ B, fale € BNS(X)} 


Here 


fale) = (x tf ((@), Pf, (os Wf, e)(@), Fe) (2), YF (e)(@), WFcg(@)) 2B EX \ 
where UF (e)(L)s UF 4 (6) (2)s WF (6 (2) denoted positive truth, indeterminate and_false- 
membership values of « for the parameter e, and similarly up (.) (©), Up, (e)(@)s Wp (6) (2) de- 


noted positive truth, indeterminate and false-membership values of x for the parameter e. 


Example 2.12. Let X = {x1,22,23,24} be universe set and let EF = {e1, €2,e3} be the pa- 
rameter set. 


Now, let A = {e1,e2} C FE and B = {es} C E be two subsets of E. 


Then we define 


B, = (fa, E) = {(e, fale)) :e € B, fale) € BNS(X)} 
Bo = (9B, E) = {{e, ga(e)) :e € E, gale) € BNS(X)} 


where, 


fale) = {ter 0.3, 0.5, 0.7, —0.6, —0.5, —0.3) , (zo, 0.6, 0.2, 0.7, —0.3, —0.4, —0.6) , 
(x3, 0.5, 0.6, 0.3, —0.3, —0.5, —0.3) , (x4, 0.4, 0.5, 0.2, —0.7, —0.3, -0.)} 
fale) = {ter 0.5, 0.4, 0.3, —0.5, —0.6, —0.5) , (ro, 0.6, 0.3, 0.4, —0.2, —0.4, —0.7) , 


(x3, 0.4, 0.5, 0.3, —0.4, —0.5, —0.8) , (a4, 0.7, 0.3, 0.2, —0.5, —0.6, -02)} 
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gp(e3) = {tar 0.7, 0.4, 0.5, —0.5, —0.6, —0.4) , (x2, 0.5, 0.6, 0.2, —0.3, 0.5, —0.5) , 


(x3, 0.3, 0.4, 0.2, —0.5, —0.5, —0.3) , (x4, 0.4, 0.5, 0.5, —0.6, —0.4, -03)} 


Then B, and By are the bipolar neutrosophic soft sets. (parameterized bipolar neutrosophic 


sets over X). 


3. Bipolar neutrosophic graded soft sets 


In this section, we have extended the Bipolar neutrosophic soft set (BNSS), namely Bipolar 


neutrosophic graded soft sets (BNGS) by categorizing parameters as below. 


Definition 3.1. Let X be the universe set and E be the parameter set which consists at least 
two parameters. We define the graded set G = {£,M,H} be subsets of the parameter set E 
in such a way that low priority, medium priority and high priority parameters respectively . 


A bipolar neutrosophic graded soft set BNGS over X is defined by 


BNGS=(fo, B) = {c POM ROCCO rotor aws(x)} 
Here 


fe(e) = {(x tf, ey) Uf, (ey (@)s Wf ce (@)s UF (ey(@s VFe(ey(@s W7_q(@)) BEX } 
fale) = {(« th aCe) Ufa ale) ®)s fa g(ey ®)s Wig fe) (@) Page) @s Wjyy(ey(@)) 1B EX } 


fule) = (x uf, coy 2), Mey @)s Why ey @)s AF (ey (@)s PF (ey @)s WFycey(@)) 1B EX 
where UF Ce) (a), UF (e)(), WF (e) (x) represents positive truth, indeterminate and false values 
of x and similarly UFp(e) (se) UF (e) (a). Wr (e) Tepresents negative truth, indeterminate and false 


values of x for the graded parameter e and so on. 


Example 3.2. Let X = {21,2%2,73} be a set variety computers (alternatives) and let 
E = {e1, €2,€3,€4,€5} be set of parameters which represents ’Brand’, Power consumption’, 
’*Processor’, ’Price’ and Modern look’, respectively. 

People may have different opinions about their priorities. For example, we listed the possible 
preferences of peoples for the above case. 

Old fashioned peoples/ Elders prefers only quality and durability and they won’t bother about 
trendy look. 

For them, the choices are 

£ = {Brand, Modern look}, M = {Power consumption} and H = {Processor, Price} 

ie. £ = {e1,e5}, M = {e2} and H = {e3, ea} 

Modern peoples/ Students prefers good looking and latest technology with affordable price. 


For them, the choices are 
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£L = {Brand, Power consumption}, M = {Price} and H = {Processor, Modern look} 

ie. £ = {e1,e2}, M = {e4} and H = {e3, es} 

Professionals/ Office workers prefers quality best in class and they won’t worry about budget. 
For them, the choices are 

£L = {Power consumption, Price}, M = {Brand} and H = {Processor, Modern look} 

i.e. £ = {eo,e4}, M = {ei} and H = {e3, es} 


Example 3.3. Let X = {21,272,273} be a set of alternatives and E = {e1, €2,e3,e4} be the 
parameter set for X. The graded set G be G = {L,M,H}. 

In this problem, the graded parameters are £L = {e4} ,M = {e1,e2},H = {e3}. Here we define 
two BNGSs B, and Bg as follows. 


Gene {Ke, fle) POMOC TO Oe aws(x)} 
= {Kea PON CR ITCH RCM Cy tC futea))} 


Here, 


fples) = 
{(a1, 0.3,0.5,0.4, 0.2, 0.5, —0.7) , (a2, 0.5,0.4,0.1, —0.3, 0.5, —0.2) , (wg, 0.1, 0.7, 0.3, —0.2, 0.4, —0.1)} 
fu(ei) = 
{(«1, 0.1,0.3, 0.2, 0.5, 0.2, —0.4) , (2, 0.3, 0.7, 0.3, 0.2, -0.7, 0.5) , (wg, 0.7, 0.2, 0.4, -0.3, —0.4, —0.5) } 
fu(e2) = 
{(a1, 0.4, 0.3, 0.1, —0.6, 0.7, 0.3) , (a2, 0.2, 0.5, 0.6, 0.3, -0.4, —0.7) , (ag, 0.4, 0.1, 0.7, -0.7, —0.1, —0.4) } 
fules) = 
{(a1, 0.3,0.5, 0.7, 0.2, 0.1, 0.8) , (a2, 0.7, 0.2, 0.3, 0.1, —0.5, —0.7) , (w3, 0.2, 0.1, 0.8, —0.4, —0.5, -0.6) } 


Also, 


Bo=(fe, EB) = {Ke ORCC CT One OL pws(x)} 
= {Kea PORCH IC HR Tey fules))} 


Here, 


{pl(é4) = 
{(a1, 0.2,0.4,0.3, 0.3, 0.6, —0.8) , (a2, 0.6,0.5,0.2, —0.2, 0.4, -0.1) , (wg, 0.2, 0.6, 0.4, —0.1, 0.3, —0.2)} 
fu(ei) = 
{(a1, 0.2,0.4,0.3, —0.4, 0.1, —0.3) , (a2, 0.4, 0.8, 0.4, —0.3, 0.6, —0.4) , (wg, 0.6, 0.3, 0.5, —0.2, —0.3, —0.4)} 
fu(e2) = 
{(21, 0.3, 0.2,0.3, —0.5, 0.6, —0.2) , (x2, 0.3, 0.6, 0.7, —0.2, -0.3, 0.8) , (ag, 0.5, 0.2, 0.6, —0.6, —0.2, —0.5) } 
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fu(es) = 
{(e, 0.2,0.5,0.6, 0.3, 0.1, —0.7) , (a2, 0.6,0.2,0.7, 0.3, 0.2, 0.4) , (a3, 0.4, 0.7, 0.8, 0.3, —0.2, 0.5) } 


3.1. Properties of BNGS 


Let {B; : i = 1,2...n} be set of all Bipolar neutrosophic graded soft sets defined as below. 
Bi = {(e, fx,(e))  (e, fiu;(e)) , (e, fu,(e)) : € © E, f(e) € BNS}. 
For anyi=1,2, DLUMUH=FandLOAMnH=¢ 


Definition 3.4. Let B,; and By be two BNGSs. Then their union B, U Bg is defined as 


B, UB» = { (uit) (efile) Ce, uso). 


Here, 


U AL) ={(e,mar Ewe (x)| ,min vt, )| smin eae (x)| , 


(c) (z)| maz le, (c) (z)| max wr, () (z)| \} 


moun ce 


a 


Example 3.5. Consider the BNGS sets B, and Bz defined in Example [3.3] Then their union 
is defined by 


1 UB, = { (easvitl?(ea) ; (er, UifM4(er)) (co, UifMA(e2)) (ca,usAP(ea))} Here 
Uff (e4) = 
{(«1, 0.3, 0.4, 0.3, —0.3, 0.5, —0.7) , (a2, 0.6,0.4,0.1, 0.3, -0.4, —0.1) , (3, 0.2, 0.6, 0.3, —0.2, 0.3, —0.1)} 
if (ex) = 
{(a1, 0.2,0.3, 0.2, 0.5, 0.1, —0.3) , (a2, 0.4, 0.7, 0.3, 0.3, -0.6, 0.4) , (ag, 0.7, 0.2, 0.4, —0.3, —0.3, —0.4) } 
if 2 (e2) = 
{(21, 0.4,0.2,0.1, —0.6, 0.6, —0.2) , (x2, 0.3, 0.5, 0.6, —0.3, -0.3, 0.7) , (ag, 0.5,0.1,0.6, —0.7, 0.1, —0.4)} 
if (e3) = 


{(a1, 0.3, 0.5, 0.6, —0.3, 0.1, —0.7) , (x2, 0.7, 0.2, 0.3, —0.3, —0.1, —0.7) , (x3, 0.4, 0.1, 0.8, —0.4, —0.2, —0.5)} 


P Arulpandy and M Trinita Pricilla, Bipolar neutrosophic graded soft sets and their 
topological spaces 


Neutrosophic Sets and Systems, Vol. 48, 2022 


i 


Definition 3.6. Let 


, and 


1m 


Here, 


2 be two BNGSs. Then their intersection 


(fate )={ xr,min Ee ae \(2)| ,max ewe) , max lw 


(line) )={\ x,min lute, eS (z)| ,maz he @()| max [ws 


Example 3.7. Consider the 


section is defined by 


nfs (e4) = 


Mi fea (€1) = 


> “a 


if (e2) = 


>) ws 


iff (e3) = 


{(x1, 0.2, 0.5, 0.7, —0.2, —0.3, —0.8) , (xo, 


Remark 3.8. Suppose 


1 Bg is defined as 


+ 


My, 


nono tt) 


,(e) (z)| ) 


max [uw mee) ,min ect ,min lar, (e@ op} 


+ 


max care (x)| ,min cae (z)| min le te @)})} 


NGS sets B; and By defined in Example [3.3] Then their inter- 


{({x1, 0.2,0.5,0.4, —0.2, —0.6, —0.8) , (x2, 


By and 


(i.e. the cardinality of ZL, and Lz are not equal and so on.). 


Let the universal parameter set E = {e€1, €2, e3,e4}. We define two 


By = {(e, fr, (e)) ’ (e, fu, (e)) ’ (es Fui(e)) 7€€ E} 


where L; = {e,}, My, = {e2}, Hi = {e3, e4}. 


where Lo = {e1, e2} , H2 = {e3, 


Ba = {(e, fra(e)), (e, fata (e)), (e, fun (e)) se € E} 


es}. 


= { (essrefl?(ea) (er, nifMa(er)) ; (co, nifMa(e2)) ; (ea,rifP(e))} Here 


0.5, 0.5, 0.2, —0.2, —0.5, -0.2) , (a3, 0.1,0.7, 0.4, 0.1, —0.4, -0.2)} 
(21, 0.1, 0.4, 0.3, —0.4, —0.2, —0.4) , (a2, 0.3, 0.8, 0.4, —0.2, 0.7, —0.5) , (a3, 0.6, 0.3, 0.5, —0.2, —0.4, —0.5) } 
(x1, 0.3, 0.3, 0.3, 0.5, —0.7, —0.3) , (x2, 0.2, 0.6, 0.7, —0.2, —0.4, 0.8) , (x3, 0.4, 0.2, 0.7, —0.6, —0.2, —0.5) } 


0.6, 0.2, 0.7, —0.1, —0.5, —0.7) , (3, 0.2, 0.7, 0.8, —0.3, —0.5, —0.6) } 


2 are two BNGSs with unequal number of graded parameters 


BNGSs as follows. 
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Then their union B; U Bz is defined as 


1UB2= {(e, Jig tibs (e)) ’ (6; funue(e)) ’ (2; fuH,(e)) }. 


Also, the intersection B; M Bo is defined as 


1 Bo = {(e, frinta(e)) , (6, furng(e)) » (€, fitine (e)) }- 


Definition 3.9. Let B be a BNGS. Then the complement of B is defined as 


© = {(e, fe(e)) , (e, Fer(e)) , (e, Fle). 


Here, 


file ) ={w7;, (e) ,1— vz, (e), up, (e), w5, (e), -1 — 95, (€), uj, (2) 
fire) ={wy,, (€), 1 — vf, (e), uf, (€), wy,,(€)) —1 — vp, (€), up, (€)} 
fiz(e ) ={w7,, (€) ,1— vj, (e), up, (€), wz, (€), —1 — 05, (€), uz, (e)} 
Example 3.10. Consider the BNGS set B, in Example [3.3] Then the complement is defined 
i 


= {(e, Fé (ea), (e, Fir (er)) » (es Fi le2)) » (e, Fir(es)) }- Here 
fe (ea) = 


{ (x1, 0.4,0.5, 0.3, —0.7, —0.5, —0.2) , (2, 0.1, 0.6, 0.5, —0.2, —0.5, —0.3) , (a3, 0.3, 0.3, 0.1, —0.1, —0.6, —0.2)} 


fyyler) = 


{(a1, 0.2,0.7, 0.1, —0.4, —0.8, —0.5) , (x2, 0.3, 0.3, 0.3, —0.5, 0.3, —0.2) , (wz, 0.4, 0.8, 0.7, —0.5, 


fi (e2) = 


{(a1, 0.1,0.7, 0.4, —0.3, —0.3, —0.6) , (x2, 0.6, 0.5, 0.2, —0.7, 0.6, —0.3) , (x3, 0.7, 0.9, 0.4, —0.4, 


fx(e3) = 


{(a1, 0.7,0.5,0.3, —0.8, —0.9, 0.2) , (2, 0.3, 0.8, 0.7, —0.7, 0.5, —0.1) , (x3, 0.8, 0.9, 0.2, —0.6, 


Definition 3.11. Let ¢g be a null BNGS and is defined as 
bp ={ (ei, fg(es)) :e € E} 
Here fg(ei) ={ (21,0, 1,1,0,-1,-1):2€ X} 


Definition 3.12. Let 1g be a complete BNGS and is defined as 
lp ={ (ex, fo(es)) :e € E} 
Here fo(ei) = (x;,1,0,0,—-1,0,0):ar€ xX} 


Proposition 3.13. For any BNGS set, 
(i). BUdp=B 
(ii). BUlp =1p 
(102). O op = OB 
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(iv). Alp= 


Proof. By the definition of union and intersection of BNGSs, results are obvious. 


Proposition 3.14. For any three BNGS sets B,, Bo and Bs, the following relations are hold. 


(i). B, UB, =B )UB, 
(ii). BLN Bo = Bo. By 
(iii). By U (By UB3) = (By U Bg) UB3 
(iv). By, (B21 Bs3) = (By N Bz) NB3 


Proof. It is obvious. 


Proposition 3.15. For any two BNGS sets B, and Bo, the following conditions are 
hold.[De’Morgans law] 


(i). (By U Bg)° = (Bi)° Nn (B2)° 


(ii). (Bi N B2)° = (B1)° U (B2)° 


Proof. It is obvious. 


Proposition 3.16. For any three BNGS sets B,,Bz and Bs, the following relations are 
hold. [Distributive law] 


(i). Bi (Bo UB3) = (B11 Bz) U (B1 NBs) 
(ii). By U (B2 NBs) = (By U Bz) 2 (By U Bs) 


Proof. It is obvious. 


4. Bipolar neutrosophic graded soft topological space 


Let X be a universal set which consists alternatives and BNGS(z) be the collection of all 


BNGSs in X. Then the collection tg containing all BNGSs is called BNGS-topology if it holds 


the following conditions. 


(1) ¢p, 1p € Tp 
(2) Usen Bi € Tp for each B; € Tg 


(3) B; NB; € tg for any B,, B; € tp 


Then the pair (X,Tg) is called BNGS-topological space. The members of Tg are called open 
NGSs and their complements are called closed BNGSs. 
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Example 4.1. Let X = 21, x2 be set of alternatives and E = e1, e2,e3 be a parameter set. We 
define the graded parameter set as G = £L = e1, M = e2, H = e3. Now let us define a topology 
on (X, F) as follows. 


te = {¢p, lp, 1,22,3, By} 


Here ¢g, 1g are null and complete BNGS respectively. Also, 


By = { (ex fP(e)) ‘ (eo, fi? (e2)) , (ea, 4(e))} 


= { (enter 1,0,1,—-1,0,0), (x2, 0.5,0.2, 0.4, —0.5, 0.4, -0.)}), 


e9,{(x1, 0.4,0.6, 0.3, —0.4, —0.7, —0.2) , (xa, 0.7, 0.2, 0.1, —0.3, —0.5, -0.)}), 


ee 


e3,{(x1, 0.5, 0.3, 0.7, —0.2, —0.4, —0.8) , (za, 0.4, 0.3, 0.5, —0.1, —0.4, -0.0)})} 
2= {(e1.42Cen) ,(e2, fxg (€2)) (ca, (e)} 


e1,{(x1, 0.3, 0.1, 0.7, —0.5, —0.6, —0.3) , (x2, 0,1,1,—0.7, 0, -1))), 


——s 
a 


ag, (ei) 02,0507, =1, 0,09), ea; 09,0:1,0.3,—0:1, -0.6,-03)}). 


a oo 


e3,{(a1, 0.3, 0.5, 0.3, —0.2, 0,-0.4) , (x2, 0.7, 0.4, 0.1, —0.3, —0.5, -0.)})} 
B3 = { (er f2(e)) ) (co, fy (e2)) . (cs, Aten) 


e1,{(a1, 1,0,0.7,—-1,0,0) , (x2, 0.5, 0.2, 0.4, —0.7, 0,-0.3)}), 


——s 
a ~ 


e9,{(x1, 0.4,0.5, 0.3, —1,0, —0.2) , (za, 0.9, 0.1, 0.1, —0.3, -05,-03)}), 


ie ae 


e3,{(x1, 0.5, 0.3, 0.3, —0.2, 0, —0.4) , (zg, 0.7, 0.3, 0.1, —0.3, —0.4, -0.)})} 
1= {(e.42Cen) , (ea, fy (€2)) (ca, 49P(e)} 


- 


a 


e1,{(x1, 0.3,0.1, 1,-0.5, —0.6, —0.3) , (x2, 0,1,1,-0.5,-0.4,-1)}), 


e9,{(x1, 0.2,0.6,0.7, —0.4, —0.7, —0.2) , (xa, 0.7, 0.2, 0.3, —0.1, —0.6, -0.1)}), 


er 


e3,{(x1, 0.3,0.5, 0.7, —0.2, —0.4, —0.8) , (x2, 0.4, 0.4, 0.5, —0.1, —0.5, -0.0)})} 


Here, By, U By = B3,Bg U B3 = B3,B, U B3 = B3,B3 U Bs = Bs3 and so on. Also, 


B19 Bo = Ba, Bo 1 B3 = By, By N B3 = By, B3 NM By = By and so on. 


The Tg satisfies all three conditions of topology. So Tg is a BNGS-topology. 


Proposition 4.2. Let (X,Tg) be an BNGS. Then the following conditions hold. 


e op and 1p are open BNGSs. 
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e Union of any number of open BNGSs is open. 


e Intersection of finite number of closed BNGSs is closed. 


Definition 4.3. Let (X,tg) and (X,Tg) be two BNGS in X. Two BNGS’s are said to be 


Comparable if tg C Ty or Tg C Tp. 


If tg C Ty , then Tg is courser or weaker than Ty, . In other words, Tg is stronger or finer than 


TR and vice versa. 


4.1. Example 


Proposition 4.4. Let (X,tTp,) and (X,tp,) be two BNGS-topological spaces over (X,E). 
Suppose TR, 1 TR, = {B :Be P(X)}. Then Tp, 1 Tp, is also a BNGS-topology. 


Proof. By, Bz must satisfy topology conditions in order to be a BNGS-topology. 


1g Clearly ¢p, 1B € TB, (TR: 
ii). Let B,, Bo € Ts, NTR, 
=> B,, By € ByandB,, Bo € Bo 


=> By Bo € ByandB, N Bo € Bo 


=> B,1 Bo € Tp, N Te 
iii). Let {Bj} € tp, N Tp, 
=> {B;} € Tp, and { B;} € TBo 


=> U;B; € Tp, and U; Bp € TBo 
=> U;B; € TB, M Tr: 


Hence Tg, 1 Tp, in a BNGS-topology. 


Remark 4.5. The union of any two BNGS-topologies may or may not be a topology. 


Since it may or may not satisfy the topology conditions. 
i). dp, 1p € Tp, U Tp, always holds. 


ii). For By, Bj € Tg, UTp,, both By and By may or may not be in both Tg, and Tg,. 


Definition 4.6. Let (X, tg) be a BNGS-topological space over (X, F). Let B € BNGS(X, E). 
Then the interior of B is defined by 
B° ={N: Nis a bipolar neutrosophic graded soft open set and N € B}. 


i.e. It is the union of all open BNGS open subsets of B. 


Proposition 4.7. Let (X,t ) be a BNGS-topological space over (X,E) and B,,Bzg € 
NGS(X, E). Then 


(i). BE € By and Bo is the largest open set. 
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(iti). 
(iv). 
(v). 
(vi). 
(vit). 
(viii). 


Proof. 


(vii) 


(viii) 


By, € Bo => Ble Bs. 

B? is an open BNGS. 1.e. B? € Tp. 

By, is BNGS soft open set if and only if BY = By. 
(B2)? = BY. 

(dpe)? = op and (1g)° = lg. 

(Bi N Bo)? = BE BS. 

BYP U BS c (BU By)?. 


(i) Since B? is the union of all open sets in B,, B? is the largest open set which 
contained in B,. 
Let By € By => BP C By C Bo => BE C Beand also BS C Bo. 
But BS is the largest open set in By. Hence BP C Bg. 


By definition of BNGS-toppology Tg, it is obvious. 


B? C By, and let By, be bipolar neutrosophic graded soft open set. 

Bi, CB => BB, CN{Bo €™: Bo Cc Bi} = BE 

=> B, Cc BY > B, = Be. Conversely, let By = Bf. Then By = BP € tg => By, is open 
bipolar neutrosophic graded soft open set. 

If B, is an open BNGS, then B? = By. Clearly B? is an open BNGS. Hence (B?)° = B?. 
Since ¢g, 1p € Tg. So they are open BNGS. Hence it is obvious from (iv). 

By, Bo C By and By N Bo C By > (B1N Bo)? C BP and (Bi N Be)? C BS 

=> (B,M Bp)? C Bn BE. 

Further, Bf C B, and B§ C Bo. Then BPO BY Cc Bi Bo. But (B1N Be)? C Bin Bo 
and it is the largest open set. So B?N BS C (By NM Bo)’. 

Hence (B, M Bo)? = BPN Bs. 

By, C Bi U By and By C By U By. > BP C (Bi U Bo)’and Be C (Bi U Ba)? 

= BU By CB) Waa): 


Definition 4.8. Let (X, Tg) be a BNGS-topological space over (X, £) and By € BNGS(X, E£). 
Then the closure of B is defined by 
BS {LN : N is bipolar neutrosophic graded soft closed set and N > B }. 


i.e. It is the intersection of all bipolar neutrosophic graded soft closed subsets of B. 


Proposition 4.9. Let (X,tg) be a BNGS-topological space over (X,E) and B,,Bz € 


(i). 


NGS(X, E). Then 


B, C B, and B, is the smallest closed set. 
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(iti). 
(iv). 
(v). 
(vi). 
(vit). 
(viii). 


Proof. 


(viii) 


By C By > Bi C Bo. 

By, is closed BNGS. i.e. B, € TR: 

B, is BNGS closed set if and only if By = By. 
By = By. 

dp = op and Ig = 1g. 

By, U Bo = By, U By. 

B,U B,C ByN Bo. 


(i) Since B, is the intersection of all closed sets in B,, B, is the smallest closed set 
which contains Bj. 
Let By C By. Also By C By and By C By > By C Bo C Bo. 
But By, is the smallest set containing B,. So B, C B,; C By. Hence By, C Bo. 


By definition of BNGS-toppology tg and By, it is obvious. 

B, C B, and let By, be bipolar neutrosophic graded soft closed set. Then B, C By. 
Bi =(\{Boe%%: BOB} c{BR em: BOB}=B 

=> Bic By 


= B, = B,. Conversely, let B, = By. Then (B))° € ts > Bo € Tp 

= BY is open => B, is closed. 

If N is closed BNGS, then N = N. But N is closed by default. Replacing N by B,, we 
get By = By. 


Since ¢g, 1g € Tg are both open and closed. So the result is obvious by (iv). 
B,C By UB and By C By UB. => B, C By U Bo and Bo C By U Bo 
=> B,U By) C By U Bo. 


Also, By C By, and By C Bo. Then By U Bo C By U Bo. 
But By U By C By U Bo C By U Bo. 
Hence B, U By = By U Bo. 
Bin Bo C By and By N By C Bo. => By N Bo C Byand By MN Bo C Bo 
=> B,N B.C BN Bo. 


Definition 4.10. Let (X, tg) be a BNGS-topological space over (X, EF) and B € BNGS(X, E). 
Then the boundary of B is denoted by Bd(B) and is defined by Bd(B) = BN Be. 


Proposition 4.11. Let (X,t ) be a BNGS-topological space over (X,E) and B € 


BNGS(X, E). Then 
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(i). B°O Bd(B) = gp. 

(ii). B= B°UBdB). 
(itt). Bd(B) = op if and only if B is both closed and open. 
(iv). Bd(B) = Bn(B°). 


Proof. (i) B°N Bd(B) = B°n (BN Be) = Ben (BN (B")*) 

= B°N(B°)°N B= og NB = op. 
(i) BU Bd(B) =] Buen Bs) =B° UB (B*)) 

=(Pus nus) =S using 
= (B°UB)=B. [Since B° C BC B 

(iii) Bd(B) = BN B¢= dp 
= Bn (B°)’ = a > Bn (BF oe 
+ BB? 4 os = B CB? 
SBC PeCH =] fC BY 
Also we know that B° Cc B. Hence B = B° = B is open. 
Further B Cc B? C B= BCB, but we have BC B 
=> B=B= B is closed. 
Conversely, if B is both open and closed, then B = B° and B = B. 
Now Bd(B) = BN B= BN (B°)* = BN B= dg. 

(iv) Bd(B) =BNBe=Bn(B’)°. 


5. Conclusion 


Bipolar neutrosophic graded soft sets and some of their properties with real life examples 
were proposed in this paper. BNGS is the extension of bipolar neutrosophic soft set by 
categorizing parameter set. Further, we proposed bipolar neutrosophic graded soft topological 
spaces with their properties and some propositions about the BNGS-topology. In future, we 
will try to explore the real life applications and construct the algorithm based the BNGS set 


and their topological structure. 
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Abstract. The main objective of this paper is to extend the notion of neutrosophic cubic sets to S—subalgebra. 
Some captivating results based on the P-union, P-intersection, R-union, R-intersection of neutrosophic cubic 
6—subalgebra have been explored. Further, the engrossing properties of the lower, upper level sets and homo- 


morphism of neutrosophic cubic S—subalgebras were discussed. 


Keywords: cubic set; Neutrosophic set; Neutrosophic cubic set; 6—subalgebra; cubic 6—subalgebra; neutro- 


sophic cubic 6—subalgebra. 


1. Introduction 


In 1965, Zadeh initiated the concept of fuzzy sets which is a generalisation of the clas- 
sical notion of a set. The notion of intuitionistic fuzzy set was proposed by Atanassov 
whose elements have both membership and non-membership degrees. Biswas introduced 
Rosenfeld’s fuzzy subgroups with interval valued membership functions and studied some in- 
teresting properties. The idea of G—algebras has been presented by Neggers and Kim 
which is a generlization of BC kK /BCI-—algebras where two operations have been used. Sama- 
randache proposed a generlization of intuitionistic fuzzy sets, known as neutrosophic set in 
which the distinction between the neutrosophic set and intuitionistic fuzzy set are emphasised. 
The notion of cubic sets introduced by Jun et al. and investigated the characteristics 
of cubic subgroups. Maji applied the idea of soft set into neutrosophic sets and studied 


some compelling results. 
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The thought of fuzzy @G—subalgebras originated by Ansari et al. and relevant results 
have been examined. The attributes on intuitionistic fuzzy G—subalgebras were presented 
by Sujatha et al. [28]. Iqbal et al. (9| developed the idea of neutrosophic cubic subalge- 
bras and ideals of B-algebras. The concept of neutrosophic cubic sets initiated by Jun et 
al. [12], [13], and they have extended notion of neutrosophic subalgebras set to several 
types of BCK/BCI-—algebras. Moreover, the applications of cubic interval valued intuition- 
istic fuzzy sets in BCK/BCI-—algebras were provided. Hemavathi et al. expressed the 
characteristics on interval valued intuitionistic fuzzy S—subalgebras. Made an approach on 
normed linear space using neutrosophic sets by Muralikrishna et al. and examined the 


fascinating results. 


The notion of BM BJ- neutrosophic aubalgebra in BC kK /BCI—algebras presented by Bord- 
bar et al. (6) and provided some engrossing results. Ajay et al. |1] discussed about neutrosophic 
cubic fuzzy dombi hamy mean operators with application to multi-criteria decision making. 
Akbar Razaei et al. initiated the thought of neutrosophic triplet of Bl—algebras and rel- 
evant results have been studied. Neutrosophic logic theory and applications were developed 
by Eman AboE]Hamd et al. [7]. Some aspects on cubic fuzzy G—subalgebra of G— algebra 
were discussed by Muralikrishna et al. (21). Mohsin Khalid et al [17], [18], interpreted the 
concept of translation and multiplication of neutrosophic cubic set and also introduced the 
notion of T — MBJneutrosophic set under M—subalgebra. Moreover, the authors described 
the properties of T’—neutrosophic cubic set on BF'—algebra. Some special characteristics of 
neutrosophic vague binary BC kK /BCI-—algebra were discussed by Remya et al. [26]. Nanthini 
et al. initiated the idea of interval valued neutrosophic topological spaces and relevant 
results have been examined.Diagnosing psychiatric disorder using neutrosophic soft set and 
its application presented deliberately by Veerappan Chinnadurai et al. (29). Rajab Ali Bor- 
sooei et al. intended to develop the polarity of generalized neutrosophic subalgebras in 
BCK/BCI-algebras. Johnson Awolola introduced the concept of a—level sets of neu- 
trosophic set and investigated few of its associated properties. Prakasam Muralikrishna et 
al. applied the concept of G—ideal into I BJ—neutrosophic set and investigated some 
engrossing results. With all these inspiration, this paper provides the study of neutrosophic 
cubic G—subalgebra. This work is organized into the following sections: Section 1 provides the 
introduction and section 2 presents the existing definitions required for this study. Section 3 
deals the concept of neutrosophic cubic G—subalgebra, section 4 describes the characteristics 
on homomorphism of neutrosophic cubic G—subalgebra and section 5 gives the conclusion and 


future scope of the work. 
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2. Preliminaries 


This section provides the necessary definitions and examples required for the work. 


Definition 2.1. A fuzzy set in a universal set X is defined as ¢ : X — [0,1]. For each element 


x € X, C(x) is called the membership value of zx. 


Definition 2.2. If ¢; and C2 are fuzzy sets in X, then the union of ¢, and ¢2, denoted by 
C1 U Ca is defined by, (41 U ¢2)(2) = maz{G(z), Ca(x)} Vane X. 


Definition 2.3. If ¢; and ¢ are fuzzy sets in X, then the intersection of ¢; and (2, denoted 
by 41 @ is defined by, (¢1 M ¢2)(x) = min{¢i(x), Ca(x)} Vae X. 


Definition 2.4. Let ¢ be a fuzzy set of X. for any 6 € [0,1], the set ¢° = {a € X/¢(x) > 6} 
is called an upper level subset of ¢. The level subset ¢° of a fuzzy set ¢ is a crisp subset of the 


set X. 


Definition 2.5. Let ¢ be a fuzzy set of X. For 6 € [0,1], the set ¢5 = {x € X : C(x) < 6} is 


called a lower level subsets of ¢. 


Definition 2.6. The supremum property of the fuzzy set ¢ for the subset A in X is defined 
as C(ao) = Sup C(a) if there exist a, ap € A. 
acA 


Definition 2.7. Let DJ[0,1] denote the family of all closed sub intervals of [0,1]. Con- 
sider two elements Di,D2 € D{0,1). If Di = [ai,bi1] and Dg = [az,b2], then 
rmax(D,, Dz) = {max(aj, a2), max(b1, b2)| which is denoted by D; \/" Dz and rmin(D,, D2) = 
[min(a1, a2), min(b;, b2)| which is denoted by D, (\" Do. 

Thus if D; = [a;,b;] € D[0,1] for i=1,2,3..... rsupj(D;) = [sup;(a;), sup;(b;)], ie. WV; Di = 
[V; i, V, bi]. Similarly rin f;(D;) = [inf,(a;), infi(b:)] ie Aj Di = [A; aa, A; oi]. Now D1 > Do 
iff ay > ag and b; > bo. Similarly the relations D,; < Dg and D, = Dy are defined. 


Definition 2.8. An interval valued fuzzy set A defined on X is given by 
A={(x, [(C4(x), C4 (x)])} V x € X (briefly denoted by A = [¢4,¢€4]), where C% and ¢¥ are 
two fuzzy sets in X such that C4(2) < of (x) Va € X. Let C4(x) = [C4(2), CY (2) Vee X 
and let D[0,1] denotes the family of all closed sub intervals of [0,1]. If C4(z) = ¢4(z) =, 
say, where 0 < c < 1, then ¢4(zx) = [e, c] also for the sake of convenience, to belong to D[0, 1]. 
Thus €4(x) € D[0,1] V x € X, and therefore the interval valued fuzzy set A is given by 

A= {(z,C4(x))} V x € X, where C4: X > D(0, 1). 

Now let us define what is known as refined mimimum(rmin) of two elements in D(0, 1]. 
Let us define the symbols” >” ,” < ”, and” = ” in case of two elements in D/O, 1]. 
Consider two elements D; := [a1,6i] and Dz := [a2,b2] € D/O, 1]. Then rmin(D;, D2) = 
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[min{ai, a2}, min{bi, b2}]; Di > Do if and only if ai > a2, bi > b2; Similarly , Dj < D2 and 
D;, = Do. 


Definition 2.9. An Intuitionistic fuzzy set (IFS) in a nonempty set X is defined by 
A= {(x,¢C4(x),na(x))/x € X} where ¢4 : X — [0,1] is a membership function of A and 
na : X — [0,1] is anon membership function of A satisfying 0 < Ca(z) + na(z) <1 V are X. 


Definition 2.10. An intuitionistic fuzzy set A is said to have sup-inf property if for any subset 


T of X there exists x9 € T such that ¢4(xz9) = Sup C4(x) and n4(xo) = inf n(x). 
xeT xeT 


Definition 2.11. A @— algebra is a non-empty set X with a constant 0 and two binary 
operations + and — satisfying the following axioms: 

Gle=—-l=2 

(i) (O—z)+2=0 

(iit) (w@-—y) -—z=a-(z4+y)Va,y,zEX. 


Example 2.12. The following Cayley table shows (X = {0,1,2,3},+,—,0) is a G—algebra. 
Table 1. (-algebra 


wlmlre}|o;+ 
wlrMmpelslrR|ol]|o 
NN] oO) w]e] eke 
rePlw!)o]my] bw 
Ole} we] wl] w 
(SO Oe >) 

wlrMNpolslrR|o!lo 
ePlw) o;nrm{ rR 
Nl] Ol} wl] ry] w 
Ole} we] wl] w 


Definition 2.13. A non empty subset A of a G—algebra (X,+,—,0) is called a 6-subalgebra 
of X, if 

(i) c+yeA and 

(ii) et -yEA Va,yEeA. 


Definition 2.14. Let X be a non empty set. By a cubic set in X we mean a structure 

C = {(z,C¢(2),nc(z)): ze X} 
in which ¢¢ is an interval valued fuzzy set in X and no is a fuzzy set in X. 
Definition 2.15. Let A = {(x,C4(2),na(x)): « € X} and B= {(z,Cp(2),nB(x)): xe X} 
be two cubic sets on X, then the intersection of A and B denoted by AM B is defined by 
AN B= {(2,Cana(2), nana(2))} = {(x,rmin{Ca(2), Ca(x)}, mazx(na(x),np(x)),) +2 © X}. 


Definition 2.16. A cubic set C = {(2,Cc(x),nc(2)) : 2 € X} is said to have rsup-inf 
property if for any subset T of X there exists zo € T such that €o(xo) = rsup Co(x) and 
xceT 


no(xo) = inf nc(x). 
reT 
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Definition 2.17. Let C = {(z,C¢(x),nc(x)) : « € X} be acubic set in X. Then the set C 
is a cubic fuzzy G— subalgebra if it satisfies the following conditions. 

(i) Col +y) 2 rmin{c(2), Co(y)} & Cole — y) 2 rmin{Ce(z),Ce(y)} 

(it) nc(z + y) < max{nc(x), nc(y)} & no(x — y) < max{nc(z),nc(y)} V vy € X. 


Definition 2.18. A neutrosophic set in X is a structre of the form Q = {(x 
w(x),w7(x),wr(x))/x € X}. Where wr : X — [0,1] is a truth membership function, 
wy : X —> [0,1] is a indeterminate membership function and wr : X —> [0,1] is a false 


membership function. 


Definition 2.19. An interval neutrosophic set in X is a structre of the form A = {(z : 
Or(x),67(x), dr (x))/x € X} where 67, 67,6 are interval valued fuzzy sets in X, which are 
called an interval truth membership function, an interval indeterminate membership function 


and an interval false membership function respectively. 


Definition 2.20. Let X be a non-empty set. A neutrosophic cubic set is a pair C = (A,w) 
where A = {x : dp(x),67(x), Or(x)/x € X} is interval valued neutrosophic set Q = {(z : 
w(x), Q7(x), wr(x)/x € X)} is neutrosophic set.For our convenience, the neutrosophic cubic 


set will be denoted as C = (67,,,7,wr1,F) = {(#, 67.1,F(),wr7,r(x)) }. 


Definition 2.21. Let f be a mapping from X to Y. If C = (é77.7,wrz,r) is neutro- 
sophic cubic set of X. Then the image of C under f is denoted by f(C) and is defined 
as f(C) = {(2, frsup(O7,1,F), fint(wrs,r))/% € X}, where 


rsup (Orr,r)(x) :if f(y) #¢ 
frsup(67,1,F)(Yy) = ¢ cef~'(y) 
(0, 0] : Otherwise 


inf (wrir)(«) :if ftw? 
fing (Wr) (y) = § tEf-*®) 


1 : Otherwise 
Definition 2.22. Let f be a mapping from X to Y. If C = (67 1,F,w7T1,F) 
is neutrosophic cubic set of X. Then the inverse image of C is defined as 


fOU(C) = {(2, frsup(6r,1,F), fing (wrr))/e € X}, with f-l(6r,,r(2) = (6r1,r(f(x)) and 
f7 (wrrr(2) = (wrsr(f (2). 


Definition 2.23. For any C; = (A;,9;),where A; = {(x, d;7(x), dir(x), dip (x)) : w E X} 
and Q; = {(x,wir(x), wir(z),wir(x)) : « € X} for i € k. P-— union, P—intersection & 
R—union,R—intersection is defined respectively by 


P-union: U GC = ( U Au, V 2: 
ick ick  i€k 
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P intersection: (| C; = (n aah a.) 


i€k i€k ick 
R—union: U C; = U Ai, \ Q; 


ick i€k 1€k 
R-intersection: () C; = | 1) Ai, V 9%) 
ick ick i€k 
where 
Uar={ (ei (U dr) (U6) (Udi) (ey/re x} 
i€k ick ick ick 


ick 


pac= {tei (0 der 


ick 


Aon fm (Qee) © (Amv) (Ane) veer} 


Definition 2.24. Let C be a neutrosophic cubic set of X where C = (d77,7,wr,F). For 


v %= {(e; (Yair) @), (Von) @,( Var) @/re x} 
em 


[87,5 $7], [$15 $f], [SF,, 5%] € D[O,1] and tz,,tr,,tr, € [0,1], 

the set U(or1r/[87,,57], [84,5], /sm,5mR]) = {e € X/dr(z) > [s7,5n],d7r(2) = 
[S1,,5h],Or(2) > [s8r,,S5R,]} is called upper ([s7,, 57,],[51,, 51], [SF,,5m])-level of C and 
L(wrr/(tr,tn,tr)) = {@ € X/wr(x) < tr,wr(z) < ty,wr(x) < tp, is called lower 
(tr, ,tr,, tr, )-level set of A. 

For our convenience, we are introducing the new notion as 

U(lornr/[Ste Ste] = {¢ € X/érrr(t) > ([Srin,S71,7%]} is called upper 
[S7.1.F,,$T,1,Fo|-level set of C and Liwrrr/ltrin.trim| = {«@ ©€ X/wrir(t) < 


[tr.1.F,,t7,1,F|} is called lower tp,7,7,-level set of C. 


3. Neutrosophic Cubic 6— Subalgebra 


This section introduces the notion of neutrosophic cubic G— subalgebra and discusses some 


engrossing results. 


Definition 3.1. C = {x, A(x), Q(x)/x € X}) be a neutrosophic cubic set in X. Then the 
set C is a neutrosophic cubic 6—subalgebra if it satisfies the following conditions: 
NS1: 

or(a + y) > rmin{or(x), or(y)} & or(a — y) > rmin{dor(x), or(y)} 

dr(a + y) > rmin{or(x), or(y)} & dr(a@ — y) > rmin{d7(x), dr(y)} 

Op(a+y) > rmin{or(z), dr(y)} & dp(a — y) > rmin{dr(z), dr(y)} 

NS2: 

wr(%+y) < mar{wr(x),wr(y)} & wr(x — y) < mar{wr(x),wr(y)} 

wr(a+y) < max{wy(x),wr(y)} & wr(a — y) < max{w7(x),wr(y)} 

wr(x+y) < mar{wp(r),wr(y)} & wr(x — y) < mar{wp(2), wr(y)} 
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For our convenience the neutrosophic cubic set will be denoted as 
C= (67,1,F,’T,1,F) = {(x, 67. 1.p(x),wrsp(x))} with conditions 
(@)orrr(@+y) = rmin{or,,r(2), or.,F(y)} & orr,r(@ — y) = rmin{or,r,r(2), 67,1,F(y)} 


(it)wrrp(e+y) < mar{wr yp p(x),wrrir(y)} & wrir(e@—y) < mar{wr p(x), wrs(y)}- 


Example 3.2. For the G—algebra X in the example 2.6, the Cubic set C = {z, A(x), O(x)/ax € 
X}) on X as follows. 


0 1 D) 3 | 
Sr | [0.4,0.6] | [0.3,0.7] | [0.4,0.6] | [0.3,0.7] wr 0.21 0.4/0.2 | 0.4 


5; | [0.3,0.5] | [0.2,0.4] | [0.3,0.5] | {0.2,0.4] 
Sp | [0.2,0.3] | [0.1,0.2] | [0.2,0.3] | [0.1,0.2] 


is a neutrosophic cubic fuzzy S—sub algebra of X. 


Proposition 3.3. Let C = {(2,dr77(@),wrrr(r)) : « € X} is a neutrosophic cubic 
B—subalgebra of X. Then dr7.7(0) > Orrr(x) and wryr(0) < wrrr(x) Va € X. Thus 
Ors.F(O) & wryp(0) are upper bounds and lower bounds of é7.1,7(a) & wrs.p(x) respectively. 
proof: (1) For everyx€ X, 


67.1,F(0) = or 1F(% — 2) 


> rmin{orrF(x), or.1,F(x)} 


= 671,F(£) 
Mee o7.1,F (0) = Or.1.F(2) and 


wrt, (0) = wrt F(£ _ x) 
< mazr{wrrr(x),wrsr(x)} 


= wr t.F (2) 
/.wrtF(0) <wrpr(z). 


Theorem 3.4. Let C = {(2,d7r1r(@),wrsjr(z)) : « € X} be a neutrosophic cubic 
B—subalgebra of X. If there exists a sequence {x} of X such that limps 67,1,F(&n) = [1, 1] 
and limn—+yoo WT,1,F(Ln) = 0. Then 67.1,r(tn) = [1,1] and wrypr(tn) = 0. 

Proof: By using Proposition 3.3, dr1,r(0) > orie(%) Va € X,then we have d77,7(0) > 
oprr(tn) Vn € Zt. Considerf1,1] > 6rzr(0) > limns4o6rrr(tn) = [1,1] Hence, 
Orr.F(0) = [1,1]. Moreover using proposition 3.8, wrr.r(0) < wrir(x) Va € X, then we 
have wryr(0) < wrir(fn) Vn € Zt Consider < wrzr(0) < limpsowrsr(tn) = 0. 


Hence, wr,1,r(0) = 0. 
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Theorem 3.5. The R—intersection of any set of neutrosophic cubic B—subalgebras of X is 


also a neutrosophic cubic B—subalgebra of X. 
Proof: Let C; = {(x,dir1,r,wir,t,r)/« € X} where i € k be a sets of neutrosophic cubic 
B—subalgebras of X andx,y € X. Then 


(N6irsr)\(e+y) =rinf dirsr(e + y) 
>rinf {rmin{dir1,F(£), Orr,F(y) tt 
=rmin{rinf dir1r(x),rinf dirr.r(y)} 
= rmin{Mdir,1,F(£), Nirt,F(y)} 

Nir ar(@ ty) > rmin{Ndir1,7(x), N6ir.1,7(y)} 


Similarly, 
Or ,F(@ — y) > rmin{Ndir,r,F (x), dirr,F(y)} and 


(Vwirr,r)(% + y) = sup wirt,r(z + Y) 
< sup {max{wir,tr(x), wir1,F(y) tt 
=max{sup wir sF(£), sup wirst.r(y)} 
= mazx{Vui71,F(£), Vwir.t,F(y)} 
. Vwi nr(e ty) < maz{Vujr1,F (2), Vwir.t p(y) } 


In the same way, wir t.p(x—y) < max{ Voir F(£), Vwirsr(y)}. Hence R—intersection of C; 


is a neutrosophic cubic B—subalgebra of X. 


Theorem 3.6. The CG; = {(2,0ir77,4ir1,r)}/e € X where i € k be a 
sets of neutrosophic cubic B—subalgebras of X. If inf{mar{wirsp(x),wirrrly) = 
max{infwirsp(x),infwirsp(y)}Vx € X. Then the P—intersection of C; is also a neutro- 
sophic cubic b—subalgebra of X. 

Proof: Let C; = {(x, Oir,1,r,wir,,r)/« € X} where i € k be a sets of neutrosophic cubic 
B—subalgebras of X andx,y © X. Then 


(Nir.F)(e+y) =rinf drrr(et+y) 
> rinf {rmin{dir.1,r (x), Oir,1,F(y) }} 
=rmin{rinf dirir(x),rinf dir1.r(y)} 
= rmin{ Noir. (£), N6ir,1,F(y)} 


Nr Fe + y) > rmin{Ndir,1,F (x), Ndir,1,r(y) } 
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In the same manner, dir1,F(@ — y) > rmin{Ndirs(x),dir1.7(y)} and 
(Awirsr)(2+y) =inf wirsr(t + y) 
< inf {maxr{wirst.r (x), wire (y)}} 
= mazr{infwirsp(x),inf wirs,r(y)} 
= mar{Awiy1,F (2), Vwi, (y)} 
*. Aw p(t ty) < mar{Awir1,r(x), Awir.tr(y)} 
Similarly, Awyrsp(x — y) < mar{Awyr,1 p(x), Awir,r.r(y)}. Hence P—intersection of C; is a 


neutrosophic cubic B—subalgebra of X. 


Theorem 3.7. The Ci = {(2,dirnr,wirsp)}/e € X where i € &k be a sets 
of neutrosophic cubic $—subalgebras of X. If sup {rmin{dir1r(x),orrr(y) = 
rmin{sup Oir1,F(@), sup dirr,r(y)}Vx € X. Then the P—union of C; is also a neutrosophic 
cubic B—subalgebra of X. 
Proof: Let C; = {(x,dir1,r,wir,,r)/t € X} where i € k be a sets of neutrosophic cubic 
B—subalgebras of X and x,y € X such that 
sup{rmin{oirsr(2), Oirre(y) = rmin{sup drs.r(£), sup dirrply) We € X. Then for 
r,yEX, 
(Udirrr)(@ + y) = rsup dyrrr(x + y) 
> rsup {rmin{ dirs (2), or,1,r(y)}} 
=rmin{rsup i7,1,F(x),rsup dir,1,r(y)} 
= rmin{Udir,1,F(x), Udir,r,r(y)} 
*, Udirrr(a@ t+ y) > rmin{Udi7,1,r(£), Udir.,r(y)} 
Likewise, Udir,r,r(@ — y) = rmin{ojir,1,F (x), Udirr,r(y)} and 
(Vwirr,r)(% + y) = sup wirt,r(z + Y) 
< sup {mar{wir,r(x), wire (y)}} 
=max{sup wir tF(£), sup wirt.r(y)} 
= max{Vui71,F(@), Vwir.t,r(y)} 
. Verse (a + y) < mar{Varr s(x), Vwirr.r(y)} 
Similarly, Vwir,p(@ — y) < max{Vuir r(x), Vwirsr(y)}. Hence P—union of C; is a neu- 


trosophic cubic B—subalgebra of X. 


Theorem 3.8. The Ci = {(2,dirnr,wirsp)}/e € X where i € &k be a sets 
of neutrosophic cubic B—subalgebras of X. If inf {mar{wirt p(x), wirrr(y} = 
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maxtinf wirtr(t),inf wirgry)} & sup {rmin{wirtr (2), wire (y)} - 
rmin{ sup wirs.p(x), sup wirsr(y)}Vx © X. Then the R—union of C; is also a neutrosophic 
cubic B—subalgebra of X. 
Proof: Let Cy = {(x,dir,1,r,wir,r)/e € X} where i € k be a sets of neutrosophic cubic 
B—subalgebras of X such that inf{max {oir 17(x), dire (y)} & 
sup{rmin{oir.r(2), Ore (y)} = rmin{sup dir ir(x), sup Ovsr(y)}Ve € X. Then for 
x,yEXx, 
(Udine) (a + y) = rsup Oyrrr(@ + y) 

> rsup {rmin{der,r,r(®), Oir.1,7(y) }} 

=rmin{rsup Oi r,F(@),rsup dir,r,r(y)} 

= rmin{Udir,1,F (2), Udir,r,r(y)t 


, Udiryrr(@ + y) = rmin{Udi7,1,r (x), Udir,1,7(y) t 
In the same way, Udir1,r(@ — y) > rmin{Udi7,1,7 (x), Udit. (y)} and 


(Awit.r)(@ + y) = inf wirs,r(z t+ y) 
<inf {mar{wir s.r (©), wirs.(y)}} 
=max{inf wirtr(x),inf wirtr(y)} 
= max{Awir 1 (£), Awirt,F(y) } 
*. Aw F(t ty) < maz{Awjr1 r(x), Awir.tr(y)} 


Similarly, Awe (2 — y) < max{Awir r(x), Awirt,r(y)}. Hence R—union of C; is a neu- 


trosophic cubic B—subalgebra of X. 


Theorem 3.9. Neutrosophic cubic set Cj = {Ar sp,Qr1,r}of X is a neutrosophic cubic 
B—subalgebra of X if and ony if Oh rw Ot p & wri are fuzzy subalgebras of X. 

Proof: Let Ob yp Orr & wrsp are fuzzy subalgebras of X and x,y € X.Then 

Of p(x +y) = min{dp, p(x), Of) p(y) 

Sp yp(e +y) = min{SZ 7 p(x), 577, p(y)} and 

wriF(@+y) < maxr{wrp(£),wr,r.r(y)} 

Now 


6rrFr(@t+y) = [57 1 r(x i); Opp p(@ + y)| 
2 [min{57 7 p(x), 47 e(y)}, min{ or p(x), on re(y)}] 
2 rmin{ [6p p(2), é71p(2)], [57 1.7 (y), on re(y)t 


=rmin{or,1F(«), orre(y)} 
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“. C is neutrosophic cubic G—subalgebra of X. 


Conversely, assume that C is neutrosophic cubic B—subalgebra of X. For any x,y © X, 


[56 1 p(z +), On p(x + y)] = or1,r(x + y) 
> rmin{ors,F(£), ore (y)} 


2 rmin{ [df 7, p(x), Of 1p (2)], [5% rr (y), on re(y)lt 


Thus, df; p(u + y) = minfdp, p(2), Of; p(Y)}, Spr p(@ + y) = min{OF 7 p(x), Of 7 p(y)} and 
wrrr(et+y) < mar{wr ys p(2),wrir(y)}. Hence Oey py Of rr and wr y,p are fuzzy subalgebra 
of X. 


Remark 3.10. The sets denoted by J5,,,, and Iu7,,, are also subalgebra of X which are de- 
fined as Is,.,. = {t € X/dr,1,r(&) = 67,1,r(0)} and Lup» = {2 © X/wrr(&) = wrs,r(0)}- 


Theorem 3.11. Let C = (67 7,7,wr,r) be a neutrosophic cubic B—subalgebra of X. Then 


the sets I5,,, and I, 


wrp are also subalgebra of X. 


Proof: Let 2,y € lig 7 p+ 
Then o7,1,F(£) = 6r7.F(0) = dr7.r(y). Consider 


Or rr(a +y) = rmint{or.r,r(2), Or1.r(y)} 
> rmin{orr,F(0), O7.1,F(0)} 


= 67,1,F (0) 


-.6prr(@t+y) > 6r7r(0). By using proposition 3.3, dr1,r(0) > ori.r(x + y) 
Then we have o71,7(a + y) = d7,7,F(0) or equivalently, x + y © Isp, p 
Similarly, c —y € Isp) p- 

Now, let x,y € Isp, p- Then wryr,r(x) = wry,r(0) = wrr(y)- 


Consider 
wrir(@+y) < max{or1,r (2), or,1,F(y)} 
= maz{wr,r,F(0),wr,r,F(0)} 
= wr,t,F(0) 
-.wrrp(2t+y) <wryp(0). By using proposition 3.3, wrr.r(0) < wrsr(x + y) 


Then we have wr z,r(@ + y) = wrz,r(0) or equivalently, « +y € Lary p 


Similarly,x — y € Lup». Hence the sets I5,, , and Inp,, are B—subalgebras of X. 


Theorem 3.12. Let P be a non empty subset of X and C = (67,1,r,wr1,F) be a neutrosophic 
cubic B—subalgebra of X defined by 
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[orF 97.7): if veP pT.F: if ceP 
ér,1,F (2) = Wr t,F(£) = 
vrnF, Yr]: Otherwise erp: Otherwise 


V [érnF., O7,1,Fe) Wr. UTP] © D[O,1] and prtr,erz,r € [0,1] with lor.17,, ¢7,1,7,| = 
Wri. VT.) and pri.p < eri. Then C is a neutrosophic cubic B—subalgebra of X <= P 
is a B—subalgebra of X. 

Proof: Let C be a neutrosophic cubic B—subalgebra of X. 

Let x,y © X such tat x,y € P. Then 


Orre(@ t+ y) => rmin{orsr (2), or,F(y)} 
> rmin{[ort.F,, $7,1,F>), |O7,1,.F, > T,1,Fo|} 


= [¢7,1,F,, T,1,Fo] 


and 


wrrr(@t+y) < mazr{wrr(£), wre (y)} 
< max{pr.t.F, pT,1,F} 


= PT.1,F 


Thereforex+y€P. Similarly, we have x —y € P. 

Hence P is a B—subalgebra of X. 

Conversely, suppose that P is a G—subalgebra of X. Let x,yE X. 
Case(i): Ifz,ye P thnx+yeP&xr-yeP 

Thus 6r1,r(@ + y) = [or O71.) = rmin{or,1,F (x), o7,1,r(y)} 
Similarly, dr1.p(@ — y) = rmin{or1r(2), Orr (y)} and 
wrie(e+y) = pri = maz{wr,jr(£),wrsr(y)}. 

In the same way, wrrr(x — y) = max{wr7,r(x), or.1,r(y)} 

Case (ii): if x,y € B,then 

orr(@ ty) = Wrar, UTP] = rmin{or,1,r (x), or,1.r(y)} 
Similarly, dr1.7(@ — y) = rmin{orrr(@), 6r,1,r(y)} and 
wrtF(x + y) = err = Mmar{wr,r,r(x),wr,rF(y)}- 

In the same way, wrt.p(x — y) = max{wr7,r(x), or.1,r(y)} 
Hence C is a neutrosophic cubic B—subalgebra of X. 
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Now, 
TS nye = {x eX, Ort,F(z) > Or,1,F(0)} 


= {xe X, or 1,r(2) = [or 1,7, O7,1,F]} 


=P 


Laseny = {6 EX, wr1,F (2) — wr,1,F (0) } 


= {x € X,wrr r(x) = priv} 


= 


Theorem 3.13. [If C = (67,1,r,wr,r) be a neutrosophic cubic B—subalgebra of X then the 
upper |[8T.1,F,,8T,1,F)|-level and lower tr,1,r,-level set of C are B—subalgebra of X. 

proof: Let x,y € U(orr,r/|s7,1,F,;$T,1,F|), then or1,r(x) > [sr1.7,,$71,F,] and ori1r(y) = 
[STI,F,>8T,1,Fo|- It follows that op..,7(@ + y) > rmin{or. r(x), or1,r(y) = [s7.1,.7,,$7,1,Pl 
=>a+y € U(6r1,F/|87,1,F,;$T,1,F)]). Similarly, « —y € U(6r1F/[s71,F,, $7,1,FI- 

Hence U(67,1,F/[87,1,F,; 87,1,F)] 18 @ B—subalgebra of X. 

Let x,y € L(wrpr/trip,) thenwrypp(r) <trip andwrrr(y) <trir- 

It follows that wri.p(@+y) < mar{wryp(2),wrery) < trim} 

=>a+y€ Lwrpr/trip,). Similarly, c—y € L(wrsr/trssr)- 

Hence L(wr1,r/tri.p,) is a B—subalgebra of X. 


Theorem 3.14. Let C = (drr7,wrs,r) be a neutrosophic cubic set of X, such that 
the sets U(Orr,r/[87,1,F,,$8T1,F)]) and L(wrir/tri.p,) are B—subalgebra of X for every 
[ST.1,F,>$T,1,F)] € D[0,1] and trzp, € [0,1]. Then C = (671,F,wr1,r) is neutrosophic cu- 
bic B—subalgebra of X. 

proof: Let U(6r,1,r/|87,1,F,,$7T,1,F)]) and L(wryr/tri,p,) are B—subalgebra of X for every 
[S7.1,F,,9T,1,F)] € D[0,1] and trzr, € [0,1]. 

On the contrary, let xo, yo € X be such that 67,1,r(%o + yo) < rmin{or.r,r(Xo), O7,1,F (yo) } 
Letdr,1,F (£0) = [1, 92], br,1,e(Yo) = [03,04] and d7.1,7(%0 + Yo) = [S7z,.F,5$7,1,F2]. Then 
[ST1,F,> §T,1,Fo] < rmin{[61, 02], (03, A4]} = [min{A1, 02}, min{ 6s, A4}| 

So, orr.p, < min{[61,63]} and or.1,p, < min{|2, 64] } 


Let us consider, 


[v1 2] = (1/2) [67,71,7(%o + yo) + rmin{or,1,r (20), O7,1,F (Yo) }] 
(1/2)[s71,.7, F ST1,Fo| + min{6y, 63}, min{O3, 64} 
(1/2)(srr.p, + min{61, 03}), (1/2)(sr7,.7, + min{O2, 04}) 


minty, 63} >V= (1/2) (sr.F, + min{O,, 63}) > STLFy 
and .., min{O2, O4} > 72 = (1/2)(s7,1,% + min{O2, O4}) > s7,1.% 
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Hence [min{01,63},min{62,04}| > [y,7] > I[srnK,871,F],80 that xo + Yo 

U(or1,F/|87,1,F,:8T1,Fo]) which is a_ contradiction. Since oprr(to) = [61,99] 

[min{O1, 03}, min{O>, O4}] > [71,72] and drz,r(yo) = [43,04] = [min{O1, 63}, min{2, O4}] 
[v1 72]. => 2 + y € U(6r.1,r/|87,1,7,,97,1,F))- Thus orrjr(@ + Y) 

rmin{orsF(z),6r1F(y)} Vrj,ye X. 

Similarly,or,1,7(e—y) > rmin{ors,r(x), or.,F(y)} V2,y € X. In the same way, we can prove 


IV VIN oo?” 


wrLR(t+y) =wrse(@t+y) < mar{wrrr(@),wrrry)} V ty € X. 
4. Homomorphism of Neutrosophic Cubic $—subalgebras 


In this section, some of the interesting results on homomorphism of neutrosophic cubic 


6—subalgebra is being investigated. 


Theorem 4.1. Suppose that f : X — Y be a homomorphism from a Gb—algebra X to Y. 
If C = (6r7,rwr,p) 1s a neutrosophic cubic B—subalgebra of X, then the image f(C) = 
{(£, frsup(67,1,F), fing (wrr,r))/« € X} of C under f is a neutrosophic cubic B—subalgebra of 
Y. 
Proof: Let C = (6r.1,r,wrs,r) be a neutrosophic cubic 8—subalgebra of X and let y1,y2 € Y. 
We know that {x + 2/21 € f—'(y1) & wo € fol (yo)} C {a © X/x € fo '(y + y2)}.Now 
froup(Ort,F) (yr + yo) = rsup{or,rr(x)/x € f(y + y2)} 
= rsup{6r,r,r(@1 + £2)/a1 € f~*(y1) & x2 € f-*(y2)} 
> rsup{rmin{ ore (1), O7,1,P(@2)/a1 © f(y) & a2 € f"(y2)} 
= rmin{rsup{dr,r,p(01)/21 € f—'(y1), 6r.1,e(@2)/22 € f~*(ya)} 
In the same manner, we have 
frsup(Or1,F)(y1 — y2) > rmin{rsup{or,1,r(21)/21 € f~*(y1), Or1,F(v2)/22 € f~*(y2)}. Also, 
fing (Or.r,P)(y1 + yo) = inf {wrr,p(x)/2 € fly + y2)} 
= inf {wrr(v1 + 22)/01 € f-'(y1) & 22 € f7'(y2)} 
< inf{mazr{wrs,r(21), rrr (v2)/21 € f(y) & v2 € f*(y2)} 
= mar{inf {wr,1,p(21)/21 € f~"(y1), wrt,F(e2)/t2 € f—*(y2)} 
In the same way, we have 


fing (wr.t.e) (yi — y2) < mar{inf {wrrr(@1)/21 € f7'(y1), wrt,r(@2)/22 € f7'(y2)}.- 


Theorem 4.2. Suppose that f : X — Y be a homomorphism of B—algebra. If C = 
(orrF,wr1.F) is a neutrosophic cubic B—subalgebra of Y, then the pre-image f-1(C) = 
{(a, f-(6r.1,.r), f-(wrar))/« € X} of C under f is a neutrosophic cubic B—subalgebra 
of X. 
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proof: Assume that C = (6r),pwry,p) is a neutrosophic cubic B—subalgebra of Y and let 
z,yEX. Then 


f-'(6rir\(a +y) =6rnr(f(z+y)) 
= 6r.,F (f(x) + fly)) 
> rmintorse(f(x)), ore (f(y))} 


) 
= rmin{ f—*(67,1,r)(2), f-*(6r,1,7)(y)} 
Similarly, f~\(6r.1,.r)(x — y) > rmin{ f-'(5r.1,r)(x), f-+(6r.1,F)(y)} 


flwrre)(@t+y) =erre(fe+y)) 
= wre (f(x) + f(y) 
< mar{wr,r,r(f(x)), wrsr(f(y))} 
= mazr{f-'(wrsr)(2), f*(wr,1,7)(y)} 


Similarly, f~ (wrasr)(e — y) < rmin{ f™ (wrtr)(2), f-(wrar)(y)} 
fC) = {la, fl (Orne), f(wrer))/« € X} of C under f is a neutrosophic cubic 
B—subalgebra of X. 
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Abstract. Hypersoft set is an emerging knowledge of study which is projected to address the limitations of 
soft set for the entitlement of multi-argument approximate function. This function maps sub-parametric tuples 
to power set of universe. It emphasizes the partitioning of each attribute into its respective attribute-valued 
set that is missing in existing soft set-like structures. These features make it a completely new mathematical 
tool for solving problems dealing with uncertainties. In this study, classical concept of weak structures (W- 
structures) is characterized under hypersoft set environment which will provide a conceptual framework for 
further characterization of respective topological spaces and other spaces of functional analysis. Some of its 
important properties and results are investigated. Moreover, new notions of hypersoft weak axioms W-70, W-71 


and W-72 are discussed with illustrative examples. 


Keywords: Hypersoft set, Hypersoft W-structure, Hypersoft W-70, Hypersoft W-71, Hypersoft W-72. 


1. Introduction 


Molodtsov characterized soft set (SST) as a new parametrization tool to address the 
inadequacy of fuzzy-like structures. Later Maji et al. |2| and Pei et al. |3) extended the work and 
discussed some of its fundamentals and set-theoretic operations. Shabir et al. applied soft 
set theory in topological spaces and introduced new notions of soft set topology, later modified 
by Min (5). Zorlutuna et al (6, Cagman et al. [7], Roy et al. |8] discussed the properties of soft 
topology and proposed some modifications. Zakari et al. (|, Min et al. developed a soft 
weak structure in support of the generalized soft topology. Al-Saadi et al. investigated 
closed sets for soft weak structure. In many real life situations, distinct attributes are further 


partitioned in disjoint attribute-valued sets but existing SST is insufficient for dealing with 
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such kind of attribute-valued sets. Hypersoft set (HS-set) is developed to make the SST 
in line with attribute-valued sets to tackle real life scenarios. HS-set is an extension of SS- 
Theory as it transforms the single argument function into a multi-argument function. Certain 
elementary properties, aggregation operations, laws, relations and functions of HS-set, are 
investigated by for proper understanding and further utilization in different fields. 
Saeed et al. discussed decision-making applications based on complex multi-fuzzy HS- 
set, mapping on Hs-calsses, neutrosophic HS-graphs and neutrosophic HS-mapping to medical 
diagnosis and other optimal selections. Rahman et al. developed hybrids of HS-set with 
complex fuzzy set, complex intuitionistic fuzzy set and complex neutrosophic set. They 
introduced the notions of convex and concave HS-sets with some properties. Decision-making 
applications for optimal object selection have been discussed by them under the environments 
of parameterization of HS-sets in fuzzy set-like structures, bijective HS-sets and complex fuzzy 
hypersoft in (24}{27]. Saqlain et al. investigated single and multi-valued neutrosophic HS- 
sets and discussed tangent similarity measure of single valued neutrosophic HS-sets. Zulqarnain 
et al. characterized generalized aggregate operators on neutrosophic HS-sets and discussed 
their essential properties. Ihsan et al. employed the concept of HS-sets in expert system 
and developed HS expert set and fuzzy HS expert set with application in decision-making. 
Kamaci et al. extended this work to n-ary fuzzy expert set and discussed its properties. 
Ajay et al. developed the notions of Alpha Open HS-sets and applied them in MCDM. 
Musa et al. developed bipolar HS-set and discussed its properties and operations. 


1.1. Motivation 


In many daily-life decision-making problems, we encounter with some scenarios where each 
attribute is required to be further classified into its respective attribute-valued set. In order 
to tackle such scenarios, HS-set is projected which employs the cartesian product of disjoint 
attribute-valued sets as domain of approximate function ( i.e. multi-argument approximate 
function). The existing models are insufficient to deal uncertainties with such kind of 
approximate function. Therefore, the main aim of this study is to generalize these models by 
developing HS-week structures. All the new proposed operations and properties are explained 


with the support of illustrated examples. 


1.2. Paper Layout 


The rest of paper is organized as: 
Section 2: reviews some basic definitions to support the main results. 


Section 3: characterizes HS W-structures along with their important properties and results. 
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Section 4: summarizes the paper with future directions. 


2. Preliminaries 


In this section, definitions of soft sets , hypersoft sets and soft weak structures are reviewed. 


Definition 2.1. 
A pair (w,R) is called soft set over U, where w : R + P(U) and R be a subset of a set of 
attributes €. 


Definition 2.2. 

Suppose 0, ba,...... ,on, for b > 1, be n distinct traits, whose corresponding trait values are 
respectively the sets Q1, Qg,.....,Qn, with O,(/Q, = ¢,i # Jj, and r,s € {1,2,....,.n}. Then 
the pair (VW, Q) x Q2x..... x O,), where UW : Q; x Qox..... x QO, — P(U) is called a Hypersoft 
Set over U. 


Definition 2.3. 
sW is collection of (~, R) over X. if 


(i) ¢,¥ € sW 

(ii) (Wa, Ri) (\(vo, Re) in sw € sW. 
then sW is weak structure. W-space is denoted by (4, sW, E). Elements of sW are W-open 
and (wv, R) is soft W-closed if (7, R)"” € sW. 


3. Hypersoft W-Structures 


In this section, hypersoft W-structures are characterized and some of their important prop- 


erties and results are discussed. 


Definition 3.1. Hypersoft W-Structure 

Suppose P1,P2,P3,...-,Pm be disjoint attribute-valued sets corresponding to m distinct at- 
tributes p1,p2, 3, ---;Dm respectively and P = P, x Po x P3 x .... X Pm. A collection Qw of 
HS-sets defined over U w.r.t P is called HS w-Structure if 


(i) Ors, U belong to Qw 

(ii) (Wi,P) 1 (Yj,P) in Qyw belongs to Nw Vi Fj 
A HS set is said to be HS W-open if it belongs to collection Qy and if (V,P)" € Qw then HS 
W-closed. 


Example 3.2. Suppose U = {u1, ua, us, U4, U5, U6, U7, Ug} and P = {P\, Po, Ps, P14} such that 


P1 = {pi1, pi2}, P2 = {p21, p22}, P3 = {p31, p32}. 
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Now P = P, X P2 x P3 


qi = (pi, P21, P31); 92 = (P11, P21, P32), 
3 = (P11, P22,P31), 4 = (P11, P22, P32), 
G5 = (P12, P21,P31), 96 = (P11, P21, P32), 
7 = (p11, P22,P31), 98 = (P11, P22, P32) 


p= 


and 
Ow = {0H5,U, (V1, P), (W2,P), (W3,P)}, 
Vi(qi) = (us, U2, U7, ust, Wi(g2) = {u1, us, ue, us}, 
(Wi1,P)= 4 Vila) = {u2,us,u7,us}, Wilde) ={u1,us,us,u7}, 5 
Vi (qr) = {ua, Us, U6, Us} 
Vo(q1) = {u1, u2,u3,u7}, Wo(qa) = {u2, ua, Us, ur}, 
(W2,P) = 4 Wo(qa) = {u1, us, u7,ug}, WYo(a7) = {ua,us,u7,us}, 7; 
Wo(qg) = {ua2, Us, Ua, Us} 
(W3,P) = { W3(q1) = {u1,U2,u7}, W3(q4) = {us,u7,us}, W3(97) = {ua, us, us} \. 
Qy is a HS W-structure. 


Definition 3.3. Hypersoft W-Interior 
The HS W-W-interior of (V,P), denoted by (V,P)°, is defined as 


(UW,P)° =U{(Ui, P) : (Ui, P) C (UY, P), (Ui, P) € Qw}. 


Remark 3.4. If there exists a HS W-open set (W2,P) s.t q € (W2,P) is subset of (V1, P), 
then q belongs to (W1,P)°. 


Example 3.5. Considering example [3.2| we have 
(W1,P)° = {(W3, P)}. 


Theorem 3.6. [f (Y1,P) and (W2,P) belongs to Qw, then 
(i) (W,P)° is subset of (W,P) 
(ii) If (W1,P) is subset of (V2,P) then (W1,P)° is subset of (WV2,P)° 
(iii) HS W-interior of intersection of (W1,P) and (W2,P) is equal to intersection of HS 
W-interior of (V1,P) and HS W-interior of (W2,P) 
(iv) ((U,P)°)° ts equal to (Y,P)° 


Proof. (i) is obvious. 

(ii) Given (W,,P) is subset of (Wo, P) 

From (i) (W1,P)° is subset of (¥1,P) and (W2,P)° is subset of (W2,P). 
implies (WV ,P)° is subset of (Wo, P) 

but (W2,P)° is subset of (V2, P). 
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Hence (W1,P)° is subset of (V2, P)° 
(iii) Since intersection of (W,,P) and (W2,P) is subset of (W1,P), Intersection of (V1, P) 
and (W2,P) is subset of (V2, P). 
from (i) (W,P)° is subset of (V,P) implies 
HS W-interior of intersection of (V;,P) and (W2,P) is subset of (W1,P)° and HS W-interior 
of intersection of (V,,P) and (W2,P) is subset of (V2, P)°. 
So HS W-interior of intersection of (V1,P) and (W2,P) is subset of intersection of HS W- 
interior of (V;,P) and HS W-interior of (V2, P). 
Also intersection of HS W-interior of (¥;,P) and HS W-interior of (V2, P) is subset of inter- 
section of (W;,P) and (W2,P). 
Therefore intersection of HS W-interior of (¥1,P) and HS W-interior of (V2, P) is open subset 
of intersection of (W1,P) and (W2,P). 
Hence intersection of HS W-interior of (¥1,P?) and HS W-interior of (W2,P) is subset of HS 
W-interior of intersection of (W1,P) and (W2,P). 
HS W-interior of intersection of (V,,P) and (W2,P) is equal to intersection of HS W-interior 
of (W1,P) and HS W-interior of (V2, P). 
(iv) From (i), it follows ((W,P)°)° is subset of (V,P)°. For any HS W-open set (W1,P) s.t 
((Y1,P) is subset of (W,P)°, 
(W1,P) is equal to (W1,P)° is subset of ((V,P)°)°, so (UW,P)°C((Y, P)°)° Consequently, we 
have 

((W,P)°)° is equal to (W,P)° 


Definition 3.7. Hypersoft W-exterior 
The HS W-exterior of (W,P), denoted by (W,P)*, is defined as 


(U,P) = (8, Py)” 


Example 3.8. Consider the sets given in example [3.2| let we have a hypersoft set 


W(q1) = {u1, 2,7, ug}, WV(qe) = {ur, us, ue, us}, 
(W,P) = 4 (qa) = {ua,us,u7,us}, VU(ge) = {u1, us, us, U7}, 
W(q7) = {ua, Us, Us, Us} 


V(qi) = {ug, U4, Us, U6}, WV(q2) = {u2, ua, Us, U7}, 
((W,P))° = 4 W(qa) = {u1, uz, us, ue}, WVU(gs) = {ue2, us, ue, ust, 
V(q7) = {u1, U2, U3, U7} 


Wa(qr) = {uz, us, ue}, WVa(qe) = {u2, us, u7}, 
(W4,P) = 4 Wa(qa) = {u1,u3, ue}, WYas(ge) = {ua, us, uc}, 
W4(q7) = {u1, us, U7} 
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(U,P)* = (Wa, P) 


Definition 3.9. Hypersoft W-boundry 
The HS W-boundry of (W,P), denoted by (WV, P)’, contains those HS sets which do not belongs 
to HS W-interior and HS exterior. 


Example 3.10. in example [3.2| we have 
(W, Py? = {(W1,P), (W2,P)} 


Definition 3.11. Hypersoft W/-Closure 
HS W-closure of (W,P) is denoted by (WV, P)°, is defined as 


P)* =(\{(G1,P) : (YP) S (V1, P), (Vi, P)* € Ow} 


Example 3.12. It is clear from example [3.2] 
(W3,P)* = {(%1,P)} 


Theorem 3.13. 
If qe (©,P)°*, then (Wi,P))(Y,P) AO V (Vi,P) € Ow s.tq € (Vi,P). 


Proof. Suppose gq € (V,P)* then there exists (W;,P) € Ow s.t q € (Wi, P) 
and (W;,P)\(U,P) =90 
this implies (V,P)C(W;,P)° so (UV, P)*C(U;, P)* and q ¢ (VW, P)®. So it is a contradiction. 


Theorem 3.14. 
If (Wi,P) and (WV2,P) are two HS sets then 


(i) (V,P) is subset of (V,P)* 

(ii) if (Wi,P) is subset of (W2,P) then (V1,P)° is subset of (W2,P)° 
(iii) (U1, P)* U (We, P)® = ((W1, P) U (Wa, P))® 

ee ays 


(iv 


Proof. (i) is obvious. 

(ii) Since (W,,P) is subset of (V2, P) 

from (i) (W1,P) is subset of (W1,P)* and (W2,P) is subset of (W2,P)° 

then (W,,P) is subset of (W2,P)° 

but (W,,P) is subset of (W1,P)* implies (W1,P)° is subset of (V2,P)° 

(iii) Since (W1,P) is subset of (W1,P) U(V2,P) , (Ve2,P) is subset of (W1,P) U (Wea, P) 
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and (W,P) is subset of (W,P)* then (W1,P)* is subset of ((W1,P) U (W2,P))* and 
(W2,P)* is subset of ((W1,P) U (W2,P))°, 

(W1,P)* U (Wo,P)° is subset of ((W1,P) U (W2,P))° 

also (W1,P)U(W2,P))® is subset of (V1, P)* U (V2, P)* Hence 


(W1,P)° U (Wo, P)® = ((W1, P) U (V2, P))® 
(iv) From (i), (UV, P) is subset of (V,P)* then (V,P)® is subset of ((W,P)°*)®, 
((U,P)*)* = (W,P) is subset of (V,P)*, then ((U,P)*)® is subset of (UV, P)* 


Consequently, we have 


Cs el lias 


Remark 3.15. 
(i) if (V,P) € Oy then (V,P) = ((,P))° 
(ii) if (W,P)" € Ow then (WV, P) = ((V,P))* 


Definition 3.16. Hypersoft W-7 
If ui,u2 € U and wu 4 u2, J a HS W-open set (V,P) s.t ur € (V,P) and ug ¢ (V,P) or 
ur ¢ (W,P) and ug € (W,P) then (U,Qy,P) is called W-7 


Example 3.17. Suppose U/ = {uj, u2} then Qw = {0,U,(V,P)} where 
(W,P) = {Vi(a) = {ui}} is W-m. 


Theorem 3.18. 
IfU is a relative HS W-7 space, then for each u1,u2 € U such that uy # ue, we have 
(u1,P)* # (ua, P)°. 

Proof. For every ui,u2 € U and uy 4 ug Ja HS (W,P) € Qws.t ui € (W,P) and ug € (UW, P)°. 
Therefore (U,P)*° is a HS W-closed set s.t uy ¢ (W,P)*° and uz € (V,P)°. 

Since (u2,P)*C(V,P)*° and uy ¢ (u2,P)* Thus (ui, P)* 4 (u2, P)®. 


Definition 3.19. Hypersoft W-7, 
If for each wi, ug €U s.t ui 4 u2, IHS W-open sets (V1, P) and (V2, P) s.t ui € (Wi, P) and 
ug ¢ (W1,P) and wu, ¢ (Wo, P) and ug € (V2, P) then HS Qyw space is known as W-7, . 


Example 3.20. Suppose U/ = {uz, u2} then Qw = {0,U, (V1, P), (V2, P)} where 
(W1,P) ={Vilm) = {ur }} and (W2,P) = {Wo(qi) = {ua}} is W-71. 


Theorem 3.21. 
A HS W-space (U,Qwy,P) is HS W-r if (u,P) is HS W-closed set for allu EU. 
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Proof. suppose u1,u2 € U and uy 4 ug AHS W-open sets (wi1,P)° and (u2,P)*° s.t ui € 
(u1,P)°, us € (wi, P)*° and ue ¢ (u2, P)© , ui € (ua, P)*, It prove that U is HS W-7y. 


Definition 3.22. Hypersoft W-72 
W-72 if for each uj,u2 € U s.t uy # u2, J HS W-open sets (W1,P) and (W2,P) then each 
Ur Ee (W1,P), U2 € (Wo,P) and (W1,P)()\ (G2, P) =90 


Example 3.23. Suppose U/ = {uy, u2} then Qw = {0,U, (V1, P), (V2, P)} where 
(W1,P) = {Vi(qm) = {ui}} and (2, P) = {Vo(q) = {u2}} is W-72. 


4. Conclusions 


In this study, weak structures are characterized under hypersoft set environment, and some 
of its essential properties and results are discussed. Moreover, some separation axioms like 
7,71, and 72 are introduced with the help of weak structures on hypersoft set. Further study 


may include the development of : 


1) HS-compact spaces 
2) HS-connected spaces 
3) HS-normed spaces 
4) HS-Hilbert spaces 
5) 

) 


6) HS-metric spaces 


HS-inner product spaces 


( 
( 
( 
( 
( 
( 


with their applications in decision-making by using certain techniques like TOPSIS, MCDM 
etc. 
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Abstract. In this article the notion of two quadripartitioned single valued weighted dombi prioritized opera- 
tors, namely, quadripartitioned single valued weighted dombi prioritized average (QSVNWDPA) operator and 
quadripartitioned single valued weighted dombi prioritized geometric ( QSVNWDPG) operator have been de- 
veloped which are based on quadripartitioned single valued neutrosophic (QSVN) sets. Further some important 
properties of these two operators are studied. Finally a multi-attribute decision making (MADM) problem has 
been solved using QOSVNWDPA operator and QOVNWDPG operator. 


Keywords: Quadripartitioned single valued neutrosophic set; Aggregation operator; Dombi operator; Priori- 
tized operator; QSVN weighted Dombi prioritized average operator; QSVN weighted Dombi prioritized geo- 


metric operator; Multi-attributive decision making. 


1. Introduction 


Smarandache introduced Neutrosophic set (NS) theory in which each element of 
this set is assigned with a truth value (T), a indeterminacy value (J) and a falsity value (F’) 
which are independent of each other. Later many authors have introduced several types of 
generalizations of NS along with their various types of applications (4}f12|[14]{75}. An extension 
of Neutrosophic set, called QSVN set, was further developed in which was motivated by 
Belnap’s four valued logic (1). Here every element in a set have four values associated with it 
namely truth value T, a contradiction value C, an ignorance value U and a falsity value F’. 
Thus QSVN sets are equipped with better tool for solving various types of decision making 


problems in comparison with other types of neutrosophic sets. The idea of quadripartitioned 
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neutrosophic numbers (QNN number) which are based on QSVN sets are introduced and 
studied along with some well known properties of QNAN-numbers in [19]. Currently the 
application of information aggregation operators in the area of multi-attribute decision making 
process has become a popular topic of research. Aggression operator based decision making 
methods are preferred than ordinary decision making methods because these operators readily 
combines data into one single entity from which one could easily make decisions. Several 
researchers have proposed new aggregation operators or have extended known operators to 
new settings. On contrary Dombi presented the operations of Dombi T -norms (Dr) and 
T-conorms (Dr) for fuzzy sets way back in 1982. Both the norms have wide applications as an 
operator as they have good advantage of flexibility to tackle the operational parameters. Also 
Dombi aggregation operators make the optimal outcomes more accurate and definite when 
used properly in any MADM problem. Many researchers extended the idea of Dombi norms 
together with Prioritized operator to IFS [13], NS theories and applied to different 
MADM problems. In this paper we have applied weighted Dombi Prioritized norms on ONN 
and applied them to solve a very relevant MADM problem. The rest of this paper is constructed 
as follows: In Section 2 we have discussed some basic theories which will be used throughout 
the rest of the article. We have defined some order relations on ONN in Section 3. In the next 
section some Dombi operations on QNW are defined. Section 5 introduces the QOVNWDPA 
and QSVNWDP6G operators and studied their properties. Next a MADM problem is solved 
using QOSVNWDA and QSVNWDG operators in section 6 along with sensitivity analysis of 


these two methods. Then Section 7 concludes the article. 


2. Some Basics 


For better understanding of this article we need some terminologies from literature of NS 


sets. 


Definition 2.1. A neutrosophic set (NS) A in Y ¥ @¢ is characterized by a truth- 
membership function A;, an indeterminacy membership function A; and a falsity-membership 
function Ay. Here for each y € Y, A¢(y), Ai(y) and Af(y) are real non-standard elements of 


]O-,1*[. A can be written as: 
A= {(y, Ar(y), Ai(y), Ap(y)) : y € Y, At(y), Ai(y), Ap(y) €]0-, 1D 


Definition 2.2. A QSVN set M over a set Y # ¢ distinguishes each element y in Y by 
a truth-value M;, a contradiction value M,, an ignorance-value M,, and a falsity value My s.t. 


for each y € Y, Mi(y), Mc(y), Mu(y), Mp(y) € [0,1], 0 < Mi (y) + M-(y) + Muy) + Me(y) < 4. 


Based on QSVN set Prof. R. Chatterjee et. al. introduced the QSVN numbers together 
with some operations in their paper in 2019. 
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Definition 2.3. An QSVN element w = (wz, We, Wu, wr) € [0,1]* is said to be a QSVN 
number. We represent the set of QSVN numbers as ON. 


Definition 2.4. Consider ¢,7,vu € ONN and k €N. Then the following basic operations 
hold on ONN: 


(ai) ()* = (Gy ee) = a), 1-1 =)", 
k= (= (l=q)*,1 = =n)", a)*, Gp)"; 
sO@r=TQ@s, 

(Or) Bv=7TOH(s Pr), 

Or=TO0s, 

s<O7)Ov=7TO(s Ov), 


2.1. Dombi T-norm and T-conorm 


Dombi Operator was introduced by J. Dombi in 1982 in [2]. In 2008 Prof Yager firstly 
introduced the Prioritized aggregation operators in (4). For convenience of the readers of this 


article we request you to follow the articles |2| and |4| respectively. 


Definition 2.5. Suppose r,s € R. The Dr and Dr between r and s are defined respectively 


as below: 


A > 1 and (r,s) € [0,1] x [0, 1]. 


3. Order properties in QN.NV 

Now we will discuss some order relations of ONAN. 
Definition 3.1. The score function of w = (wz, We,Wu, ws) : ONN — [0,1] is defined as 
— 3+ ut t+ We — Wy — We 


S(w) i 
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We now define a few accuracy functions A; : OVNN — (0,1), = 0,€,3 of w = 
(we, We, Wy, wf) € QNWN as follows: 
(we + We) — (Wy + we) 


Agial = 5 
Ac(w) = = 
Pee 


Remark 3.2. From Definition the following properties of score function and accuracy 
functions of a QSVN number w € QNWN can be obtained: 
(i) 0< S(w) < 1.25. 
Gi) 1 Av) <4. 
(iii) —0.25 < Ae(w) < 0.25. 
(iv) —0.25 < A5(w) < 0.25. 
Definition 3.3. Suppose p,v € ONN. We define the order relation between any two p,v € 
ONWN as following: 
(i) If S(u) < S(v), then uw <v. 
(ii) If S(y) = S(v), then 


(a) Aco(tt) < Acoo(v) > p< v else if 

(b) Aoo(u) = Aco(v) with Ac(p) < Ae(v) > uw < v else if 

(c) Aoo() = An(v), Ac (tu) = Ae(v) with A3s(pw) < As(v) > uw < v else if 
(d) Aoo(H) = Aco(v), Ac (Hu) = Ae(v) and As(u) = As(v) > w= v. 


Here yz < v denotes yz proceeds v. 
4. Some QSVN Dombi operations 


Definition 4.1. Let = (m1,71,p1,q¢1) € ONN and v = (m2, n2,p2,q) € ONN, > 1 and 
k > 0. Then the Dr and Dp operations on QNW are defined as below: 


(i) 


u@v ( i ri i ri i rl i r 
\ my mo \x\X m1 yr mg y)\\X 1—p1))\,;1=P2)\,\% 1-41 yy, ;1-92),\% 
1+ (qa) +(e35)) 1+ (gE +(235)) 1+ (AGRE) +52) 14 ((4G r+) 


(ii) 


1 1. 1 1 
uOv i: Tt 2 mA Tt . 
1+ (AGL AGR2)A)% 1 (BL AL BRA) ® (EL HES) *® 4 (C48)? 


(iii) lew (: 1 a 1 aa 1 rl 1 1 ) 
1+ (( pe )) 4 14+ (rE yA) 4 + (a(AGEL)A) * 14 (m( Spal ya) % 


ra 
BK 


. , ; ; 1 : 1 . 
(iv) m (: ra(Ksp) re (eip)e (Zr) ics) 
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5. Dombi prioritized average operators on OVN 


Definition 5.1. Let y; = (mj,nj;,p;,q;) (§ = 1,2,...,0) be a collection on QNN. A QSVN 
Dombi prioritized average (QSVNDPA) operator of dimension / is a function s; : ONN bo 
ONWN defined by: 


a 
81 (Vi e,2-%5 0) = B 


3+ 5 +5 —Pj—G5 
4 


where T; = TI S(y) Vk, Ty = 1 and S(y;) = 


Theorem 5.2. Suppose y; = (mj;,nj;,p;,9;) Vj € N be a collection on ONN. Then 


l 
Ti; 
$1(91,72)--- M1) = ® a 


J=l1\ OT; 
j=l 
( - rH : I : Tt ; T ) 
m rA)X n rA)X l-p,;\A)X l-q;\A)% 
r, (i 7, (74 1 iT RG v i 
4 S iG: a) 4 z iG 4) wes AG ) 14 ies ) 
j=l >. zap j=l dD. Te j=l > ar j=l x T; 
j=l j=1 j=l j= 
Proof. Here 7, € ONN. Now we have tu =7 


(: ake ete ss ae aece: ) Hence the above equa- 
dene ex (Gaye Gay} 
tion trivially holds for / = 1. In a parallel way for 72 € ON.N, we have ae = 


( : r ame ; BY ret » oe . ) 
m a a 7 P . q : 
1 1 hoe we) wo GE) 


Therefore 


j=l » Tj 
j=l 
( 1 it 1 it 1 soul 1 
we. Ro VN ae SOV 1—p;\A)% 1—q;\\)% 

2 7) (4) 2 (145) iy ( 5") 2 7) (a) 

149 2 x Hy do . H+) 2d a yd x 
a PY pe a ae Se 

j=l j=l q=1 g=l 
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s 
jal \ ST; 
j=l 
ili 1 1 ub 
1 rl : pel : rl : rt) 
- \A)X : X ae x = X 
T: mks T. vy T. 7 P5 T. i qj 
8 JI\I-m,; s 7) I-nj ce J P5 3. J q3 
144 > ——! 1+4 > 5 144 > = 144 5 
j=l Sty j=1 a j=l > j=l Poe 
= j=l j=l j=l 


Finally for ] = s +1, one can easily see that 


T5V5 Ts+1Yst1 
@ s+1 
T; 
=1. 


I 
QD. 


81(71, 72; tee Ya) 


j=l wi 


Ts+17s+1 
® stl 


( - ru : ru Z po v I 
m A)X ne A)X 1—p;\> » 1—q;\4 oN SOT 
j i ; i 4 2a 45 
ial 15 (x5) dS (x5) ut S (Gs; ) wl ie ) ae 
j=l aes j=l s. Tj j=l Ty j=l pa, 
jt j=1 j=1 j= 
1 1 I 1 1 I fal 1 t 1 1 + 
A)X n A)X 1<= A)X tg:\r4)a 
s+1 7, ( 45) stl 7) (=) 8 7;( wt) stl 7, ( zt) 
1 x stl ae x stl 4 xy stl 4 x s+1 
I= . I= I= ; vos 
ra . Pr "9 j=1 % pz 4 
Finally the equation 
s Ty 
81 (71, Yare++9'%a) = @ a 
jal \ UT 
j=l 
( - ee. er ry 
Mm. r n, 1—p 1-—q 
: J : J J 5 J 
este) lane) fe oer lf. Ge) 
j=l > E j=l ty j=l 8 7 j=1 dS Ty 
j=l j=l j=l j=l 
holds for all s € N. 
Theorem 5.3. The QSVNDPA operator s, satisfies the following properties: 
(i) Consistency: 81(¥1,72,---,%) € ONN. 
(ii) Idempotency: s1(y,l times ...,y) = 7. 
(iii) Commutativity: 51(41, Y2,---,%1) = 810%) W-1) +--+ V1): 
(iv) 81(Yn(1)) Yer(2)0 «+ V(t) = $1(%15 Ya,+--, MW) where m is a permutation on {1,2,..., 1}. 


Proof. The basic two properties of QOVNDPA operator i.e. consistency and commutativity 
properties are quite easy. We will prove the property (ii) and (iv) respectively. If 7; = 7 Vj 
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then 
Ss s 
$1(7,/ times...,7) = ii | = J y =%. 
j=l ee j=l ty 
I= La 


Finally consider 7 as a permutation on {1,2,...,/}. Now due to additive commutativity in 


ONN 


s Ss 


jl) Tig J dtl OT; 


; fue i\ Var ) 2 T; 7; 
81 (Yn(1)s Yar(2)9 +++ Ye(s)) = BD (A) In) Ty, 


Hence we are done. 


Theorem 5.4. Consider yy = (my,n3, 77,47) ( = 1,2,-..,1) and 6; = (my, 75, 03,9;) G = 
1,2,...,1) are two collections on QNN such that m; < mj,nj < 1j,p; > Dj,9; > GVI- Then 
Bi is a) & Si Orsay 20) 


Proof. Here, 
$1(91,Y2,--+> VW) = @ a 2 
j=l T; 
j=l 
( : PEE: ; : oN ta : ie : ; N ‘) 
m ns 1—p 1-q 
(x9) (x5) (GF) (a) 
wes J mj 4 > J ny 14 xo J P5 14 q5 
j=l l j=l U j=l l j=l : 
UT; XT; XT; UT; 
j=l j=l J=1 j=l 
ae 
81(61, 2, , 01) = @ 7 : 
j=l T; 
j=l 
1 af 1 v 1 af 1 z . 
tT : 
m, \*)% ay \*)% ip : 1-~q\* 7 
T: J T. J T. J T. J 
L s( 245) l s( e) l Al P3 ) 1 i( qj ) 
LE. 5. 14+¢ > 14+¢ 14+¢ > —-+_ 
j= Hae: Gav oh see Gal, ees 1k 
UT; UT; UT; UT; 
j=1 j=1 j=1 j=1 


Firstly we consider that m; < mj,n; <j, pj; > Dj,95 > GVI € {1,..., J}. Then 


l—-mj;>1-m vie {1,...,3 


; my; \> 
2% (4%) <5 (44) 


K. Sinha, P. Majumdar, 5S. Broumi MADM technique using prioritized operator 


Neutrosophic Sets and Systems, Vol. 48, 2022 450, 


: : 
N m; 
i t Ger 1 > 5 (:745) 
{ 
T 1 T 
me mA yy, 
j=l j=l 
=>] L ara 1 a 
m5 vA) m; A)X 
U 7; (<4 ) U "(a ) 
7 yy ; +4 do a 
I= pay j=1 T. 
j= = 7 
In a same way we can observe that 
=> 1 > 1 
r, (24 »)> T ms ia 
ee) (74) L *9\ Tn 
hl j 
oo > U 14 & t 
j= > j=1 oT; 
j=l j=l 
=> > ——s 
1-p,\ )% 1-p; x 
0 (G5) aera, 
al » L Ty x 1 
j=1 2 j=1 7; 
j=l j=l 
a 1 > 1 
1-q;\> )* 1-q\*)% 
(a) WS) 
a x u Is & i 
a= ey Joka 
j=l j=l 


Combining all the above we get s1(71,72,---,W%) < $1(61, 62,.-.,61). Now if mj = mj,nj = 


N5,P) =P}. 4G =G VI € {1,..., Uf, then all the equalities as well as the score functions become 


equal. Finally s1(71, 72,---;%) < $1(61, 62,---, 61). 


Theorem 5.5. Consider a collection of yj; = (mj,nj,Pj,9;),J © N in QNN. Then 


x = $1(71, 72, seo 1) < 7; where 
7 = {min(m;), min(n;), min(p;), min(qj)) = (my, ng,.Pj, 9) and 
y= {max(m,), max(nj); max(p;), max(4j)) — i, Nj, Pj; a 


Proof. From Definition of ONN we have Vj = {1,2,..., 1}, 


i 2 PI 2PpY2U 2G: 


Then 
S(Y51 times, Y) < S(Y1) Y2.-+ i) 87,1 times, 7), 1.€ 


VE AV Vases) S7 
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Definition 5.6. Consider the mass associated with y; as Mj > 0 Vj =1,...,1, where M = 
l 
(M1, Mz,...,Mj)" is the mass vector such that S~ M; = 1. Then the QO9VNWDPA (QSVN 
j=l 
weighted DPA) can be defined as follows: 


M,T; 
su(W 2 W=\| 1 oe 
I) \ DD MyT; 
j=1 


j-1 
where Tj = [] S(ye) (k= 1,2,-..,0),Ti =1 and $(7) = Serna 
k=] 


Definition 5.7. Suppose 7; = (mj;,nj;,p;,9;), (@ = 1,2,...,1) be a collection on QNN. Then 


a QSVNDPA operator s; of dimension / can be written as follows 


l 


a 
si(M1y722-- 51) =@| 
j=l De 


Now if T; = + Vj then 


aie 


81(%1, 725 sos 1) 


l 
is called average QOVNDPA operator of 7; = hone (fF = 1,2 cnegd )z 


Definition 5.8. Let y; = (m;,n;,p;,q;) (§ = 1,2,...,1) be a collection on QVN. A QSVN 
Dombi prioritized geometric (QSVNDPG) operator of dimension / is a function sz : ONN ey 
ONWN defined by: 


l Base 
=1 
82(1, 72; ae 1) a GC) 
j=l 


j-l 
where T; = T] S(ye) (k =1,2,..-,0), Ty = 1 and S(qj) = Stee 
k=1 


Theorem 5.9. Suppose y; = (mj;,nj;,P;,9;) (f =1,2,...,1) be a collection on QNN. Then 


Tj 
l 
L ae 
= i= 
$2(91,72)--- 1) = OY 
j=l 
1l-m, 1l-n,; Pj qj 
1 a mi ) L 1;(—4) l 7; (+445) l 1 (5) 
J 1 w) 1 J wi 
= i l ai ra U ma = l fat U 
2 15 LT dT mT; 
j=l j=l j=l qs 
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Proof. The above theorem can be proved using the same proof procedure of Theorem 


Theorem 5.10. The QSVNDPG operator sg satisfies properties as defined below: 


(i) Consistency: $2(71,72,---,71) € ONN. 

(ii) Idempotency: so(7,1 times ...,y) = 
) Commutativity: so(71, 72; -- ++ 1) = $2(% N-1 ++ M1): 
) 


(iv) 82(Yn(1)) Yr(2)0 +++ Ve()) = $2171, Ya,---, M1) where m is a permutation on {1,2,...,l}. 


(iii 


Proof. We have omitted it due to similarity with Theorem 


Theorem 5.11. Consider y; = (mj,nj,p;,9;) (§ = 1,2,...,1) and 4; = (mj,nj,0;,G) G = 


1,2,...,1) are two collections on QNN such that m; < mj,nj < 15, pj; > 13,4; => GVI- Then 
82(91, 72; cee +71) = 82(V1, 72, tae maine 


Proof. Here the proof is similar with Theorem [5.4] hence we have omitted it. 


Theorem 5.12. Consider a collection of y; = (mj,nj,Pj,4j),j =1,2,...,1 in QNN. Then 


x — 82(71, 72; tae V0) < 7; where 


21 = (amin(ms),min(nj), min(p;), min(q;)) = (mg, nysPjn4s) and 


7 = (max(m,), max(nj), max(pj),max(q;)) = (773,75, Pj, G)- 
j j j 


Proof. Again proof is not done due to its similarity with Theorem 


Definition 5.13. Suppose 7; = (mj;,nj;,p;,q;), (f = 1,2,...,1) be a collection on QNN. 


Then a QSVNDPG operator s2 of dimension / can be written as follows: 


= J 
Gre een) et eae 


Ift;=7V9 € {1,2,...,0} then 


H 
so(1,725---1 10) =(G) 9)! 


is called average QOSVNDPG operator of 7; = (m;,nj,pj,9;) (@ = 1,2,...,1). 
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Definition 5.14. Consider the mass associated with y; as Mj; > 0 Vj = 1,...,1, where 


l 
M = (Mj, Mo,...,Mi)" is the mass vector such that }> M; = 1. Then the QSVNWDPG 
j=l 
(SVN weighted DPG) can be defined as follows: 


SMW W=C)y ’ 
j=l 


j-l 
where 77 = |] S(o,)(4 = 1, 2,..4,0,21 = 1 and Sy) = a RL 
k=1 


6. An application in MADM of QSVNWDPA and QSVNWDPG operator 


For smooth understanding of QSVN operators it is better to apply our operators in MADM 
problems. Without a real life application any researcher cannot get any interest of studying 
this. In this regard we have tried to formulate a real life problem with the help of Q935VNWDPA 
and QSVNWDPG operator. Suppose Govt of India wants to stop the spread of the second 
wave of Covid-19 virus. For this reason Govt of India has 4 ways of lockdown process in their 
policy i.e. Ly: Complete lockdown , Lg: Statewise lockdown, L3: District wise lockdown , La: 
Specific area wise lockdown. However there are four attributes A;,7 =,2,3,4 which are to be 
considered for choosing a particular process i.e. (A) : the economic growth of the country, 
(Ag) : the migrant workers, (A3): The small industry (Ay): The poor people. In order to get 
a suitable choice L; after consideration of all attributes A; we have represented these MADM 


problems in the form of a decision making matrix D(l;;) on QNWN as following: 


(0.4, 0.6, 0.2,0.3) (0.4,0.8,0.7,0.9) (0.5, 0.6,0.4,0.2) (0.1, 0.5, 0.2, 0.3) 
Dily) = (0.7,0.5,0.7,0.6) (0.2,0.8,0.3,0.5) (0.6,0.6,0.1,0.4) (0.3, 0.4, 0.5, 0.1) 
(0.8, 0.5,0.4,0.6) (0.3,0.6,0.1,0.4) (0.2,0.5,0.5,0.3) (0.6, 0.6, 0.2, 0.1) 
(0,7,0.1,0.6,0.9) (0.8,0.3,0.4,0.6) (0.5, 0.2, 0.8, 0.6) (0.6,0.4,0.4,0.9) | 


Case-I: Firstly we take the help of QOVNWDPA operator to find out a possible way out of 
our MADM. Here we take \ = 1, M = (0.4,0.3,0.2,0.1) and derive the collection of QSVNs 
say L; to find suitable way out among L;(i = 1,2,3,4) by the help of Definition as follows: 

81(L1) = (0.473, 0.712, 0.731, 0.673) 

81(L2) = (0.639, 0.682, 0.716, 0.6324) 

81(L3) = (0.702, 0.578, 0.798, 0.654) 

$1(L4) = (0.806, 0.406, 0.171, 0.615). 


Based on the Definition [3.1] the scores are as follows: 


S(L1) = 0.69525, S(L2) = 0.74335, S(L3) = 0.70694, S(L4) = 0.8567. 
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From above we have the priority order of lockdown process as L4 > Lg > £3 > Ly. . 
Case-IT: Secondly we take the help of QOVNWDPG operator to find out a possible solution 
to our problem. Again we take \ = 1, M = (0.4,0.3,0.2,0.1) and derive the collective QSVNs 
L;, with the help of Definition [5.8] as follows: 
s2(L1) = (0.616, 0.434, 0.568, 0.769) 
s2(L2) = (0.649, 0.518, 0.625, 0.586) 
s2(L3) = (0.631, 0.518, 0.461, 0.542) 
$2(L4) = (0.676, 0.873, 0.735, 0.919). 
Based on the Definition B.1] the scores are as follows: 
S(L1) = 0.6779, S(L2) = 0.7378, S(L3) = 0.786, S(L4) = 0.724. 


According to obtained scores, the priority order of lockdown process is L3 > Ly > L4 > L}. 


6.1. Sensitivity analysis 


In this section we have done a sensitivity analysis based on our method. For this purpose 
we have change the value of our parameter 4 in an increasing manner starting from 0.2 to 1 
with an increment 0.2. For both the operators i.e. QOVNWDPA and QSVNWDPG operator 
the following results are obtained. Tabular representation in case of QOVNWDPA operator 


A | S(L1), S(L2), S(L3), S(L4) 
0.2| 0.583, 0.643, 0.616, 0.677 
0.4| 0.549, 0.632, 0.607, 0.658 
0.6 | 0.536, 0.617, 0.594, 0.634 
0.8| 0.493, 0.536, 0.511, 0.577 
1.0| 0.462, 0.514, 0.473, 0.543 


Result: Ly > Lz > Ls > L1. Tabular representation in case of QOVNWDPG operator: 


r | S(L1), S(L2), S(L3), S(L£4) 
0.2| 0.613, 0.649, 0.677, 0.627 
0.4 | 0.553, 0.625, 0.652, 0.586 
0.6 | 0.497, 0.531, 0.568, 0.519 
0.8 | 0.468, 0.511, 0.547, 0.487 
1.0| 0.421, 0.473, 0.489, 0.445 


Result: L3 > Lg > L4 > Ly. Considering all the above cases we observed that the priority 
order of lockdown process remains unaltered irrespective of the values of A. According to us 
that either specific area wise lockdown or district wise lock down will be the suitable process 


against the spread of corona virus second wave in India. But in all the above cases complete 


K. Sinha, P. Majumdar, S. Broumi MADM technique using prioritized operator 


Neutrosophic Sets and Systems, Vol. 48, 2022 455 


lockdown will not be proffered. The above procedure help our Government to choose a multi- 


solution based on the current situation at that time. 


7. Conclusion 


Benlap introduced the four valued logic in |1| and applied it in different areas. The QSVN 
sets are developed on Benlap’s Model and they are very good in modeling uncertainty because 
they can single handedly tackle consistent, inconsistent, vague etc. information. Based on the 
QSVN set, ONAN is introduced in 2019. In this article two prioritized aggregation operators 
i.e. QOSVNWDPA and QSVNWDPG operator based on Dombi operations on ONN sets are 
studied. These aggregation operators are better than other available aggregation operators 
because they have combined effects of neutrosophy, four valued logic and the power of Dombi. 
We have also added weights in our operators to add flexibility in them. We have also shown 
the applicability of our operators by solving a MADM problem where we have utilized the 
score functions of ONN to finding the order of priority of different parameters. In future 
one can develop more advanced type of operators on QNN and apply them to solve real life 
MADM problems. 
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Abstract: The purpose of this paper is to put forward the basics results of complex fuzzy sets (CFSs) 
such as union, intersection, complement, product into complex neutrosophic sets because as the 
CFSs and complex intuitionistics sets does give the erroneous and inconvenient information about 
uncertainty and periodicity and also there are results related to different norms. Moreover we give 
some results about the distance measures of complex neutrosophic sets and define some notions. 


Keywords: CFSs, complex neutrosophic sets, distance measures, delta-equalities. 


1. Introduction 


Lotfi A. Zadeh [19] introduced a fuzzy set (FS) in 1965. FS was designed to manipulate ambiguity, 
fuzziness, vagueness, crispness, and uncertainty in different aspects of life. It has great 
significance in the field of genetic algorithm in chemical industry. 

Krassimir Atanassov [3] generalized the concept of L. A. Zadeh and introduced an intuitionistic 
fuzzy set (IFS) in which instead of the truth function of each element there is also the falsehood 


function. It indicates that statement can be true or false, yes or no, right or wrong, feasible or not. 
De etal.,[6]in 2001, use the idea of a fuzzy set for modeling in real life problems, like marketing, 


psychological investigations, and determination of diagnosis [16] etc. IFS has great significance in 
career determination. In IFS the concept of distance measure also introduced but there was a 
problem to deal when both the informations contain uncertainties of yes and no at a time and at a 
time neither yes nor no. Thus F. Smarandache [15] gave the solution of this problem by introducing 
new FS called a neutrosophic fuzzy set (NFS) which is a framework for unification of a FS and an 
IFS or it is a bridge between FS and IFS. Neutrosophy is the philosophys branch, in which we deal 
with the scope, nature, and origin of neutral along with ideational spectra. Neutrosophy has a great 
engineering application like in medicine, military, airspace, cybernetics etc. A neutrosophic set is 


that which contain truth function T , indeterministic function J and falsehood function F . 
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A neutrosophic fuzzy set yields three type of chances like win, lose, draw or accept, reject, pending 
or positive, negative, zero etc. NS is the extension of some FSs like interval valued fuzzy sets 
(IVFSs) [16], conventional FSs [19], paradoxist sets [15] and IFS [3]. Wang et al., [17] gave more 
information about NS by presenting the single valued NS which has a lot of application in 
engineering and social problems and have additional benefit to interpret vagueness, crispness, and 
uncertainty. For more details about neutrosophic sets one can refer [1], [7], [9], [10], [11] and [14]. 
After that Ramot et al., [12] gave the idea of a complex fuzzy set (CFS) for handling problems 
having amplitude term where the complex mapping is used a instead of real valued mapping and 
is defined as 
w(x) =7,Geo , i=¥—1 

where amplitude term r(x) and phase term (xc) are the real valued function having the 
range [0,1] , and the range of p,(2) is expanded to a circle of radius 1. In a CFS amplitude 
term conserve the crispness idea together with the phase term which declare the periodicity in a 
CFS. The phase term makes it different from conventional fuzzy set [19], IFSs [3], and cubic set 
because it gives constructive and destructive interference which concludes that a complex fuzzy set 
has wavelike character. G. Zhang et al., [12] defined several important properties in complex fuzzy 
sets like union, intersection, complement, product, some norms like quasi-triangular norm, s-norm, 
t-norm etc. 
After this Alkouri and Saleh [2] extended a CFS into a complex intuitionistic set and it contains 
complex valued truth function together with the complex valued falsehood function. They differ 
the idea of a FS in a way such that an IFS have two phase terms instead of one. F. Smarandache 
introduced a complex neutrosophic set (CNS) which contains truth function T, indeterministic 
function J and falsehood function F having the range is extended to unit circle. CNSs contain 
amplitude terms together with the three phase terms and can work with information containing 
uncertainties, crispness and vagueness in periodicity. 
Pappis [pappis] for the first time worked on the concept of proximity measure and approximately 
equal fuzzy set whose work was generalized by Hong and Hwang [hong]. Later on Cai [cai],[4] felt 
that both were using the same concept so he changed that approach and expressed as special 
measure is used for defining 6 — equalities. Two FSs A and B are called 3 —equal if 
they are 1— 0 part away. Zhang et al. [18] used this concept of 6 —equality for applications 
in signal processing which certify 6 — equality of CFSs practically. 
We are extending the work of G. Zhang et al., [18] from CFSs into complex neutrosophic sets and 
investigate some useful results. 

Definition CNS S is defined on a X, distinguished by degree of truth , indeterminate function and falsehood 


function respectively. The truth function, indeterminate function and falsehood function are defined as 


T(x) = pe(x)e™S™, 1.(x) = qe(x)e™3™, F(x) = e(x)es™, 


where Ps(x) represents a FS and ftg(x) is any real function. Similarly for indeterminacy and falsity 
qs(x) & ve(x) and r(x) w(x), such that 

O- < p,(x) +4¢,(x) +7, (x) < 3*. 
CNS S is defined to be 
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S = {(x,T,(x) = a;,1,(x) = a;, F,(x) = a,)?x € X}, where 
[,:X 3 {a;: a,Ec, la;| <1}, 
Fy:X 3 {a,p: a, EC, la; <1} 
and T,(x)+ I,(x) + F(x) <3*. 
Definition O€ 4 function (0,14) (0,1) [0,1] is a quasi-triangular norm T if 
following holds: 
@ 7T(,1)=0 


(i) T(a,b)=T(b,a) 


Gi) T(a,b)<=T(c,d), whenever, axc,b<d 
Ge) T(T(a,b),c)= T(a, (b, c)) 
(2) A function (0,1) (0,1) [0,1] is a triangular norm T if it satisfies previous 
(2) — (é) conditions together with 


@ T(0,0)=0 


(3) A function (0,1) (0,1) [0,1] is s-norm if it satisfies triangular norm's conditions 
together with 


wi) T(a,0)=a 


(4) A function (0,1) (0,1) + [0,1] is t-norm if it satisfies triangular norm's conditions 
together with 


Gi T(a,1)=a. 
Definition The union for CNSs is defined as: Assume 


A=, T, (x), 1,@). £,@),x € X}, 
B = {x,T,(x), Ip(x), Fy (x), x € X}, 


be the complex neutrosophic sets on X such that 


T(x) = Pa (ze 1, (2) = qalxe™®, Fy (2) = 7 (x)etea®, 
Ta(x) = Pr (x)e™s™, I, (x)= an(xje™s™ Fy (x) = Tp (x)eia™ 
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be complex valued truth, indeterminate and falsehood functions respectively, then union of A and B 


be represented as 
AUB= (x, Taye (*), Laue (x), Faye (x). x € X} 


where Tayprx)> laue(a» Faup(x) Ve defined as 
Taum (x) = [pa(x) V Pe) Je igri F 
Laun(x) = [qa(x) A qn(x)]e™ 8 , 
Faun(x) = [ra (x) Ate (a) e*Faus™, 


where W represent the max operatorand #\_ represent min operator. 


Proposition. The complex neutrosophic union is s-norm. 


Proof Here we prove only (iii)&(iv) properties because others are quite easy 


A= {x,T, (x), 1, (x), F,(x),x € X}, 
B = {x,T,(x), 1,(x), F(x), x € X}, 
C = (x, 7, (x), 7, (x), FG), x € X}L 


be the complex neutrosophic setson X such that 

Ta(x) = pa(x)e™*™, Ty(x) = pa(x)e™®™, T(x) = pe (xe*e™, 

I, (x) = Pa (x)eta® » In(x) = Pr (xe, I(x) = pe (xe sca 

F, (x) = pa(x)e™4™, F(x) = pa(x)e™®™, F(x) =p, (x)e™™, 
we suppose that 

lp, (x)l< Ips (x)L, Iry (x)l< Ire (x)I, lqa(x)| = lag(~)L, 
H(x) < wy (x),v, (x) < v, (x), @, (x) < w, (x), for all x € X. 
Thus 
ITauc (x) = max(p, (x), De (x)) < max(p; (x), Pc (x)) = |Tgyc(x)|, for all x € X. 


Similarly 


[auc &)| = max(q4(x),¢¢(x)) < max (a5(x).Pec (x)) = [Ipyc (x) |, for all x € X, and 


lFxuc Gx) = max(r, (x), 7 (x)) < max (r(x), 7 (x)) = lFeuc (x) , for all x € X. 
Also 
IHauc (2) = max (u(x), ue (x)) < max (u(x), u(x) = Itguc I, for all x €X, 
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Nguc Gl = max(v, (x), ¥% (x)) ss max(v, (x), v, (x)) = |lvguc (x) I, for allx € X, 


J ye (x) | = max (ew, (x), @, (x)) < max (ws (x), (x)) = log ye (x) |, for all x € X. 


 ¢ 


Let 
A = {x,T, (x), 1,(x), F,(x),.x €X}, 
B= {x,T,(x), 1,(x), F(x), x € X}, 
C = {%,T, (x), 1, (x), F(x), x € X}, 


be the complex neutrosophic sets on 4X, such that 


T(x) = pa(xje*™, T(x) = pa(x)e™®™, T(x) = pe (sete, 
L(x) = pa(xe™™, Ip (x) = pa (xde™®™, 1. (x) = pe (xe™™, 
F, (x) = pa(zde™™, F(x) = pa(xe™e™, F(x) =p. (xe™™. 


Therefore 


Ttaue)uc (4) = Pcaue)uc (x)ettavauct*) 


= max [Pau (x), Pee imarleaun@nc@)l 


= max rot (x), Ds (x)), Pc c9| e max |max(na(x).~g (2) ).uc (xd) 


= max \. (x)),max(ps (x),p¢ ) gimax|( a(x) ).max(ug(=).uc(x) )] 


= max [p,(x),Pruc (aloo annul 


= Pau(Buc) (x)e*MAvieue) © — Tauteuc)()- 


Following the same procedure we can prove for indeterminacy and falsehood functions. 


Corollary Let C,€X.@e€l and 


Te, (x) = Pe, (x)etea™, Ie, (x) = qe, ea, Fe, (x) = 1, ea 


Then UC, €X. Thus 
a@er 
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b j 
T U C,(x) = supp, (xJe cet *, 
@er @er 


— oom 


5 


IU Cq(2) = infac, (ae 


i (x) 
FU C,(x) = infr, (x)e act : 
@er @elr ‘= 


Proof It is trivial. 
Definition The intersection of CNSs is defined as 
Let 
A= (xT, (x),L4(x), F(x).x €X}, 
B = {x,T,(x), 1,(x), Fp (x), x € X}, 


be CNSson X_ such that 
T(x) = pa(x)e™4™, 1, (x) = q,e™™, F(x) =n e@a™, 
Tp(x) = Pr (x)e ings), Tz (x) = rt inl) Fr (x) = 7,6°78™ 


is represented as 


ANB = &, Tans(*)s fang (*) Fane(*)x © 2}, 


where Tanpix)> JTaneta» Fanpia) %7¢ defined as 
Tana (x) = [pa(x) APp Geran” 
lang(x) = [qa(x)V qa(x)]e™4n8 » 
Fana(2) = [ta (*) V te (x)e"*Fane™, 


where W isamaximum operator & i is a minimum operator. 


Proposition If A and B areCNSson X. Then ANB= AUB. 
Proof For membership function 


Tap (x) = Pag (x) e' Ani) — (1 —Pane(x))e® 2n—nang lsd) 


=|1- min(p, (x), Ps (x)) gi(2x—min(ug().np())) 


= max(1—p,(x),1— pg (x) ei 2 -(ua2)-20-n@(d)) 
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= max (p5(2).9g (xem Ora 20-¥9))) — 7 (x), 


For indeterminacy function 


I (x) = aaa (x) ean) — (1 ae (x) )ei(2= vane) 


=|1- max(p, (x), ps (x)) gi(2x—min (vg (2).vg(2))) 
= min(1 —q,(x),1 —qg(x))e" max(2x—(va(x).20—vp(x))) 


—s (a3 (x),95 (xpetmanlen (ra) 22-2) — i va (x). 


Similarly we can prove for falsehood function. 


Proposition The complex neutrosophic intersection on X is t-norm. 


Proof Here we prove only GiC& Ge properties because others are quite easy 


Gait Let 


A= {x,T, (x), 1,2), E(x), x € X}, 
B= {x,T,(x), 1,(x), Fy (x), x € X}, 
C = {x, T(x), 1, (x), F, (x), x € X}. 


be the complex neutrosophic sets on X — such that 
T(x) =pa(x)e™*™, Ty (x) =pa(x)e™®™, T(x) = pe (xe™™, 
L(x) = paze™™, I(x) = pa(xe®™, 1. (x) = re (xem, 
F, (x) = pa(x)e™™, Fy (x) = pe (xe, F(x) =pre(x)eee™, 
Now we suppose 
Ips (x)] <= IPs (x) |, lqa(x)l < lqg(x) L ly, (x)| <= Itz (x) LL 
(x) < wp (x), v, (x) < v2 (x), w, (x) < w(x), for all x € X. 
Thus 
Fane (x)|= min(p, (x), Pec (x)) < min(p, (x). P¢ (x)) = anc (x)|, for all x € X. 
Similarly 
lane (x)| = max(q, (x), ¢¢ (x)) <= max(q,(x), Pc (x)) = Mace (x)|, for all x € X, 
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lExnc @&)| = max(r, (x), 7 (x)) < max (7 (x), 7% (x)) = Vane (x), for all x € X. 
Likewise 
auc (X)| = min( 4 (x), nu, (x) < min(ug (x), u¢ &)) = Wane (x) |, for all x € X, 
Wane (x)| = min(v, (x),v¢ (x)) < min(v_ (x),%(x)) = Wgnc)I for all x € X, 
|g nc (x) | = min( ca, (x), «0, (x)) < min(w; (x), w, (x)) = |@gnq¢ (x)| for all x € X. 


ow ¢ Let 


A= (x, Ty (x), I, (x), F, (x),x = X}, 
B = {x,T,(x), 1,(x), Fy (x), x € X}, 
C = (, T, (x), 7, (@) F(a), x € X}, 


be complex neutrosophic sets on X such that 
T,(x) =pa(x)e™™, Ta(x) =pa(xe™®™, Te (x) = pe (x)e™™, 
L(x) = pa(xdee™, 1, (x) = pa(xe™®™, 1, (x) = pe (xeee™, 
F, (x) = pa(xje™™, F(x) = pa(xe™®™, F(x) =pe(x)ene™. 
Thus 
Teang)uc (x)= Pang) nc (x)e ‘mcangincl=) 


= min[pyna(x), Pe (x)Je iminleang(=)nc(=)l 


= min rin (x),P2(2)),P¢ c9| ghee ee] 
aor { Pa (x)), min(p; (x), Pe 9) a min|(z4(x)).min( ug (x).~el=))] 


= min[p, (x), Pane (Je iminlaa().ugncll 


= Pantenc) (x)e*#antenc) ® = Tan(enc) (x). 


Following the same procedure we can prove for indeterminacy and falsehood functions. 
Corollary Let C, €X,@ETI and 
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Tr, (x)= Pc, (x) eiMc,{) | Ie. (x)= Ic, ec, : Fe (x)= Te give, (2) 


¢ Col X 
Then @I thus 


T U C(x) = infp, ieee. 
wer cer ™ 


isupve,, (x) 
IU C(x) = supqe,(x)e «et, 
wel @er 


re) 
Fu C(x)= SUPT, (xJe aa ; 
a@er @elr 


Proof It is trivial. 
Corollary Let Cog € X,@€1,,8 El, and 


A ive (x) fae _\(x) 
Togg (X) = Pegg (xe MCaP™ Ie (2) =Gezge “FP >Feyg(X) =Tegge “F» 


where 11 and Ir are arbitrary index sets. Then U 1 Cop eX, n vu Cop EX . Then 
wel, wel, 


wel, wel, 
isup inf pe, (x) 
run € (x)= in, x)e sel yoels Fi 
ae (Xx) sup infrc, («) 
isup inf ve, (x) 


run €ixy)= mm, x)e welyrely ‘ 
2S a(x) inf supac, ( ) 


isup inf we, (x) 
Fu n €C.(x) =m. T, (xj)e clsaelz x 
ael, 2el, a) ax ie ca) 


Or 


iinf sup uc, (x) 
Tn VU €Clx)= mm, x).@ tel,aely e 
te a(x) inf suppc, (=) 


iinf sup ve, (x) 
10 U C,(x) = supinf gg, (x).e hae =, 
wel, wel, ael,cel, “ 


ting (x) 
Fn U C(x) =supinfr, (x).e melael, : 
@el, el, wel, cel, = 
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Proof It is trivial. 
Definition The product of CNSs is defined as 
Let 
A= {x,T, (x), L,@), E(x), x € X}, 
B = (x, Tp(x), Ip (x), Fy(x),x EX}, 


be complex valued NSs such that 
Ta(x) = Pa (x)e™™, 1, (x) = a, (x)e™™, F, (x) = m (xe®, 
Ta (x) = Pr (x)ei#a™, Ip (x) = qn(x)e™2™, F, n(x) =1% (x)eia™, 


is denoted as 
“sn > {x, Top (x), lyon (x), Fron (x), x€ X}, 


where Tasty Lgeptad» Faust are defined as 


{eal ppl) 
Tan (X) = Pacg (xetta-8® = Ip, (x). Dy (jenn tee), 
op (X) = azn (x) — ian( VA) vale) 
Inop(*) = Garg (xe"*#™ = [9,(x)-q5(x)le (“4E ) 


Fyop(X) = Top (xe@*8™ = [r, (x).75 eye an 2m}, 


Proposition The complex neutrosophic product on X is t-norm. 


Proof Here we prove only (i)&{iv) properties because others are quite easy 


A= {x,T,().1,G).£,G).x € X}. 
B = {x,T, G), 1;G).F,G).x € X}. 
c = {x,T,G), 1x). FG). x € X}, 


be the CNSson 4 such that 


T,G@) = pa(x) et#a™ | T;() = p;(x)ei#s™ , TG) = Pr (xjei@c™, 
1,G) = Pa (x) eta, Iz(x) = p;(x)ei#s™, Ix) = Pec (x)eitc | 
FG) = paG@ei*s™, FG) = ps des, FG) =p, eite™, 


Now, we suppose that 
Ip, Ge) | < Ips GDL Iq Ge) | < Iq) I, beg GDI < by GL. 
wax) = pg), vy (x) = Vs (x), oa, Gx) = ti (x), for all x € X. 
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Thus 
ITaec)| = bag GL. be GDI < Ip GI Ine Ge) = Hpac) | for all x € X. 
Similarly 
Ugo Ge) = Iga) I. IqcG)I < Igy) Le lgeGe)| = gacGx) | for all x € X, 
[Ege ed| = Ing Ge) Le rg G1 < bag GI. lrg G2) | = 1 -c GDI, forall x € X. 
Likewise 
Isanc@)| = 20 C2? FR) <n FP FE) = Ipc) L forall x € X, 
Iwsec(2)| = 22 (22-2) < w(t ~£) — Ivg.c(x)|, forall x € X, 
lag ac) = 2 (GOED) < an (EE AEE) = heap) forall x € X. 
@© Let 


A= {x,T,G).1,G).£,G).x € X}. 
B = {x,T, (x). 1;(). F(x). x € X}. 
c = {x,T,;G). 1). FG). x € X}. 


be complex neutrosophic sets on X such that 


T, @) = p,G@ee™, TG) =p, es™, TG) = pe ™, 

1G) =p, G) e!#2™, 1,(x) = ps G@e*s™, 1G) =p, e*™, 

F, x) = p, Ge2™, F(x) = py e™, FG) =p, eite™, 
We have 


Tastee Ge) = Paetne) ).0°e™ 


= Epa) Pace la) Le ™ ae ae) 
(ap) 
= [p,G). (m5). 2 &))]. 
oo( eee) 
= [(p,@)-p5G)).p,G)]-c 
= Faas). nee ae ae) 


= Ptacjec(x).e°8re = Typ ny -c(x)- 
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Following the same procedure we can prove for indeterminacy and falsehood functions. 
Corollary Let C,€X.@e€l and 
TG) =pe, (ea I, G) = ac,0°e™ FG) = rea, 


Then HCa= C,G)°C,G) »....0C,G@) EX. Thus 


i (Acs aod deat) 
ar 25 


Ey 


TH CoG) = Be.) Poss) Peale)? 


“ 22 " 2 


@ 
2 
san( a2 Yea) vega) 
1H CoG) = qe(x0-Pexixd--Fcei® * ™ 
() 
2 


fi 


F Z c,() = Te, (2)-T ep (x): T ofa)? 


Proof It is trivial. 


Definition Let 4A” be N CNSson X (m=1,2,....N) and 
T,,, @) = pale) gan ol, Gx) = Ga, (x)et"an™ | F,_G) = 1, Geom, 


The Cartesian product of An , denoted as A, & A, &..K Ay, defined as 
(x) ei@araz™ nay") 


yay rae? (x)= Pa xa yxaxdn 


= min (p.,G: Pa, (x2),.--+Pa,&n)) ei inlay Gra, (2) ayn), 


Similarly 


| ere = ag rttiytttig *) apap nay 


= max (q4, Ge2)-q4,G2)o--++Gay Gey) ot Wa ean ay) 


and 


Fag stystnstter 2) = Tag shy seats ZO AAO 


= max | 1%, Gry).74, Gz),...0%, Gy)) gia (tage ).tta, Gy) ayy) 


where == Geq.Xq---.Eg) CX XX X...X I. 
ww 
Delta-equalities of Complex Neutrosophic Sets 
Definition The distance of CNS is a function @=CN x CN [0,1] such that for any A,B,C &€ CN 
() d(A, B) > 0 if and only if A = B, 
(i) dG, B) = d@.A), 
Gii)a(A,B) < d4,C)+ dC.B), 


where a{A,B) is defined as 
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max ( suplp, Gx) — ps ()I. sup lage) — qo). supe G) — 75)I).. 
xex xex xex 

1 1 
0) Jy SUP ta) — wy) I5— sup ly, @) —v,G)l. 


max 1 
Fp SUP leag Ge) — w; (x)! 
XEX 


Definition Let 
A= {x,T,G).1,G).£,G).x € X}. 
B = {x,T, (x). 1;(x). F, ). x € X}. 


be the complex neutrosophic sets on XM such that 
T, Ge) = p,Goi#a™ 1,6) = qaGzde™™_ FG) =n Gea™, 
TG) = p, Ge#*™ 1.x) = qa) e”*™ FG) =, GD el™=™, 
be complex valued truth, indeterminate and falsehood functions respectively. Then A and B_ are said to 


be G—equal ifandonlyif a@{A,B)=1 where 0=6<1, whichisdenotedby A=(6)B. 


Lemma Let 
5, * 5, = max(0,5, + 6, —1);0 < 6,6, <1, 
then the following results hold, 
QC 025,=0; forall &,€ [0,1], 
Qt is 6,=6,; forall &,¢€ [0,1], 
OC 9<6,26,<1: forall 6,6, € [0,11 
AC §,<6,36,25,<6,+53 forall 88,6, € [011 
GC 6,*6,=6,+8 forall 5,5, € (0,11, 


OC (6, +5.) +5, = 5, (6,54); forall 888, € (0,11. 


Proof It is trivial. 


Lemma _ For the complex valued bounded function f,  & onaset X. Wehave 


sup f G) — supg{x)| < sup |fG) — gx) |. 
xev xev xev 


inf FG) — inf g@) = inf lf) — gC) |. 
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Theorem If A=(6,JA and B=(6,)B , then AUB=(min(6,,5,))A UB . 


Proof 
max (sup lp Gx) —p,"G)|. suplq,) — q,G) |. sup lz, ) — r,@))) ; 
ex eX xex 
1 1 
a(A,A) = max 2n nee Ina) —H4'@)|, > sup| ya G) - v,'(x)|, 
max 1 
5 suploa) — «,'(x)| 
Ex 
<1-8 
max (sup lps) — py’ G)|. sup |qs@) — ¢°G)|. sup|r, &) — 75") i) : 
ex xex wex 
1 1 
a(B.B’) = nax 2m ser lps) = By) |.>supl vs) —v;' (x) f 
max i 
oP |coy Gx) — 5" Cz)| 
sex 
=1-8,. 
Therefore 


1 
sup|p,(x) —p,'@)| = 1- 5,.— sup|n,4@) —n,G)| = 1 — &y, 
xEX 2 xex 
1 
sup|q,(x) —q,)| <1 — 5,=—sup|vG) —v,')| < 1-6, 
xexX xex 


1 
sup|r, x) —1,'G)| < 1—5,.— sup|a, &) — w,)| < 1-8, 
xex eit 


1 
rex xex 
suplas() — 4g (2)| <1 52. —sup lie) —v9'G)| < 1-6. 
rex xex 


sup|rs(2) —75:()| <1 8,,5—suplng&) —wg'@)| <1 — a, 
wax xex 


For membership function 


sup |Paus@) — P4ius'G)| = sup |max(p,).p5&)) — max (py(.25)) 
xex xex | 
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sup |p, (x) —p,'()|. if p,G) = ps) and p,’(x) > p, G) 
sup |p, (x) —p,'@)|. if p,@) = p, @) and p, (x) = p,'G) 
sup| ps (x) —p,'()|. if p,G) > p,@&) and p, () > p,x. 
sup lps) — py G)|. if p,G) > p,) and p, G) > p,) 


1—6,, if p,() = ps) and p, (x) > p, &) 
~~ lp.) — p, x) |, if p, &) = p, G) and p,G) > p, G) 
sup |p (x) — p,'@) |.if »,@) > p,G) and p,) > p,) 
1 —6,, if p;(x) > p, (x) and pz) = p,(x) 


lA 


(Consider the case p,(x) = ps(x) and p,’(x) > py) 


ae pax) > py'G) =O, then px) >p, Ge) >p,G) =p, G) 20 from py) >p,G) , 


therefore 
sup|p,() — py'G)| = sup (p,) — py) < sup (p,@) —p,'@)) < 
rex xex xex 


sup|p, (x) — ps &)| =1-—46;. 
xEX 


QC »G@= ps (x) <0 then p,G)>p,G) >p,G)>=p,G)=0 from p&)<p,G), 


therefore 
sup|p,(x) — p,'G)| = sup (pq) — p,)) < sup (p,'G) — p,@)) < 
xex xex xex 
sup|p,'G) — p, @)| < 1-5. 
xex 
Thus if 
pa (x) > ps (x) and p, (x) > p, x). 
We have 


sup| pa) — p,'()| < max(i — 5,,1—6,) = 1— min(6,,6,). 


cae Similarly for the case 
sup |p (=) —p,'(x)| < max(1 — 5,,1 — 5.) = 1 —minG@,, 5,). 
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Nowif psG)>p,G) and p,&) =p, (x), thus 


sup |Peus@) — Py'ys' @)| < max(1 —8,,1—8,) = 1— min(6,,8,). 


On same steps we can prove for indeterminacy function and falsehood function, likewise 


1 1 
Fy Sup lave&) — pave’ G)| = 5 sup |mar(ug).n9(@)) — max (,/G).n5)) 


5 supine) — ny G)]- if 4) > ge) and Ge) = wy) 

xex 

5 eres) — 15° L AF ua) > pa) ond peg a) > ny) 
xex 

ssp lig) — ny GOL if agG) > 146) and 1G) 2g) 


1 
Fn 3 lus) —u,G)|. if uy) > w,G) and py) > p,) 


1—6,, if p,G) > wy) and p, G) > np, G) 
1 
Fy Sup lta) = uy'G)|.if pta(x) > ws (x) and p,-(x) > pw, () 


I 


ssw oe ee een eee eee 
1—5,, if us(x) > wyx) and w,’(x) > p,C) 


(Consider the case palx)=usGx) and p,') > u,) 


OC p,G@)2u,G@) 20 then p,G@)2n,G@)2u,Q)2p,G)20 from py) >p,G) , 


therefore 
1 _1 1 
Fy SUP a) —p,’@)|= nd (uaG)—nyG)) < Fn (u,G) —n,'G)) 


<5 suplus@) — 15°) <1— a. 
xex 


QC u.@eu,G)<0 then py) 2ys@) 20,6) 2p.) 20 from psG) <n,G) , 


therefore 


1 1 1 
Fy Sup lea) —p;'@)|= —— (uy) —n,@)) < is 2 (u,'G) —n,G)) 
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1 
= sup |u,"G) = pg)| =1-—&. 
20 xex 


Thus if 


u,(x) = Bgl) and uy (x) > #,'(x). 


We have 


= spl) —p,'(z)| < max(i — 6,,1—6,) = 1— min(6,,5,). 


ae Similarly for the case 


= supla(a) — 4)| < max(1 —&,,1—8,) = 1— min(6,.8,). 


Now if pg(x) >p,alx) and u,(x) a u,'(x) thus 
5 sup lass) — Hy'ys'G@)| < max(t — 6,1 — 6) =1 —minlb,,6;) 
xeX 


On same steps we can prove for indeterminacy function and falsehood function, likewise 
d(AUB,A UB ) 
sup|Paya&) — Pa‘us'bSup|qaua@) — Gaus @)|. 
max| 7 wex i 
sup|mye() — Taus' @)| 
xex 
1 1 
—sup |taus() —ttg'y9'G)|-—sup| vue) — v4'u9'G. 
20 xex 20 xex 


max 1 
— |eag ys) a 4°) 5°) | 
REX 


< max(1 — 5,,1—5,) = 1— min(6,,5,). 


Thus AUB= (Gnin(6,,5,))A UB. 
Corollary 


If Ag =G,)B,.a €1, then U Ag = (inpto.>) UB. 


Proof Using lemma mod sup less or equal inf mod, we get 


a(u 4,,U Bg) 
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sail sup |p U 4a) —P U Ba|-sup lau Ag) —q u BG)|, | 
sup |r U Ag@) —r vu B.@)| ; 
” ze Jey 4G) —n YBa. spy vy 4G) —v vB]. 
max 


=e lo u A.) —w u B,G)| 
xex 


sup |psup Ag (x) — —papi, |. sup |gsup g(x) — — qsup By |) 
mm sup ou [supa (x) ee «| 


“ee peo — psp E ae bap ato —vaupB.6)|. 
max 


a 
xExX 


supinf lrAg(@) ~ 7B, (a) | 


_(zemeegne@ - uB, | = sup suplvy) — —vB,G)l, 


sup suplpA, G) — — pB,G)I. supinf lqA,@) —qB, *) 
max 
ol 


= supsup lA, (x) — BGI 
'YEX gel 


inf suplr aC) — “7B,)| 


sup sup|pA, G) — —pB,G)l, inf suplqa,@) —qB,(x)l. 
| max 
max 


rn a —uB, |= sup suplva ) — — vB, (x), 
| max 
= supsup lwA,G:) — wB, GC)! 


max ( sup(1 — &,).inf 1 — 6,).inf — 6,)). 

=_— eel gel 
(sup —6,),supQ. — 6,), sup (1 — é,)) 

cel gel 


= max (20 —6,), pil - 2) 


= sup(1 — 6,) = 1— inf6,. 
gel gel 


Theorem If A=(6)B, then A=(6)B. 


Proof As 
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(A,B) 


max (sup |p; (2) — pg @)], sup| qq) — 95@)|. sup|rg@) —r5@))). 
xex xex xex 
—= TEE 1 1 1 
max (Saw |nz Gx) — ug @)|,>— suplyg@) = vg@)|,—sup|azG) - w5(0l) 
xEX 


sup|(1 —pa@))-(a- ps (x) )|-sup|(2 —qa(x)) —(1—q,))|. 
mm sup|(1 4G) —G—x@))| 


= 1 1 
as | 3 sup (22 — wa) — (2x — ug (@))|.> sup |(2m —v,@)) — (22 — v5@))]. 


— = sp |(2x — 04) — (2x — 05 @))| 


max (suplp, (x) —p,; G)|. sup lq, ) — gg) |. suplx, Ge) — 7, G) i). 
= max 


mar (sup - nad. suply4(e) — vg(x) |= suplog(e) = vs!) 
xex 


= d(4,B)<1—-6. 


Theorem If A=(,)A and B=(6,)B , then ANB=(Gnin(,,5,))A nB. 
Proof By use of previous theorem a complement equals del b complement, we have 


4=G,. 8=G,)8' and 


AuB= minl6,,5,)A UB. 


Thus 


ANB=AUB 


es (mis. Aus 


=| min(6,,6,) JANE. 
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eel 


Corollary If Ag = (6,)B,.@€I, where 1 is an index set, then Ag = (ing (6 ~)) 2,8. 


Proof From above corollary union alpha equals inf union beta, we have 


a(u 4,.U Bz)= 1 — inf 5, and 


A, = (6,)B, forall a € J, and 


Thus 


=| inf Ga) ne. 


Corollary If Agg = (S25 )Bap- €1,,.8 €1, whereland I, are index sets, then 


un = Sag) | UO Bag. 
a inf inf ( as) - 


U Age =| inf inf (Sep) | QU Bas: 


te g@elyrel, 


Proof By using corollary union alpha equals inf union beta and intersection alpha equals inf 


intersection beta we can easily prove it. 


Theorem If A=(@,JA and B=(6,)B , then AoB=(G,+5,)A OB. 


Proof As A=(6,JA and B=(6,)B, so wehave 


max (sup bee G) — py’G)|,suplan) — 94°) |. supra) — r,@))) ; 
1 
a(4,A) = max Fy Sue la) — Bs G5 = suplaG) —v,;" ()|. 
max 1 
5, suplooa) — w,'(x)| 
xex 
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<1-6, 


max (sup|ps ) — pq’ G)|. sup |ge) — 99°G)]-suplrs@) —75°)]). 
xex rex xex 


1 1 
d(B,B’) = max 7 Ste Ha) — 1g GL 3_ suplve) — v5‘) 
max aT 1 ee 
5 Su los) — )| 
xex 


21-4, 


Therefore 


1 
sup|pq@) — p,@)| < 1—5,,—sup|u,@) — n,'G)| <1—4,, 
xex xex 

1 
sup|q,(x) —q,'x)| <1- 5y5—sup|y@) —v,')| < 1-4, 
xex xex 

1 
sup|7, x) —r,'G)| <1- 5.5 Sup lea, Gx) — ca,"Cx)| < 1-4, 
— xex 

1 
xEex xeExX 

1 
sup|qz(x) — q,'(x)| <1- 52.5—sup |v) —v,G)| < 1-4, 
xex rex 


sup|rs(2) —75°(2)| <1 8,,5—suplog&) —w5'@)| <1 — 2, 
nox xex 


We have, 


d(AoB,A oB) 


max (supl pss) — By’ x) |. suplqa.a@) — 9,5) |. sup ly.2) —1, 5°) l) , 
xex xex rex 
1 1 
= max Qn see leans) = Hy'ag@)|, > sup bs.5G) —Vaee G) | 


1 
Fy SUP leo) — 04:5) 
xex 
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sup|P,-Pe (=) —p,'-Py'G)]- sup lan-dae) — 4,'-45'@)]. 
sup | 13) —ry-7, @)| , 
(4 Bs Pa Hs 
2 sole (t == an (4 =) 
Va Ve 
=) al = 2). 


—( 


iahG. 


=e b= (@t.22) -20(2¢.2) 


sup|pa-Ps x) — pq-py' Gx) + pa-pg’) —p,-py'G)| 


rex 
max | sup |qa-Ga@) — qa-95') + 4-95) — 94-95 @)| 
13 (x) +y-7;&) —1,-7,'G)| 


sup lt .t3 (x) — ty 
1 G. wsG@) pax).p,G) p,(z).n,() Ba G)-tyG)| 
= max — sup i “Seen “Se a 
7. oar 2x 2n 2x 
1 wv, (x). se) Vs je ati (x) v,G). ai &) v,"G). be G)) 
1 ag). mee ey - 60° (x) cy a(x) wy @. fy’ ms 
2a 2n = 2x 2x i 


sup |p.) (m5) — py) + py) (mG) — p,'G))| 
max | sup laa) (a5) — qq')) + gy) (qu) —g,@))|. J. 
sup |y G)(1% G) — 15 @)) +15) (4G) —7,G))| 
1 a) =_ 
ssp PA (nse) — nae) +2 (4G) — ay). 
mt) <= (ug) — vg) += ) o— (4G) —v, «)|. 


a (cop) — 04°) + oi (, G@)- me) 


1 
eed 


ad 


Madad Khan, Saima Anis, Sohail Iqbal, Fatima Shams and Seok-Zun Song, Norms and Delta-Equalities of Complex 


Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 48, 2022 479 


|sup (x5) — pq) + sup (mG) — p,@))]. 
xEex xeEx 
| or _¢.))I. |. 
max| |sup (qs) — ay) + sup (a4) — 2,°6))| 
[sup G) —m@)) + sup (6) - r,@))| 
= [sue (us@) - uz’) + sup (us) - u,'))| : 
max| — leup (vo) — v9) + sup (u@) -»,-@9)]- 
=| sup (we) — 5G) + 2p (a) -0,')| 


= max 


- max (mart —6,)+0-6),4-6)+4-6).4-6)+0 a) 
~ max((1 —6,)+ @ —6,),@ —6,)+ 4 —6,),4—-6,)+4-4,) 


= max(( — 6,) + @ —4,), —8,) +4 —4,)) 
=1-©,+6,-1). 


As d(AoB,A oB )<1, so d(AoB,A oB)<1-6,+68, . 
Corollary A, = ,)B,. at @ EL , where Lis an index set, then 


Ay ©A, 0...0 Ag = By #5 z %...5q)By ° By °° By 


Proof It follows from theorem AB equal delta AB. 


Proof As A, = G,)A,.m = 1,2,....N . Therefore 


ee les, @) —Py, G)|-sup laa, @) — 44,6). 
sup |r, @) —74,,@)| 
a(4,,.4,) = max 1 1 
_ Fg SUP [ag 2) — my, @)] 5 sup [va G) — v4, G)]. 
max 1 
5 sur |W, G) — 04, | 
xex 


= 1 —6,, forany n = 1,2,...,N. 


Therefore 


sup [Pa @) — P4,6)| <1 — Sp sup fa, 6) — my, | <1 — by 
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sup |4a,() — 44, 2)| <1 bye sup |rg, @) — v4, | <1 —Sy 


1 
in ra, x) —r, @)| <1 — fea |r, Ge) - w,: G)| =1-6,. 


Then by lemma mod sup less or equal inf mod 


d(A, x A, x...x Ay, A, XA, X...x Ay) 


sup feagrtar vcd) — Pa; eazce_vna;, 2): 
max See, | taexaarevcae ®) — Marea xa; |. ; 
aoe Fare 2) = wa se scay 2D] 


= ma: i 
= sup [Pasar ay G)— Paina rete) 


Pe eure: 
1 

max pin. 2 sup |vapxasx cay) —¥ Vas mapx xa, - |. 
1 


oe ce Shickeesl a) 


ue, | min Pa, @) — min py. G)|. 
ei ue, | max 4a, @) — max a4.) 


Fe oft nara ©) — mar 
Fr sue, | tins @) — min a, )). 
max = sup | max v,, Ge) — max v,; @)|. 
sup max 4, (x) — max : wo, @)| 
== | zim yp, @) — min py). 
max| SUP, 5 sup ay aa ee max akon ; 
up sup | max 7, G) — max r,. G)| 
— Lay 4 ee min se, |. 
max = mes va Sige ll | max va, Ge) — max v,;@)|, 


= sw ee wg, G) — max w,: @)| 
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< nex( sup (1—6,,), sup @ -69) =1-— inf 6,. 
isnsN isnsN isnsN 


Conclusion We worked on basic operations of CNSs. First we discussed some properties like union, 


intersection, complement, Cartesian product and investigated some results related to norms. Moreover we 


worked on the distance measures which are used to defined & — equalities of CNSs. Some results such as 


union, intersection, complement, product on &— equality also presented. We hope that the theory 


developed in this paper can be used in computing, data analysis, socio economic problems, medical diagnosis 


and other problems related to Decision Analysis. 
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Abstract: We recall and improve our 2019 and 2020 concepts of n-SuperHyperGraph, Plithogenic n- 
SuperHyperGraph, n-Power Set of a Set, and we present some application from the real world. The n- 
SuperHyperGraph is the most general form of graph today and it is able to describe the complex 
reality we live in, by using n-SuperVertices (groups of groups of groups etc.) and n- 
SuperHyperEdges (edges connecting groups of groups of groups etc.). 


Keywords: n-SuperHyperGraph (n-SHG), n-SHG-vertex, n-SHG-edge, Plithogenic (Crisp, Fuzzy, 
Intuitionistic Fuzzy, Neutrosophic, etc.) n-SuperHyperGraph, n-Power Set of a Set, MultiEdge, 
Loop, Indeterminate Vertex, Null Vertex, Indeterminate Edge, Null Edge, Neutrosophic Directed 
Graph 


1. Definition of the n-SuperHyperGraph 


Let V = {v,, V2, .., Um}, for 1< m< ©, be a set of vertices, that contains Single Vertices (the 
classical ones), Indeterminate Vertices (unclear, vague, partially known), and Null Vertices (totally 
unknown, empty). 

Let P(V) pe the power of set V, that includes the empty set @ too. 

Then P”(V) be the n-power set of the set V, defined in a recurent way, i.e.: 


P(V), P2(V) = P(P(V)), P3(V) = P(P2(V)) =P (P(P))), - 
def 
P"(V) = P(P"-1(V)), for 1 < n < 0, where by definition P°(V) : V. 
Then, the n-SuperHyperGraph (n-SHG) is an ordered pair: 
n-SHG = (Gy, E,), 

where G, © P”(V), and E, € P"(V), for 1<n<o. 
G,, is the set of vertices, and E,, is the set of edges. 
The set of vertices G, contains the following types of vertices: 

" Singles Vertices (the classical ones); 

* Indeterminate Vertices (unclear, vagues, partially unkwnown); 

* Null Vertices (totally unknown, empty); 


= SuperVertex (or SubsetVertex), i.e. two ore more (single, indeterminate, or null) vertices 


put together as a group (organization). 

= n-SuperVertex that is a collection of many vertices such that at least one is a (n — 1)- 
SuperVertex and all other r-SuperVertices into the collection, if any, have the order r < 
n—-1. 

« The set of edges E,, contains the following types of edges: 

« Singles Edges (the classical ones); 
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« Indeterminate Edges (unclear, vagues, partially unkwnown); 
= Null Edges (totally unknown, empty); 
and: 
"  HyperEdge (connecting three or more single vertices); 
" SuperEdge (connecting two vertices, at least one of them being a SuperVertex); 
= n-SuperEdge (connecting two vertices, at least one being a n-SuperVertex, and the other 
of order r-SuperVertex, with r < n); 
=  SuperHyperEdge (connecting three or more vertices, at least one being a SuperVertex); 
* n-SuperHyperEdge (connecting three or more vertices, at least one being a n- 


SuperVertex, and the other r-SuperVertices with r < n; 
=  MultiEdges (two or more edges connecting the same two vertices); 
* Loop (and edge that connects an element with itself). 


« Directed Graph (classical one); 
* Undirected Grpah (classical one); 


*  Neutrosophic Directed Graph (partially directed, partially undirected, partially 


indeterminate direction). 


2. SuperHyperGraph 


When n = 1 we call the 1-SuperHyperGraph simply SuperHyperGraph, because only the first 


power set of V is used, P(V). 


3. Examples of 2-SuperHyperGraph, SuperVertex, IndeterminateVertex, SingleEdge, 
Indeterminate Edge, HyperEdge, SuperEdge, MultiEdge, 2-SuperHyperEdge [2] 


supervertex 
SV 45 


supervertex 
SV12.3 


superedge 
Vy 23, Vas} = SE, 23,45 


(V3, Vs, Ve} = HE3 5,6 
hyperedge 


IE7, s is an Indeterminate Edge between single vertices V7 and Vs, since the connecting 
curve is dotted; 
IV» is an Indeterminate Vertex (since the dot is not filled in); 
while MEs6is a MultiEdge (double edge in this case) between single vertices Vs and Ve. 
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4. Types of n-SuperHyperGraphs 


The attributes values degrees of appurtenance of a vertex or an edge to the graph may be: crisp 
/ fuzzy / intuitionistic fuzzy / picture fuzzy / spherical fuzzy / etc. / neutrosophic / refined 
neutrosophic / degrees with respect to each n-SHG-vertex and to each n-SHG-edge respectively. 

For example, one has: 


5. Plithogenic n-SuperHyperGraph 


We recall the Plithogenic n-SuperHyperGraph. 

A Plithogenic n-SuperHyperGraph (n-PSHG) is a n-SuperHyperGraph whose each n-SHG-vertex 
and each n-SHG-edge are characterized by many distinct attributes values (a1, a2, ..., dp), p21. 

Therefore one gets n-SHG-vertex(a1, a2, ..., ap) and n-SHG-edge(a1, az, ..., ap). 


6. Plithogenic Fuzzy-n-SHG-vertex (a:(t1), a2(t2), ..., ap(tp)) 
and Fuzzy-n-SHG-edge(ai(t1), a2(t2), ..., ap(tp)); 


7. Plithogenic Intuitionistic Fuzzy-n-SHG-vertex (az(t1, fi), a2(t2, fr), ..., ap(ty, fr) 


and Intuitionistic Fuzzy-n-SHG-edge(ai(t1, f1), a2(tz, f2), ..., ap(tp, fp)); 


8. Plithogenic Neutrosophic-n-SHG-vertex (a1(t1, i1, fi), a2(t2, i2, f2), ..., Ap(ty, ip, fr) 


and Neutrosophic-n-SHG-edge (a1(ti, i1, f1), a2(tz, iz, f2), ..., ap(tp, ip, fp)); 
etc. 
Whence in general we get: 


9. The Plithogenic (Crisp / Fuzzy / Intuitionistic Fuzzy / Picture Fuzzy / Spherical Fuzzy / etc. / 
Neutrosophic / Refined Neutrosophic) n-SuperHyperGraph 


10. Conclusions 


The n-SuperHyperGraph is the most general for of graph today, designed in order to catch our 
complex real world. 

First, the SuperVertex was introduced in 2019, then the SuperHyperGraph constructed on the 
power set P(V), and further on this was extended to the n-SuperHyperGraph built on the n-power 
set of the power set, PV), in order to overcome the complex groups of individuals and the 
sophisticated connections between them. 
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